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Notes on the Author, this Work, and this Translation
The Author
Christopher Clavius, S.J. (1538–1612) was the preeminent Jesuit mathematician
and mathematical astronomer of his time and a significant figure in the history of both
subjects.1 Little is known about his early life other than the fact that he came from
Bamberg in Germany. He proudly proclaimed this on the title pages of his numerous
publications by adding the word Bambergensis after his name. He was admitted into
the Society of Jesus in Rome in 1555 by St. Ignatius of Loyola, studied at the University
of Coimbra in Portugal for two years, then returned to Rome where he completed his
studies. In comments to some of his younger Jesuit colleagues, he claimed that he
was largely self-taught in mathematics. Some have claimed he must have studied with
the well-known mathematician Pedro Nunes (1502–1578), who was active at Coimbra
during Clavius’s time there. However, although there may be traces of Nunes’s influence
in some of Clavius’s algebraic works, there is no direct evidence of contact. Starting
from 1563 through the end of his life (except for a short assignment in Naples in 1595–
1596), Clavius served as a professor of mathematics at the Jesuit Collegio Romano.
At the start of this time, he taught the regular mathematics curriculum and led an
“Academy” in which exceptionally able and energetic students could pursue the study
of mathematics beyond the rather basic level required of all students. After his return
from Naples he essentially retired from regular teaching and devoted himself primarily
to writing and supervising the Academy of mathematicians. Many of the talented
Jesuit mathematicians of the generation around 1600 (Christoph Grienberger, Odo van
Maelcote, Gregory of St. Vincent, Paulo Lembo, Paul Guldin, Orazio Grassi, and
others) passed through this Academy and some stayed on at the Collegio as professors
of mathematics.
It has often been claimed, with some justice, that Clavius was mostly a commentator
and a teacher of mathematics, not primarily a mathematical researcher in the modern
sense. His mathematical outlook was essentially conservative and grounded especially
in the geometry of the Elements of Euclid. Yet his view of the subject was broad
enough to acknowledge both the role of mathematics in philosophy based on its claims
to epistemological certainty and its utility for understanding the physical world.2 He
could be a sharp critic of others when he found their mathematics wanting (as will be
1

See E. Knobloch, “Sur la vie et l’oeuvre de Christophore Clavius (1538-1612),” Revue d’histoire
des sciences 41, (1988), 331–356; U. Baldini: “Clavius and the Scientific Scene in Rome,” in Gregorian
Reform of the Calendar; Proceedings of the Vatican Conference to Commemorate its 400th Anniversary,
eds. G.V. Coyne, S.J., M.A.Hoskin, and O.Pederson, Rome: Pontificia Academia Scientiarum and
Specola Vaticana, 1983; and U. Baldini, “The Academy of Mathematics of the Collegio Romano from
1553 to 1612,” in Jesuit Science and the Republic of Letters, ed. M. Feingold, Boston: MIT Press, 2003.
The original documentary sources for many of these facts are discussed by Knobloch and Baldini.
2
This is expressed most explicitly in Clavius’s essay In disciplinas mathematicas prolegomena (Prolegomena on the mathematical disciplines) included in volume 1 of the Opera Mathematica. The idea
that mathematics is intermediate between metaphysics and natural philosophy may trace back to Proclus’s Commentary on Book I of Euclid’s Elements, a text Clavius mentions several times. See, for
instance, S. Rommevaux, Clavius, une clé pour Euclide au XVIe siècle, Paris: Librarie Philosophique
J. Vrin, 2005, Chapter 1.
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seen in Books IV, VII, and VIII of this work). But he was also generous in his praise for
work that lived up to his high standards. Besides his teaching and mentoring of younger
mathematicians, Clavius’s activities involved the production of numerous influential
textbooks or source books for the teaching of a wide range of mathematical subjects.
These included his extensively commented and augmented edition of the Elements of
Euclid (first edition 1574), the Epitome arithmeticae practicae (Summary of Practical
Arithmetic, 1583), this Geometria Practica (Practical Geometry, first edition 1604),
and the Algebra (1608). Clavius also wrote a well-known commentary on the Sphere
of Sacrobosco, books on the astrolabe and the construction of sundials, and more
elementary treatments of plane and spherical triangles. His collected mathematical
works (the Opera Mathematica) were published in five volumes in 1611. These are
available in electronic form at:
https://clavius.library.nd.edu/mathematics/clavius/
Apart from his teaching and writing, Clavius was a respected mathematician and
astronomer who was consulted for his expertise on a number of questions by his superiors in the Jesuit order and the wider Church. For instance, he was extensively involved
in the study leading up to the Gregorian calendar reform adopted in Catholic countries
in 1582 and several of his publications were explanations of, or polemical defenses of,
the methodology used to determine the length of the year and correct discrepancies
caused by the inaccuracy in the previously used Julian calendar.
Clavius was also a staunch supporter of the importance of the teaching of mathematics in the Jesuit schools. His influence can be seen in the documents that led up to
the definitive Ratio Studiorum of 1599.3
In addition, Clavius and some of his younger colleagues played a small but intriguing role in a key episode in the rise of modern science. Clavius had contacts with
Galileo Galilei (1564–1642) going back as far as 1587 and he served as a friendly resource for his younger astronomical colleague for a time, helping him refine the logic
used in his demonstrations by sharing texts used in the Collegio Romano. In 1611,
responding to an inquiry from the Jesuit Cardinal St. Robert Bellarmine (1542–1621),
on the basis of their own telescopic observations, van Maelcote, Grienberger, Lembo,
and Clavius concurred with most of the discoveries announced in Galileo’s Sidereus
Nuncius (Starry Messenger, 1610). For Galileo, the motions of the moons of Jupiter
and the phases of Venus reported in the Sidereus Nuncius and confirmed by Clavius’s
group challenged the Aristotelian and Ptolemaic geocentric models of the cosmos and
supported the Copernican heliocentric model. Clavius and his colleagues were inclined
to try to explain these phenomena within the geocentric models, but they were certainly friendly with and supportive of Galileo. However in 1616, after Clavius’s death,
Church authorities rejected the Copernican model and prohibited Galileo from defending or discussing it. He did not comply, and his relationship with the Jesuits ultimately
turned sour due to controversies over some of his later work. All of this led ultimately
to Galileo’s unfortunate and notorious heresy trial in 1633.4
3
See D. Smolarski, S.J. “The Jesuit Ratio Studiorum, Christopher Clavius, and the study of mathematical sciences in universities,” Sci. Context 15 (2002), no. 3, 447–457.
4
The literature on Galileo and his controversies with the Church is vast–much too vast to summarize
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Finally, Clavius was a member of a developing international mathematical community and he knew the results of many mathematicians outside the circle of the Collegio
Romano. Examples of this can be seen in his attributions of propositions within this
work.
The Geometria Practica
The first edition of the Geometria Practica appeared in 1604, printed by the shop
of Luigi Zanetti in Rome. For this translation, we have used the second edition from
1606, produced by the printshop of Johann Albin in Mainz. Both of these publishers
essentially specialized in printing books by Catholic, and especially Jesuit, authors. The
1604 edition is slightly longer because of a different page format. However, there are
no substantial differences between the texts. Moreover, very similar (but not identical)
woodcut figures were used in both editions, so the overall appearance does not differ
significantly. The version of the Geometria Practica included in the Opera Mathematica
contains some corrections of typographical and mathematical errors in the previous
editions, an expanded discussion of the quadrant constructed in Chapter I, and some
other additions. We have pointed out some of these differences in footnotes.
To modern eyes (at least to this translator’s eyes), there are several unexpected
and surprising features of this work that make this book stand out within the whole
genre of practical geometry texts.5 These probably form the major reasons this work is
interesting from the historical perspective, and they have certainly furnished the main
motivations for undertaking this translation.
First, the eclecticism–the sheer range of different types of topics that fall under the
category of practical geometry for Clavius and make it into this book–is remarkable.
In his Preface, Clavius discusses previous works in the practical geometry genre, and
how he wants his work to stand out from the others:
... [M]any erudite men have pursued all of its [i.e. practical geometry’s]
parts with accurate and diligent writing. Among them, Leonardo Pisano
(“Fibonacci”), Brother Luca Paccioli, Nicolo Tartaglia, Oronce Fine, Girolamo Cardano and others have demonstrated preeminence and flourished
to exceptional praise. But I would judge Giovanni Antonio Magini one of
the first in mathematical excellence. He has taught so much about the
measurement of lines, and treated this subject so fully, so systematically
and with such perspicacity, that he seems to have snatched away, not only
the standing from those who wrote before him, but also the hope of equal,
let alone greater, glory from those coming after him. But truly, Magini
concerned himself only with this one part of this subject, and the others,
although they undertook to present all of those parts, have left out much
here. For Galileo’s relation with Clavius, I have relied on W. Wallace, “Galileo’s Jesuit Connections
and Their Influence on His Science,” in Jesuit Science and the Republic of Letters, ed. M. Feingold,
Boston: MIT Press, 2003.
5
See the Introduction by the editor D. Raynaud to the volume Géométrie pratique, Géomètres,
ingénieurs, et architectes, XVIe -XVIIIe siècle, Presses Universitaires de Franche-Comté, 2015.
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in writing their books. I decided, if possible, to complete the subject, so
that whatever has been profitably handed down by others or found by myself
in practical geometry is enclosed within the circle of one work. (Geometria
Practica, Preface; emphasis added by J.L.)
Thus, in this work, Clavius aims for completeness within the subject of practical geometry as understood by his contemporaries.
As is true in all of his other works, Clavius also has clarity of exposition as a
secondary goal. A striking example of this commitment to completeness and clarity of
exposition is Clavius’s treatment of Archimedes’ Measurement of the Circle in Chapter
6 of Book IV. Although other authors (Fibonacci, for instance) had provided discussions
of how the results of this Archimedean text lead to methods for finding areas of circles,
with some proofs, Clavius includes an augmented and reworked version of the whole
extant Archimedean text rather than just quoting results or dealing with the estimates
10
that we write as 3 71
< π < 3 17 . He explains what he aims to do in this introductory
paragraph:
It will not be a digression, therefore, if I include [Archimedes’] truly most
acute and precise book, partly because it is very brief (indeed, it consists of
only three propositions), partly so that the student, in order to understand
something so useful and so widely applied in the works of all authors, should
not be forced to go to Archimedes himself, and finally mostly because the
writings of Archimedes, as a result of their brevity, are somewhat obscure,
and we hope to bring some light to them. (Geometria Practica, [182])
Clavius starts with an account of the rather subtle exhaustion proof that the area of a
circle is the same as the area of a right triangle with the two sides about the right angle
equal to the circumference of the circle and the radius of the circle (very closely related
to the results on isoperimetric problems to be discussed later in Book VII). His version
incorporates many explanatory comments and justifications for the individual steps in
the reasoning not found in other versions. A long Scholium follows, in which Clavius
discusses Joseph Scaliger’s misunderstanding of this proof. Then Clavius reverses the
order of Propositions 2 and 3 as found in other versions to maintain the chain of logical
implications and because the usual Proposition 2 is essentially only an easy corollary of
Proposition 3. Finally, Clavius provides more details for and a fuller treatment of the
calculations leading to the estimates than Archimedes (or whoever wrote the versions
of the Archimedean text that we have) did.
The following rough outline of topics (and the complete list of results that serves as
the table of contents) will demonstrate how wide-ranging and encyclopedic this book
truly is:
- Book I: Construction of a proportional compass and quadrant for measuring
lengths and angles; summary of elementary plane trigonometry
- Book II: Measuring lengths, heights, and depths with the astronomical quadrant6
6

Discussions of problems similar to those considered here can be seen in almost all practical geometry
books. As Raynaud (op. cit. p. 15) points out, these are part of a long and surprisingly stable tradition
with connections to several propositions from Euclid’s Optics.
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- Book III: A parallel discussion of measuring lengths, heights, and depths with
the geometer’s square; other methods for the same sorts of problems
- Book IV: Measuring areas of plane regions, including an augmented translation of Archimedes’ Measurement of the Circle, and quoting from other works
of Archimedes including the Quadrature of the Parabola
- Book V: Measuring volumes of solid bodies, with extensive quotations of results from Archimedes’ works On the Sphere and Cylinder, and On Conoids and
Spheroids
- Book VI: Geodesy, that is, the division of rectilinear surfaces of whatever sort,
either by lines drawn through some point, or by parallel lines (Clavius gives
a careful discussion of previous Arabic and European sources for this material
and how his presentation will differ); how plane or solid figures are increased or
decreased in a given ratio; several methods for finding two mean proportionals
between two given lines selected from Pappus’s Mathematical Collection and the
commentary on Archimedes’ On the Sphere and Cylinder by Eutocius of Ascalon;
finally, algorithms for extracting all sorts of roots by hand calculations (apparently drawn from Michael Stifel’s Arithmetica Integra or his additions to the first
arithmetic book in German, Die Coss by Christoph Rudolff)
- Book VII: Isoperimetric figures and questions (drawing on material in Pappus
and the commentary on Ptolemy’s Almagest by Theon of Alexandria), together
with an appendix on the problem of squaring the circle via the quadratrix curve
of Hippias, drawing from Pappus
- Book VIII: Various geometric theorems and constructions that Clavius says can be
used to build mathematical power in problem-solving–several of these are drawn
from Pappus’s Mathematical Collection, including one discussing the trisection
of general angles using the conchoid curve of the ancient Greek mathematician
Nicomedes.
The second feature that has seemed surprising to this translator is the resolutely
dual theoretical and practical focus of much of this text on practical geometry.7 The
practical side is signaled immediately in the author’s Preface where Clavius discusses
his motivation for writing the book. After saying that his experience as a teacher has
taught him that students learn best when they understand that what they are learning
will prove to be useful, Clavius addresses how the contents of this book may find uses
in the real world:
For of course as long as the methods by which we must make measurements
to understand the lengths of fields, the heights of mountains, the depths
of valleys, and the distances between all locations are presented, it is clear
7

As E. Knobloch says in his chapter “Clavius et la partition des polygones” from the volume
Géométrie pratique, Géomètres, ingénieurs, et architectes, XVIe -XVIIIe siècle, ed. D. Raynaud cited
above, “son approche démontre les limites d’une division trop tranchée entre géométrie pratique et
géométrie savante” ([Clavius’s] approach shows the limitations of a too-definite distinction between
practical geometry and theoretical geometry).
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to anyone (in my opinion) how much that is of use in the construction of
buildings, in agriculture, in the design of weapons, in the contemplation of
the stars, and in all other arts and disciplines, can flow from the study of
these things. (Geometria Practica, Preface)
Clavius discusses the use of different mechanical tools for measurements and everything
is phrased in more or less real-world terms. He consistently uses numerical examples
in many sections and he presents a number of purely calculational methods (e.g. the
methods for extraction of roots in Book VI and the material on differences of squares
and cubes at the end of Book VIII). He is even willing to countenance “mechanical ”
methods of measurement in geometric diagrams:
No one should be troubled that we have said lines are sometimes to be
measured mechanically with an iron chain, or by means of the instrumentum
partium. For in this business, especially for fields and farms, this mechanical
way of making measurements is wholly admissible, partly since this is the
custom among all surveyors, partly because the geometric way is not always
possible, but mostly because for the dimensions of farms or other areas it is
sufficient to come close enough to the truth that no notable error is made.
If someone does not approve of this way of measuring lines, it assuredly
and necessarily takes away every possibility of measuring farms or other
areas. For in what way is it certain that a given field or figure has known
sides, if these have not been explored by some material measurement? If
therefore mechanical measurement of lines (not straying far from the truth,
as it were) is used by everyone, I do not see why we should think to reject
it in measuring lines in figures. (Geometria Practica, [169])
There are indeed possible practical applications of many of the more theoretical
topics treated in Books IV through VIII as well. Clavius includes a section on methods
used by surveyors in Book IV and a section on measuring volumes of barrels or casks
at the end of Book V. However, once he gets past the very basic material in Books I, II,
and III, Clavius’s focus seems to shift to developing the mathematical theory along with
a few practical applications, and he usually provides full proofs for the most important
results.
A hallmark of Clavius’s approach and theoretical orientation even within the practical discussions is his scrupulous attention to providing reasons for almost everything
he writes, and sources for the material he does not prove in detail. This applies even
within Books II and III. Throughout the text, an elaborate system of marginal notes
identifies justifications for the individual steps in proofs or computations. Over the
course of the whole book, the justifications for the steps in those proofs span almost all
of the 13 books of the canonical version of Euclid’s Elements, plus the 14th and 15th
books added by later authors, as well as some of Clavius’s other texts, several works
of Archimedes,8 and Apollonius’s Conics (once).
This “theoretical practical” focus of the Geometria Practica and the extremely
broad range of subjects included indicate that Clavius was assuming his readers would
8

Primarily Measurement of the Circle, On the Sphere and Cylinder, and On Conoids and Spheroids,
but less commonly also the Quadrature of the Parabola.
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already have developed an extremely high level of background knowledge in geometry
and/or the ability to read new Euclidean proofs for themselves. They would also need
a strong working knowledge of basic trigonometry before coming to the study of much
of this material. For these reasons, the book definitely seems less like an elementary
textbook in the modern sense and more like an instructor’s manual or source book
addressed to someone who is preparing to teach a course on this material. In the
translator’s opinion, it would be an interesting research project to study exactly how,
by whom, and how commonly this particular book was used in Jesuit schools.
A third feature that is clearly visible in the above outline, but that might be surprising, is the extent to which Clavius draws on Archimedes, Pappus, Claudius Ptolemy,
Euclid’s Elements and Proclus’s commentary on Book I, and works of other ancient
and medieval mathematicians and his contemporaries.9 It is worthwhile to note here
that some of the work of the ancient Greeks was just coming back into the European
mathematical mainstream at precisely this time due to the work of humanist scholars such as Federico Commandino and others. Commandino’s Latin translation of the
surviving portions of Pappus’s Mathematical Collection, for instance, only appeared in
print in 1588. The recovery of Pappus’s treatment of the tradition of ancient Greek
construction problems was the impetus for an explosion of mathematical work starting
in the late 16th century and continuing into the first half of the 17th century.10 This
led eventually to the introduction and systematic use of analytic geometry by Descartes
and others, and that fundamentally changed the practice of mathematics opening the
way for the modern differential and integral calculus.11
The Translation
In preparing this translation we have made use of the electronic version of the 1606
edition of the Geometria Practica maintained by the Bayerische StaatsBibliothek at
the URL:
https://bildsuche.digitale-sammlungen.de/index.html?c=viewer
&bandnummer=bsb10053378
In particular, all of the figures have been copied from the scanned images here. This
translation will be available online at no charge, thus adhering to the “no commercial
use” requirements applying to this source.
Our general philosophy has been to preserve the structure of the original Latin text
as much as possible in the translation. For example, the page breaks in the original are
indicated by the new page number in square brackets, as in [145]. When we refer to a
page in the original in footnotes, we use the same format. Clavius uses different ways
of organizing the text within each of the eight books. Sometimes, the top-level sections
9

Interestingly enough, Clavius only refers to the Conics of Apollonius a handful of times. Indeed,
his style of mathematics might be characterized as generally more Archimedean than Apollonian.
10
See H.Bos, Redefining Geometrical Exactness: Descartes’ Transformation of the Early Modern
Concept of Construction, New York: Springer, 2001.
11
Interestingly though, later Jesuit mathematicians were among the strongest opponents of the infinitesimal methods used in early developments of calculus.
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are labeled as chapters, while paragraphs or larger blocks of text within a chapter are
identified by numbers at the start of the block. We have done the same and retained
Clavius’s forward and backward references in his format (although we have spelled them
out in full rather than using his abbreviated forms). At other times (as in Books II, III,
VIII), the top-level units of the text are individual propositions and we have followed
Clavius’s numbering exactly. Propositions labeled Theorem are primarily assertions of
the truth of a particular statement or relationship. Propositions labeled Problem give
methods for carrying out some construction or making some measurement.12
The figures are labeled by the page from the original where they appear for the
first time. For the convenience of the reader, Clavius often repeats a figure when a
proof or discussion goes over onto the next page. We have usually not done that to
keep the translation from becoming extremely long, and we indicate when a figure is
not repeated by a comment in a footnote.13
We have duplicated the series of marginal notes and citations in the same format as
Clavius gives them. The notes are straightforward for the most part and give a reader
a way to identify what topic is being discussed at a particular location without reading
into the text. The citations are marked in the text in this way: b The reference is given b Book I,
in the margin using the same letter. Here the reference is to Proposition 47 in Book Prop. 47.
I of Euclid. This would mean that the cited proposition gives a justification for the
following step in the current proof or discussion. In most cases, in fact, the citation
will refer to a particular result in Clavius’s edition of Euclid’s Elements. We caution
the reader that there is a large amount of additional material in Clavius’s edition that
does not appear in other texts of the Elements, so these references might not make
sense if another version of Euclid is consulted.
We have not included three fairly extensive tables of numerical information appearing in the original Latin text–the “table of quadrants” on pages [22] to [38] in Book I,
the “gnomonic table” from pages [91] to [93] and [96]14 in Book III, and the table of
squares and cubes of integers ≤ 1000 from the end of Book VIII. We have judged these
tables to be of limited interest for modern readers because it is so easy to generate that
sort of information with mathematical software.
The index of names and terms after Book VIII in the original has not been reproduced or translated since the electronic .pdf versions of the Latin and English texts
can be searched easily with software such as AcrobatReader.
In preparing the Latin version of the text, we noted a number of typographical
errors or small slips. These were mostly misspellings or incorrect repetitions of a word
or phrase. When those did not affect the mathematics in any substantial way, we have
simply corrected them in the Latin text without comment. A few proofs are marred
by incorrect references to elements of figures or inconsistent labels in figures. We have
12

This generally corresponds to the distinction between theorems and problems made in Proclus’s
commentary on Book I of the Elements. See G. Morrow, trans. Proclus: A Commentary on the First
Book of Euclid’s Elements, Princeton: Princeton University Press, 63–67.
13
Even without most of the repetitions there are still 230 figures in all.
14
Because of a printer’s error, there is no page [94] and two pages labeled [96]. This is the first of
those two pages.
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marked where that happens with the notation [sic] in the Latin version and corrected
the mistake in the English version. A very small number of proofs have extremely
unclear figures (the figure in Problem 43 in Book III is the worst example15 ) or more
serious errors, and we have done more extensive rewriting in those cases. When that
happens, we have added Translator’s Notes to explain what we did in the translation.
We have tried to avoid anachronisms and make sure our translation is as faithful to
the way Clavius presents the material as possible. In mathematical terms, for instance,
this means that when Clavius uses a purely geometric argument that modern mathematicians would usually express in an alternative algebraic format, we have almost
always kept the geometry. In some extreme cases, the algebraic translation is added
in a footnote as an aid to comprehension, and in one of the most extreme cases (see
page [289]) we have reverted to the algebra because the geometric version is very hard
to decipher.
In linguistic terms, this translation is not a word-for-word substitution because of
the differences between Latin and English grammar and syntax. But we have tried
to keep the English as close as possible to the Latin, consistent with requirements of
readability. One exception here is related to the fact that in the geometrical proofs
Clavius’s Latin occasionally turns quite prolix.16 He tends to write very long and
convoluted sentences (by the standards of early 21st century English, at least). He
often identifies the role or meaning of a geometric quantity (e.g. a point or a line
segment) in the context of a proof every time it appears. This was no doubt done for
pedagogical reasons, i.e. to provide constant reminders for the reader of what is what in
the proof. But this practice can lead to extreme wordiness when it is applied frequently.
We have not always translated every word in those cases. Clavius also has a stylistic
tic: he frequently inserts long parentheses into the middle of sentences to explain why
certain claims are true (especially in cases where a simple marginal reference would
not suffice as an explanation). He sometimes repeats the same sub-arguments almost
word for word in different cases within a larger argument. Again the intention is clearly
to explain every point carefully. But all of this can lead to extemely wordy sections
that are almost unreadable because of their repetitiveness and complexity. We have
often broken the very long sentences up and sometimes moved the parentheses into
separate sentences. We have sometimes translated only the first occurrence of a subargument. But in general, except when absolutely necessary for readability, we have
resisted the urge to do extensive rewriting. Where that did seem necessary, though, we
have indicated what we did in footnotes or Translator’s Notes.
Finally, a few technical terms have been left in the original Latin and not translated. This applies in particular to the name instrumentum partium of the rudimentary
proportional compass described in Book I, the pinnacidia and linea fiduciae (sighting
devices) of the quadrant constructed in Book I, and the terms umbra recta, and umbra
versa for the “outputs” of measurements made with the geometric square in Book III.
For these terms, we have consistently used the nominative forms, even when they ap15

The artist who prepared the figure here botched several aspects; the corresponding figure in the
1604 edition is actually much clearer.
16
By way of contrast, his introductory remarks at the starts of sections and other expository comments are generally quite terse. He often seems to emulate classical models for Latin prose.
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pear in different cases in the Latin; umbrae rectae and umbrae versae are always the
nominative plural forms.
Terms describing permissible manipulations of proportions17 have also been left
untranslated. A proportion of the form A : B :: C : D is usually expressed in the Latin
by the formula ut A ad B, ita C ad D, or “as A is to B, so C is to D.” Clavius’s
terms for the most important of these manipulations are as follows:
• permutando, the equivalent proportion A : C :: B : D is obtained,
• componendo, the equivalent proportion A + B : B :: C + D : D is produced,
• dividendo, (assuming A > B and C > D), the equivalent proportion A − B : B ::
C − D : D is obtained,18
• convertendo, the equivalent proportion B : A :: D : C is produced,19 and
• by conversionem rationis, (assuming A > B and C > D) the equivalent proportion A : A − B :: C : C − D is produced.
These function as workhorses of geometrical reasoning for Clavius (as they also did in
many Greek mathematical texts) and they are used extremely commonly throughout
the Practical Geometry.
John Little
College of the Holy Cross
Worcester, MA
May, 2022

17

These derive from propositions in Book V of Euclid.
This is sometimes described by others with the term separando.
19
This is different from the meaning of this term in some other texts where this is used as a synonym
for by conversionem rationis as in the next point.
18
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[vii]
To the most illustrious and generous Lord
Georg Fugger,20 senior
Baron of Kirchberg and Weissenhorn
Christopher Clavius of the Society of Jesus sends many greetings.21
Although this book of mine comes into your hands extremely slowly, generous lord,
and the phrase βάρδισας μακάρων ὦραι φίλαι from Theocritus22 comes to mind, what
should have flown to you with amazing speed has finally arrived. Late, this our work
hurries to its patron, born entirely from your merit and my vow to complete it. Now
that it has been brought forth, after many years, if you should think it over, you will
decide that a late birth could have been expected because of my sluggish old age. Never
have others been harassed and bothered by such frequent illnesses. Yet no one has been
so fired by desire to bring to light what I had long conceived, having been taught
[viii]
by experience and the voice of Pindar that ἀπροσίκτων ἐρώτων ὀξυτέρας εἶναι μανίας.23
For you were appearing before my eyes night and day, o great man, and you seemed
to be demanding that I hand over to you, as your right, completed, what I had been
working on. With liberality and courtesy, for months you had set aside a substantial
amount of money to be used for the expenses of printing the book. But the situation
was warning you that my diligence might be less prompt than your generosity. It
reached the point that your oversight had imposed an unusual, most heavy Aetna of a
burden on me, so that for my part I was not seeing by what other means I might be
able to lift it. For as a mathematician, I was not very accustomed to having my praises
broadcast, yet you have always held my works and books in such honor that those who
knew you and me thought this could be something almost miraculous. For if you should
have the books of Clavius in your hands as written friends of yours, by this judgment
you would return better things for your efforts. Everyone would recognize your learning
and praise your benevolence. But delicate births from such a mathematician without
much work turned over by an assiduous hand, that is something one might rightly be
amazed at, and it would be thought an unknown and remarkable occurrence. How far
I am from such a distinction, I see, since I understand that my zeal is mostly yours–if I
am honored for something besides merit, I am surely constrained with regard to merit,
so that the greater the evidence of gratefulness of my spirit in my own powers, the less
20
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The Latin S. P. D. is an abbreviation for the stock phrase salutem plurimam dicit, literally “says
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it is to your benefit. Yet I wanted this sort of mark of gratefulness of mind to you to
stand out from the first, especially since for these reasons an addition of other [readers]
would be made, who have been accustomed always to value the best.
[ix]
For living in this way and having followed these intentions, to what other patron
could I dedicate my books, if not to him who has always proved to be the sharpest
proponent and most loving supporter of our Society? Therefore, since our teaching
is familiar to you, you will protect my work from the stings of the hostile and the
ignorant, not pressing adversaries by authority, but rather by learning. I have been
moved by these thoughts, especially so that I might send my Practical Geometry to
you. To those who have not exerted themselves very much in our studies, such a work
must be explained with great care, and the contents of the book must be recommended
in writing, lest they judge it to be of little value due to the humbleness of the gift.
You best see how much usefulness and beauty is hidden in the whole book only as you
read it. Inspired by so many considerations, and working against my age and health,
thanks be to God, I have finally won through, and I order your work to come to you
across the distance between our locations. Yours, I say, since your virtue and liberality
watch over it for you, and since it was written by him who is yours. If I shall learn
that this has been well-received by you, I will make the completed fruit of my labors
public, since I have given something most loving of mine with this pleasant thing. To
your health.
At Rome, the eve of the ides of September, 1604.
[x]
Claudio Aquaviva, Superior General of the Society of Jesus.
Since three theologians of the Society, to whom we have given this work of practical
geometry made up of eight books and composed by Father Christopher Clavius of
our Society, have recognized and approved that it should appear in print, we give our
approval that it should be sent to the printer if it will be seen by the Most Reverend
Viceregent and the Most Reverend Master of the Sacred Apostolic Palace. In full faith,
we have written this letter with our hand and affixed our seal. Rome, the 23rd of May,
1604.
Claudio Aquaviva, S. J.
Approval, if the Most Reverend Master of the Sacred Apostolic Palace assents
B. Gypsius Viceregent.
I, Teodosio Rossi Privernas, Doctor of Sacred Theology and Law, at the commission
of Giovanni Maria Brasichelle, chair of mathematics of the Sacred Apostolic Palace,
have been able to read with diligence the eight books of the Practical Geometry by the
most venerable and learned Christopher Clavius of Bamberg, of the Society of Jesus,
in which such richness of invention and most subtle demonstration of findings shines
forth that the work is to be judged worthy both for its author and for its ingenuity.
From this, it can easily be understood that nothing contrary to the Catholic religion
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and to good morals is to be found in this work, and not to publish it would be to bury
in the earth a talent that is a credit to the father. And so I judge it sound with my
better judgment. Given from my office this 16th day of July, 1604.
Imprimatur
Paul de Francis of Naples, associate of the Most Reverend Master of Sacred Apostolic Palace.
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I. The area of any triangle is equal to area of the rectangle contained by the perxxiv

pendicular drawn from a vertex to the opposite side extended, and half that opposite
side (the base). The triangle is also equal to the rectangle contained by the whole base
and half the perpendicular. Or finally, the triangle is equal to one half of the rectangle
contained by the whole base and the whole perpendicular.
[292]
II. The area of any regular figure is equal to the area of the rectangle contained
by the perpendicular drawn from the center to one side and half the perimeter of the
figure.
[293]
III. The area of any regular figure is equal to the area of the right triangle with
one side adjacent to the right angle equal to the perpendicular drawn from the center
of the figure to one side, and the other side adjacent to the right angle equal to the
perimeter of the same figure.
[294]
IV. The area of any circle is equal to the area of the rectangle contained by the
semidiameter and half the circumference of the circle.
[294]
V. In every right triangle, if a line is drawn from one of the acute angles to the
opposite side, the ratio between that side and its segment towards the right angle will
be larger than the ratio between the aforesaid acute angle, and its part opposite the
said segment of the side.
[295]
VI. Of two isoperimetric regular figures, the larger is the one that contains more
vertices, or more sides.
[296]
VII. Given a triangle with two unequal sides, to construct a triangle on the remaining side that is isoperimetric with the first triangle and has two equal sides.
[297]
VIII. Of two isoperimetric triangles on the same base, one of the two having two
equal sides and the other having unequal sides, the larger will be the one with two
equal sides.
[297]
IX. In similar right triangles, the square on the sides that subtend the right angles,
taken together as one line, so to speak, is equal to the two squares together, each of
which has a side that is a pair of proportional sides in the triangles, taken together as
one line.
[298]
X. Given two isosceles triangles, whose bases are unequal, but having the two [equal]
sides of the first equal to the equal sides of the other, to construct on the same bases
two other isosceles triangles that are similar, and that, taken together are isoperimetric
with the first two triangles, taken together.
[299]
XI. Two similar isosceles triangles on unequal bases, taken together, are greater
than two other isosceles triangles on the same bases, taken together, that have four
equal sides and are isoperimetric with the first pair, but are not similar to each other.
[300]
XII. Among all isoperimetric figures having equal numbers of sides, the largest is
both equilateral and equiangular.
[303]
XIII. The circle is greater than all regular rectilinear figures isoperimetric with it.
[306]
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Corollary. The circle is the largest among all figures isoparimetric with it. [306]
XIV. The volume of any pyramid is equal to volume of the rectangular solid contained by the perpendicular from the vertex to the base, produced, and the third part
of the base.
[307]
XV. The volume of any body contained in plane surfaces, and circumscribable about
some sphere, that is, so that from some point in the interior, all the perpendiculars
drawn to the bases are equal, is equal to the volume of the rectangular solid contained
by one of the perpendiculars, and the third part of the surface area of the body. [307]
XVI. The volume of any sphere is equal to the volume of the rectangular solid
contained by the semidiameter of the sphere and the third part of the surface area of
the sphere.
[308]
XVII. The sphere is greater than all isoperimetric bodies that are contained by
plane surfaces, and that are circumscribable about other spheres, that is, such that all
perpendiculars drawn from some interior point to the bases are equal.
[310]
XVIII. The sphere is greater than all isoperimetric bodies that are circumscribable
about other spheres and that are contained in conical surfaces all of whose [slant heights]
are equal.
[311]
XIX. The sphere is larger than any isoperimetric cone or cylinder.

[313]

XX. To construct a rectangle equal to and isoperimetric with a given semicircle or
quadrant, or eighth part, or sixteenth, etc. if a line equal to the circumference is given.
[313]
XXI. To construct a parallelogram equal to and isoperimetric with any given triangle.
[314]
XXII. To construct a rectangular parallelogram equal to and isoperimetric with a
given rectilinear figure. But it is necessary that the side of the square equal to the
rectilinear figure in area is not greater than or equal to half of the semiperimeter of the
given rectilinear figure.
[316]
Appendix. On squaring the circle by lines.

[317]

The quadrature of the Arabs, which Joseph Scaliger praises in his Cyclometrica,
that of Abrecht Dürer, and that which is wrongly ascribed to Campano are false. [318]
The quadrature of lunes by Hippocrates of Chios, while ingenious, is also [not a
quadrature of the full circle].
[318]
I. To describe the quadratrix curve.

[320]

Corollary. If a line is drawn from the center cutting the quadrant and the
quadratrix, the arc of the quadrant is to the arc cut off as the semidiameter is to the
perpendicular dropped from the point of the quadratrix.
[323]
II. If the centers of the quadrant and the quadratrix are the same, then the arc of
the quadrant, the semidiameter, and the base of the quadratrix will be in continued
proportion.
[324]
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Corollary I. To construct a line equal the arc of the quadrant, then a line equal
to the semicircumference, and finally to the whole circumference.
[325]
Corollary II. If the base of the quadratrix is equal to the semidiameter of some
circle, its side will be equal to the fourth part of the circumference of that circle. [326]
Corollary III. If two lines have the same ratio as the side of the quadratrix has
to its base and the smaller is taken as the semidiameter of a circle, then larger line is
equal to the fourth part of the circumference of that circle, etc.
[326]
III. To construct a square equal to a given circle.

[327]

Easy construction of a straight line, which is equal to the fourth part of the circumference of a given circle.
[327]
Easy construction of a square equal to a given circle.

[328]

IV. To construct a circle equal to a given square.

[329]

Corollary. To construct a circle equal to any given rectilinear figure, and vice
versa, to construct a rectilinear figure equal to a given circle.
[329]
V. To construct the circumference of a circle equal to a given line.

[329]

PROPOSITIONS OF THE EIGHTH BOOK.
I. A regular figure circumscribed about a circle has a perimeter greater than the
circumference of the circle.
[330]
Lemma I. Let there be four quantities, and let the excess between the first and the
second be less than the excess between the third and the fourth; also let the first be
not less than the third and larger than the second. Also let the third be greater than
the fourth. Then the ratio of the first to the second will be less than the ratio of the
third to the fourth.
[331]
Lemma II. If two lines meeting in a point are tangent to an arc of a circle, and if
any number of equal chords divide the same arc into equal parts, the two lines together
will be greater than those chords taken together.
[332]
Lemma III. Let three lines be tangent to an arc of a circle and meet in two points,
so that the middle point of contact bisects the arc. If equal numbers of equal chords
are drawn in the equal sub-arcs on either side, then the three tangents together are
greater than all of the chords taken together.
[332]
The proof of Cardano that the perimeter of a regular figure circumscribed about a
circle is greater than the circumference of the circle.
[333]
II. Diameters of circles are to each other as are their circumferences, following
Pappus.
[334]
III. An arc of a circle is to a similar arc of another circle as the chord is to the
chord. And conversely, if two arcs have the same ratio as their chords, then they are
similar.
[335]
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IV. To construct a parallelogram equal to a given quadrilateral in a given angle
(more easily than by Proposition 45 in Book I of Euclid).
[336]
V. To construct a rectangle equal to a given rectangle on a given line (more easily
than by Proposition 45 in Book I of Euclid).
[339]
VI. To construct a rectangle equal to a given rectilinear figure (more easily than by
Proposition 45 in Book I of Euclid).
[339]
VII. Let two lines be drawn from two points to one point on a straight line, which
is the common intersection of two planes containing the two points, and let those lines
make equal angles with the straight line. Then those two lines will be shorter than any
other two lines drawn from the same two points to a point on that straight line. [340]
Scholium. The angle of incidence equals the angle of reflection.

[340]

VIII. If someone holds a whole number in his or her mind, to determine how many
units it contains by the remainder after three commanded operations.
[341]
IX. To partition a given square number into any number of squares of numbers.
[342]
X. Given two unequal fractions, the fraction whose numerator is the sum of the
numerators and whose denominator is the sum of the denominators is greater than the
smaller of the two given fractions and less than the greater.
[343]
XI. If two relatively prime numbers are not both squares or both cubes, then equal
multiples of those numbers will not both be squares or cubes. And if equal multiples
of two numbers are both squares or both cubes, the original numbers were also both
squares or both cubes.
[343]
XII. In every rectilinear quadrilateral, any three sides together are greater than the
remaining side.
[344]
XIII. Given three points, through which a circle is to be drawn, to find other points,
through which the same circle must pass.
[344]
XIV. To construct a square, rhombus, rectangle, or rhomboid, given in the first
case the excess of the diameter of a square over the side; or, in the second case, given
the excess of the diameter of a rhombus over the side, or of the side over the diameter
(when the side is greater), together with one angle of the rhombus; or, in the third
case, given the excess of the diameter of a rectangle over either of the unequal sides,
together with the angle the diameter makes with that side, or together with the ratio
between the two unequal sides; or finally, given the excess of the diameter of a rhomboid
over either one of the unequal sides, or of either of the unequal sides over the diameter (when it is larger) together with one angle of the rhomboid, and in addition the
angle that diameter makes with that side, or the ratio between the two unequal sides.
[345]
XV. In a rectangle, given the excesses of the diameter over the two sides, the
rectangle contained by the difference of the excesses and twice the smaller excess,
together with twice the square on the smaller excess is equal to the square on the line
by which the smaller side exceeds the smaller excess
[348] and [349]
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XVI. Given the two excesses by which the diameter of a rectangle exceeds the two
sides, to find the sides and the diameter.
[349]
XVII. Given the excess of the diameter of a rectangle over the larger side, and the
excess of the larger side over the smaller, to determine both sides and the diameter.
[351]
XVIII. Having cut a straight line in any way, to add to it in either direction a
straight line so that the square on the whole line is equal to the square on the added
line, together with the square on a line which is equal to the added segment and the
nearer segment of the original line, together.
[351]
XIX. Given two unequal straight lines, the larger of which does not exceed the
diameter of the square described by the smaller, to cut the larger into two unequal
parts so that the sum of the squares on those lines equals the square on the smaller.
[352]
XX. Given a chord of any arc, together with the perpendicular drawn from the
midpoint of the chord to the arc, to find the measure of the arc, either in degrees, or
in terms of the semidiameter of the circle.
[353]
XXI. In every triangle, the square on the longest side is less than twice the sum of
the squares on the other two sides.
[353]
XXII. Given three non-parallel lines in the plane, such that the middle line is not
parallel to at least one of the outside lines, to draw a straight line intersecting all three
lines whose segments between the middle and the extreme lines are equal, or have a
given ratio; moreover, to do this through a given point on the middle line if the three
lines are concurrent.
[354]
XXIII. To construct any multiple of a line, even a very small one where this cannot
be done directly with a compass.
[355]
XXIV. To take out a given part or parts from any line (even if very small).

[355]

XXV. To divide a given rectilinear angle into three equal parts.

[356]

XXVI. If through the same point on the diameter of a rectangle two lines are drawn
parallel to the sides, the rectangle contained by the segments of the diameter will equal
the two rectangles contained by the segments of the two sides [taken together]. [357]
Corollary. In a square, the rectangle contained by the segments of the diameter
is equal to the two complementary rectangles [taken together].
[357]
XXVII. Given the center of an ellipse in a line produced indefinitely [Note: this
means that the major axis of the ellipse is supposed to lie along this line], together
with two points on the same side of the axis or the center, though which the ellipse is
to pass, to determine both axes of the ellipse and their endpoints.
[357]
XXVIII. If a point is chosen on the diameter of a circle, produced, [Note: that is,
the chosen point lies on the produced diameter, but is exterior to the circle] and a
tangent is drawn from that point to the circle, together with the chord from the point
of contact perpendicular to the diameter, then the line from the point of contact of the
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tangent to either endpoint of the diameter will bisect the angle between the tangent
and the chord. Moreover, if from the same point on the diameter, produced, a secant
line is drawn cutting the circle in two points, and a line is drawn from either of those
points on the circle to the intersection point of the chord and the diameter from before,
then the line from that same point on the circle to either endpoint of the diameter will
bisect the angle between the secant line and the line drawn from the chosen point on
the circle to the intersection point of the chord and the diameter from before.
[358]
XXIX. To show that the construction of a regular pentagon on a given line given
by Albrecht Dürer, and that nearly all architects and craftsmen regard as good is false.
[360]
Scholium. To show that he construction of the same pentagon given by a few
others is also false.
[362]
XXX. To show that the construction of the side of a [regular] heptagon in a given
circle given by some is not correct.
[362]
XXXI. The regular octagon inscribed in a circle is the mean proportional between
the square circumscribed about that circle and the square inscribed in that circle. [364]
XXXII. If the side of a square is subtracted from its diagonal, the remaining line
will be the side of another square, whose diameter is the line which remains if twice
the side found is removed from the diameter of the previous square, or if the same side
found is taken away from the side of the first square.
[365]
XXXIII. To construct a regular octagon with a given altitude or side.

[365]

XXXIV. To measure the circumference of the earth from some high mountain. [366]
XXXV. To construct a cylinder equal to any given prism and a cone equal to a
given pyramid, and vice versa, a prism equal to a given cylinder and a pyramid equal
to given cone.
[367]
XXXVI. Given a cylinder or a prism, to construct an equal cone or pyramid with the
same altitude, and vice versa, given a cone or pyramid, to construct an equal cylinder
or prism with the same altitude.
[368]
Corollary I. To construct a pyramid or cone equal to given cylinder or prism,
and vice versa to construct a cylinder or prism equal to a given pyramid.
[369]
Corollary II. To construct a rectangular parallelepiped with a square base equal
to a given cylinder, prism, cone, or pyramid.
[369]
XXXVII. From a cylinder or prism, and similarly from a cone or pyramid of any
altitude, to construct an equal solid with any given altitude and a polygonal base with
any number of angles and sides.
[369]
XXXVIII. To describe a cube equal to a given rectangular parallelepiped.

[369]

Corollary. To construct a cube equal to a given cylinder, prism, cone, or pyramid.
[369]
XXXIX. Given a cube, to construct an equal rectangular parallelepiped with given
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altitude, or on a given base.

[370]

Corollary. To construct a rectangular parallelepiped with a given altitude or
base equal to given cylinder, prism, cone, or pyramid.
[370]
XL. To construct a cube equal to a given sphere, and given a cube, to construct an
equal sphere.
[371]
Corollary I. To construct a prism on a base with any number of sides, or a
pyramid on any base equal to a given sphere, or a cone equal to the given sphere. And
vice versa, to construct a sphere equal to any prism.
[371]
Corollary II. To construct a sphere equal to any regular solid.

[371]

XLI. To construct a cube equal to two or several given cubes taken together. [372]
Scholium. To construct a cube equal to any number of solid figures (not necessarily
cubes) taken together.
[372]
XLII. Given a cube, to construct an equal regular solid, which you may choose from
among the five.
[372]
XLIII. To take away a smaller cube from a larger one, and exhibit a cube equal to
the difference.
[373]
Scholium. To do the same starting from any solid figure, and construct a cube
equal to the remainder.
[373]
XLIV. To construct one sphere equal to two or more given spheres.

[373]

XLV. To take away a smaller sphere from a larger one, and exhibit a sphere equal
to the difference.
[373]
XLVI. To cut a given cube or parallelepiped in a given ratio.

[373]

Scholium. To divide a prism or a cylinder according to a given ratio.

[373]

XLVII. To describe a figure called an oval, similar in appearance to an ellipse, by
means of the compass, and to find its area if it constructed using equilateral triangles.
[374]
Scholium. Table of squares and cubes up to the root 1000.25

[378]

Differences of squares and cubes.

[387]

Given a cube and its root, to determine which odd numbers sum to it.

[390]

Use of the table of squares and cubes in the extraction of square and cube roots.
[391]
END.

25

The table has not been reproduced in this translation.
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[1]
PREFACE.
Since we have entered into writing about the disciplines of mathematics, we have
run through many of them, thanks be to God. A treatise on practical geometry could
not be omitted since it was clear that we had to reach this goal when we were as
close as could be.26 The delight of the work entices in my old age; the variety relieves
the labor; the prayers of friends almost compel me to bring the work to a conclusion
with the greatest speed. And truly, I have learned from the constant experience of
many years that there are very few people who are not stimulated in mathematics by
knowing that they can put what they will have learned to some use. Whatever the
work, I approached it eagerly, so that the fruits of mathematics could be seen to be
useful for human life, not through empty boasting, but so that the mathematics itself
would make that clear. For of course as long as the methods by which we must make
measurements to understand the lengths of fields, the heights of mountains, the depths
of valleys, the distances between all locations, and intervals are presented, it is clear
to anyone (in my opinion) how much that is of use in the construction of buildings,
in agriculture, in the design of weapons, in the contemplation of the stars, and in
all other arts and disciplines, can flow from the study of these things. This part of
the mathematical sciences has always been avidly seized upon by craftsmen because
it is necessary. Because of the abundant usefulness it has in all military things, it is
applied in the courts of great princes and kings at all times. For these reasons many
erudite men have pursued all of its parts with accurate and diligent writing. Among
them, Leonardo Pisano (“Fibonacci”), Brother Luca Paccioli, Nicolo Tartaglia, Oronce
Fine, Girolamo Cardano and others have demonstrated preeminence and flourished to
exceptional praise. But I would judge Giovanni Antonio Magini one of the first in
mathematical excellence.27 He has taught so much about the measurement of lines,
and treated this subject so fully, so systematically and with such perspicacity, that he
seems to have snatched away, not only the standing from those who wrote before him,
but also the hope of equal, let alone greater, glory from those coming after him.
[2]
But truly, Magini concerned himself only with this one part of this subject, and
the others, although they undertook to present all of those parts, have left out much
in writing their books. I decided, if possible, to complete the subject, so that whatever
has been profitably handed down by others or found by myself in practical geometry
is enclosed within the circle of one work. We have divided this work into three main
parts, since three sorts of quantities are united in this subject, measuring straight lines
in the first, surfaces in the second, and finally solids. Then we have added other sections
that pertain not so much to the measurement of dimensions, but to other practices of
geometry and their proofs. To our way of thinking, this is not separate.
26

In the opening of this preface, Clavius seems to be pursuing a metaphor where he is likening his
career to a sort of race, with this book as a sort of finish line.
27
We will take the opportunity to discuss some of the historical background and contributions of
these and other earlier mathematicians in footnotes when Clavius refers to them in the main text. Also
see the accompanying essay, On the eclectic content and sources of Clavius’s Geometria Practica.
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We have divided the whole of this treatise into eight books.
The first contains three altogether necessary and extremely useful subjects for
accurately measuring all magnitudes.
In the second, the measurement of the length of straight lines by the astronomical
quadrant, both with a hanging pendulum, and fixed with a sighting device, is
completely laid out.
The third deals with the measurement of the same straight lines by the geometric
square, first with a pendulum, then fixed with a sighting device, also with one
station. How the measurement of some of the same straight lines can be done
even without an instrument of this type is also presented.
The fourth deals with the areas of surfaces.
In the fifth, the volumes of solids are measured.
And all three of the parts of practical geometry that we have identified are explained in these five books.
Next, in the sixth book, geodesy, that is, the division of rectilinear surfaces of
whatever sort, either by lines drawn through some point, or by parallel lines,
is presented, together with some other problems are solved through the same
considerations. Next, we consider how plane figures and solids, together with the
circle and the sphere, are to be increased or decreased in a given ratio. Several
methods for finding two mean proportionals between two given straight lines are
proposed for doing this. Finally, an easy and quick method for extracting all
sorts of roots is prescribed.
The seventh book deals with isoperimetric figures and questions.
In the eighth book, finally, various geometric constructions and theorems are
studied in detail.

2

[3]
FIRST BOOK
OF THE PRACTICAL GEOMETRY.
Including three chapters most necessary for the measurement of lines.
In order for the measurement of magnitudes to be accomplished to a high degree
of accuracy, three things must be diligently explained in this first book. First, it is
necessary to construct a certain tool of various components. Not incongruously, we
may call this the instrumentum partium,28 since various parts are contained in it, and
it will be used for dividing straight lines and circles and for accurately performing other
operations, some geometrical, and some astronomical. Its wide applicability is scarcely
to be believed, partly in the measurement of magnitudes without the multiplication of
numbers, particularly in the way we have treated the new description of a sundial29 by
tangents, and also in other topics both geometrical and astronomical, as will be made
clear from the things we will impart in the first chapter of this book and elsewhere.
Second, it is necessary to construct a quadrant, from which, in addition to degrees, also
minutes and seconds of arc can be read off (although they are not marked in it). We
must also teach by what method the same can be provided in any quadrant carefully
marked in 90 degrees. We will also discuss how hundredth and thousandth parts are
to be discerned in a straight line divided in very small equal parts. Third, and finally,
we must set forth and solve various problems on rectilinear triangles so that their sides
and angles can be found easily from certain given and known information. Although
the same problems have been presented at the end of Lemma 53 in Book I of our work
on the astrolabe, lest the reader be forced to go back more frequently and not without
inconvenience to that Lemma, the same things that are presented in that lemma will be
repeated here, almost word for word. But here are the three topics that we have said
must be presented first, explained in the following three chapters.
[4]
CHAPTER I. CONSTRUCTION AND USE OF THE INSTRUMENTUM PARTIUM
Let two rods or rulers of equal lengths, ABD, AEC be made from brass or some
other solid material.30 Let the two rulers be joined at A by a rounded nail, so that
they can be moved uniformly about A, as is usually done in the common carpenter’s
square, and they can be pushed together or pulled apart as needed. Then, in the plane
of the two rulers, let two lines AF , AG be drawn from A, and let them be divided into
100 equal small parts, or 1000 parts if they are longer. For then from any straight line,
it will be possible for any number of hundredths or thousandths of the length of the
ruler to be cut off. Indeed, let a line KL be taken, containing 11 of the small parts
from the 100 or 1000 and let that line be divided into 10 equal segments. Then in the
28
Literally: “instrument of parts.” This is a comparatively rudimentary form of the proportional
compass for dividing lines and angles.
29
This is a reference to one of Clavius’ own books, included in Volume IV of the Opera Mathematica.
30
See figure from page [5].

3

How the
instrumentum
partium is
constructed.

case that the two rulers are cut into 100 equal parts, with the use of KL, containing 11
of those parts, and divided into 10 equal segments, any number of thousandths can be
taken from a given line just as though the hundredths in both rulers were divided into
tenths. If the rulers are divided into 1000 equal parts, and again the line KL contains
11 of those equal parts, divided into 10 equal segments, any number one might wish of
ten-thousandths can be taken from a given line, as though the thousandths were each
divided into equal tenths, as we will say when we discuss the use of the instrument.31
Again, if the rulers contain 100 parts and another line M N , containing 101 of the
same parts, is divided into 100 equal segments, then we will be able to measure tenthousandths in any given line.32 And if the rulers are marked in 1000 parts, and another
line containing 101 of those parts is divided into 100 equal parts, any number of hundred
thousandths can be measured along any line, as though each of the thousandths on the
rulers was divided into 100 equal parts. If finally a line consisting of 1001 of the parts
marked along the ruler is divided into 1000 equal segments, we will be able to measure
distances of one one-millionth along any line, as though each of the thousandths along
the ruler were divided into 1000 equal parts, as will be clear from the discussion of the
use of the instrument. And this is the construction of the instrument in one face to
investigate parts of straight lines.
But on the other face of the instrument33 are marked the chords of all arcs of the
quadrant in this way. Having drawn lines AF , AG from the center A, as on the previous
face, the quadrant of a circle having chord equal to AF is to be taken, and the chords
of 1 degree, then 2 degrees, 3 degrees, 4 degrees, 5 degrees, and so forth, up to the
chord of 89 degrees are to be transferred to the lines AF , AG. For then, from any
quadrant it will be possible to cut an arc of any number of degrees, as will be said in
Number 16. Moreover, with the use of the equal parts marked on the first face, we will
obtain not only arcs of whole numbers of degrees, but also minutes of arc, which we
will teach in Number 14. And this completes the construction of the other face of the
instrument. The usefulness of this instrument is most extensive, as we have said, and
can be clearly grasped from what follows.
[5]
1. When the line in question is equal to the line AF or AG, any number of hundredths or thousandths of it can be cut off with no difficulty, since the instrument
has been divided into 100 or 1000 parts: the number of parts which are desired are
transferred from the instrument to the straight line.
2. When the line in question is not equal to the line AF or AG, the instrument
must be opened or closed until the distance between F and G is equal to the given
31

This paragraph comes down to the following: If the length of AF and AG is taken as 1, and the
11
rulers are divided into hundredths, then the length of KL is 100
and one tenth of KL has length
11
1
10
.
If
the
hundredth
part
of
AF
,
=
,
is
subtracted
from
this, then the remaining length is
1000
100
1000
10
1
1
11
− 1000
= 1000
and we have found a line segment of length 1000
to measure with. The situation is
1000
11
similar if AF and AG are divided into 1000 equal parts. Then using KL of length 1000
, divided into
1
10 equal parts, a segment of length 10000 can be found.
32
101
101
101
1
Similarly, if M N has length 100
, then one one hundredth of M N has length 10000
, so 10000
− 100
=
101
100
1
1
−
=
.
Now
we
have
a
line
segment
of
length
to
measure
with.
The
other
examples
10000
10000
10000
10000
in the following paragraph are similar.
33
That is, on the reverse sides of the rulers AF and AG.

4

How to obtain
hundredth or
thousandth
parts in a
straight line.

Figure 1: The instrumentum partium, [5]

line. Then the feet of a compass are extended between the parts of the lines AF and
AG that are desired, and that distance is transferred to the given line. This will give
the portion of the line that is sought. For instance, if the given line is equal to F G
50
and 100
of it is desired, the interval between 50 and 50 along the lines AF and AG will
will contain 50 of the 100 parts into which the line F G is nominally divided. This is
demonstrated as follows. a,34 The lines F G and 50 − 50 (if a line drawn between the 50
marks is visualized) are parallel because the lines AF and AG are cut proportionally in
50 and 50 (AF and AG are equal as are the two lines A − 50). b Therefore A − 50 is to
the line 50 − 50 as AF is to F G, and permutando, A − 50 is to AF as 50 − 50 is to F G.
Therefore since A − 50 contains 50 parts of the total 100 in AF , the line 50 − 50 will
also contain 50 of the parts into which F G was nominally divided. The same holds for
other numbers by the same reasoning. For instance, the distance between the points
80 and 80 along AF and AG contains 80 of the 100 parts of the whole F G, and so
forth. The same proof would also apply if AF contained 1000 parts.
In a similar fashion, given two lines, of which one is understood to be divided into
some number of equal parts, we will determine how many of those parts the other line
contains by this method. With the instrument having been opened, the length of the
divided line is placed between the parts into which it is understood to be divided.35

a

Book VI,
Prop. 2.
b

Book VI,
Prop. 4.

Given a line
divided into
equal parts,
to determine
34
References given in this format are to Clavius’s edition of the Elements of Euclid.
how many of
35
This means that if that one line is divided into 34 equal parts, then the instrument is opened so those parts
that the distance between the marks for 34 and 34 along AF and AG is equal to the length of that one are contained
in another
line.
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Then if the compass is used to transfer the length of the other line to a distance between
two other equal parts,36 or between two points the same distance apart as those two
equal parts, that line will contain as many of those parts
[6]
as are included in the ruler AF between the center A and the foot of the compass. c
This is true since by similar triangles the ratio of the two segments of the line AF (i.e.
the ratio of the numbers of parts) is the same as the ratio of the lengths of the two lines.
If this other line is too long, the distance between 100 and 100 must be transferred as
many times as possible, and then the remaining segment is to be transferred to the
instrument, as has been said. For instance, if one of the lines is divided into 50 equal
parts, we take it equal to the distance between 50 and 50.37 Therefore if the other line
should be equal to F G, between 100 and 100, it will contain 100 of the parts from the
first line. And if it contains in addition a segment equal to the distance 30 − 30, it will
contain 130 of the parts. If the distance between 100 and 100 is contained three times
in the given line with an additional segment equal to the distance 40 − 40, 340 of the
small parts from the first line will be contained in it, etc.
3. In this way, we will also reveal the use of the instrument in describing sundials.
If a tangent in the new description of sundials, which are referred to a total sine of
1000, is to be referred to a total sine of 100 (however great it might be), and it is put
equal to the interval F G, we will first drop the right-most digit. So if the tangent of
39 degrees, 57 minutes is sought, since it is 838 in the table, if the right-most digit
8 is dropped, the tangent will be 83 with respect to the total sine 100, or better 84,
8
since the dropped digit is greater than 5 and hence 10
is greater than 21 and closer to
1. Hence if 84 parts are taken in the instrument, or slightly less, as has been said,
the tangent sought will be obtained. If the tangent in the table, with the right-most
digit dropped, is greater than 100, then the value from the table must be taken in tens
and units with the hundreds dropped, and after, to these tangents must be added a
multiple of the total sine equal to the number of hundreds contained in the value from
the table. So if one wants the tangent of 68 degrees, 50 minutes, since the value in the
table is 2583, this is 258 with the right-most digit dropped, and the tangent is to be
taken as 58, to which twice the total sine is to be added. And similarly for the rest.
4. If we wish to use the line KL of 11 parts divided into 10 equal segments, we will
be able to obtain thousandths of a given line. For since KL is to one of its segments as
the line AF is to its portion A−10 (since in both cases the ratio is 10 to 1), permutando,
it will also be true that KL is to A − 10 as one segment of KL is to one part of A − 10.
Therefore since KL contains that same A − 10 once and in addition one tenth of that
length (for it is assumed that KL contains 11 of the parts, 10 of which make up A−10),
one segment of KL will contain also one part of A − 10, and in addition one tenth of
2
that part. From this, two segments of KL will contain two parts of A − 10 and 10
,
3
three will contain three parts of A − 10 and 10 , and so forth. Hence, if for example
87
7
1000 is desired, eight parts of the whole AF and 10 of the following ninth part should
1
1
be taken, since the tenth part of 100 is 1000 . With a compass, 7 segments are taken
line, and so forth.
36
That is, two points at the same distance from A, or with equal marks on the two rulers.
37
That is, the instrument is opened to a position where that is true.
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out of KL, and transferred to AF , starting from any point. Then the mobile foot of
7
the compass will give 10
of the eighth part after the fixed foot of the compass, and this
fractional part is to be transferred into the ninth part. For since eight parts make up
80
10 of one hundredth,
[7]
80
7
(since any part contains 10
10 of one hundredth), that is, 1000 , and 10 of one hundredth
7
87
17
contain 1000
, the whole line cut off will contain 1000
. And if one should want 1000
,
7
one should take 1 part of the same AF , and 10 of the following second part, as has
been said above. Or, having taken 7 segments from KL, let us transfer them to AF ,
7
anywhere we might like. For the parts cut out will be 7, 10
. Therefore one part with
7
17
457
will
contain
.
Finally,
if
is
desired,
45
parts
are
to be taken from the line
10
1000
1000
7
450
AF , since they give 1000 . Then 10 are to be taken from the next 46th part, with the
use of 7 of the segments of the line KL, etc.
5. If the total sine is taken as 1000, then tangents will be obtained as they are given
in the table in the new description of sundials, with no digits taken away. But when
the tangent is greater than 1000, with the thousands removed, the remaining parts are
to be taken as thousandths in the tangent, and to them are to be added as many units
as there are thousands found (in the table entry). So if one should want the tangent
4
of 40 degrees, 30 minutes, which is 854 in the table, 85 parts and 10
of one part are
to be taken on the ruler AF . For then the tangent will contain 854 out of 1000. Or
if the tangent of 80 degrees, 0 minutes is sought, which is 5671 in the table, with the
1
thousands taken away, 67 parts, and 10
of one part are to be taken, and to the tangent
671 is to be added five times the total sine.
6. By the same reasoning, if the line M N is applied, containing 101 parts divided
into 100 equal segments, we will produce ten-thousandths from the line AF , since any
1
part of the line M N contains one of the parts of AF and 100
in addition, so that each
part of the line AF will be considered to be divided into 100 parts, and hence the
whole AF is 10000 of those parts. This will be demonstrated in the same way. For the
ratio between M N and one one-hundredth of one of its parts is the same as the ratio
between AF and one one-hundredth of one of its parts, etc.
7. And in this way tangents with respect to the total sine 10000 will be obtainable,
having taken away the three first digits38 from the tangents in the table set out in our
edition of Theodosius.39 For instance, if we want the tangent of 78 degrees, 30 minutes,
which is 49151 (with the three digits taken away), leaving off the ten-thousands, we
51
take 9151 parts, or 91 of the 100 parts of the ruler AF and 100
of one part, which
will be done if 51 of the parts of the line M N are transferred to AF . For the compass
51
will cut off 100
beyond the 51st part. Now since each of the parts of the line AF are
thought of as being divided into 100 parts, 9100 of those small parts will be contained
in 91 of the parts. If 51 are added to this, the tangent 9151 will be obtained. Finally
to this is to be added 4 times the total sine, since 4 ten-thousands were left off. But
51
of one one-hundredth to the
you will easily add the small additional segment of 100
38

This means the three low-order digits; the numbers in the table divided by 10000000 give the
tangents according to the modern definition.
39
This refers to Clavius’s edition of the Spherics of Theodosius of Bithynia (or Tripoli), ca. 169–
ca. 100 BCE. This is included in the first volume of the Opera Mathematica.
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91 parts if you transfer it so that the foot of the compass falls between parts 91 and
92, that is, if you transfer it with one part starting from part 90, or with two parts,
starting from part 89, etc.
8. Next, having found tangents in both rulers AF , AG, the distance between the
tangent on AF and the tangent on AG will give the same tangent with respect to the
total sine F G.
9. But when a tangent is so small that the distance from the point A cannot be
obtained, we will use this method. For instance, suppose we have to take the tangent
equal

By which
method
from the
thousandth
or ten-thousandth parts
found in AF ,

[8]
to 7 parts with respect to the total sine F G. Having taken two larger tangents of which
the larger exceeds the smaller by 7 units, for instance 30 and 37, or 80 and 87, etc.,
their difference (if both are transferred to some straight line) will give the tangent 7
which is sought. And two larger tangents are always to be taken near the middle of
the instrument whose difference is equal to the small tangent in question.
10. If both of the rulers AF , AG contain 1000 smaller parts, the total sine is taken
equal to 1000, and the distance F G is taken equal to this, all the tangents given in
the table of the new description of sundials will be most conveniently obtained. For
example, the tangent of 67 degrees, 38 minutes, namely 2430, will be obtained if, having
dropped the thousands, the distance between the marks corresponding to 430 on both
rulers is taken, and to this is added twice the total sine F G.
11. And if you apply the line KL of 11 parts divided in 10, you will be able to obtain
tangents with respect to the total sine 10000. Also, if you use the line of 101 parts
divided in 100, you will have tangents with respect to the total sine 100000. Finally, if
you divide a line of 1001 parts in 1000 equal segments, you will obtain tangents with
respect to the total sine 1000000, as is clear from what has been said.
12. What has been said for tangents should also be understood to hold for sines
and secants. For if the distance F G is equal to any total sine, whether it is 100, or
1000, or more parts, then the intervals between sines or secants taken in the rulers AF ,
AG will give the sines and secants taken with respect to the total sine F G, by what we
have taught in Number 4. This is because, by Lemma 5 in Book I of our work on the
astrolabe, the total sine AF has the same ratio to the total sine F G as for instance the
sine of A − 50 has to the sine of the arc of the circle whose semidiameter is F G, and
that is similar to the arc with sine A − 50. a Therefore, since AF is to F G as A − 50
is to the line 50 − 50, the line 50 − 50 will be the sine of the arc which is similar to the
arc with sine A − 50. The same reasoning applies to secants as well.
13. On the other hand, we will determine how many thousandths are contained in
any small part of one of the parts of AF in the following way. Let the given small part
be taken with the compass, together with one hundredth, or two, or three, or four.
Let the distance measured with the compass be repeated ten times in the line AF ,
and let the segment of the line AF that the compass runs through be diligently noted.
For if from the hundredths contained in this segment are taken away as many 10’s,
together with the given small part as have been taken, the remaining number will give
the tenths of one hundredth, that is the thousandths, obtained in the given small part.
And if we proceed similarly with the remaining small part of this segment (if any should
8

the same are
found with
respect to a
given total
sine.

a

Book VI,
Prop. 4.
How to
determine
how many
tenths of
hundredths
are contained
in any small
part.

remain), we will obtain the tenths of thousandths, that is, ten-thousandths. And if we
repeat the same operation, we will find hundred-thousandths, as we have shown at the
end of the booklet on the construction and use of sundials. We will repeat the same
demonstration briefly in Number 14 of the following chapter. Here is an example. If the
given small part with three hundredths repeated 10 times should run through 37 parts,
7
then with 30 taken away, in the given small part will be contained 10
of one hundredth.
Therefore, if this small given part were, for instance, after the 20th hundredth, this
207
7
segment of the line AF will contain 1000
[of a part]. For 10
of one hundredth makes
7
200
and
20
hundredths
makes
,
if
each
is
considered
to
be
divided into ten small
1000
1000
parts, since 100 parts is equivalent to 1000 of the small parts. If
[9]
the same is done with the remaining small part (if any should remain after the 37 parts
are run through) together with three hundredths, and if we should find, for instance,
4
34, then with 30 taken away, this small part will contain 10
of one thousandth, that
207
2070
4
2074
4
. Finally,
is 10000 . And since 1000 equals 10000 , if 10000 is added, we will have 10000
if with the left-over small part (if any should remain) together with 3 hundredths the
same is done, and for instance 39 parts are run through, then with 30 taken away, there
9
9
2074
will remain 10
of one ten-thousandth, that is 100000
. Therefore, since 10000
is equal to
20749
20740
,
we
will
have
.
And
so
if
the
line
AF
is
taken
as
the
total
sine
of 100000
100000
100000
parts, the segment of 20 parts, together with the given small part, will be the sine
20749. If the small part can be taken conveniently with the compass, and repeated
ten times, the hundredths run through will give the tenths of one hundredth, and so
207
forth. And if no small part remains, so that 1000
is found exactly, the numerator and
denominator are to be multiplied by 100 so that the sine 20700 is obtained with respect
to the total sine 100000. In the same way 40 hundredths constitute a sine of 40000
40
with respect to the total sine 100000. For if both the numbers of the fraction 100
are
40000
multiplied by 1000, this will make the fraction 100000 .
14. With this same instrument, and using the same side marked in equal parts,
from any given circumference, we will obtain an arc of any number of degrees and
minutes, as follows.40 Let it be required for example to cut off an arc of 53 degrees,
30 minutes, that is, to find the chord of this arc in a quadrant whose semidiameter
is equal to the distance F G. Let the sine of half the given arc, namely 26 degrees 45
minutes, be taken from the table of sines. With four digits at the right dropped, this
sine is 450 with respect to the total sine 1000. Therefore if this sine with respect to
the total sine AF is taken in the line AF , up to 45, by what has been presented in
Numbers 4 and 12, twice the distance between 45 and 45 will give the chord of twice
the arc of 26 degrees, 45 minutes, that is, the chord of 53 degrees, 30 minutes which is
sought. If the total sine is set to 10000, the sine of 26 degrees, 45 minutes in the table
of sines will be 4501, having taken away the three digits on the right, which is taken in
AF as has been said in Numbers 6 and 12.
If both rulers AF , AG contain 1000 parts, the total sine can be taken as 100000 and
even more, if for example the line M N of 101 parts divided into 100 equal segments,
or the other line of 1001 parts divided into 1000 equal segments is used.
40

A number of typographical errors in the original have been corrected in this paragraph.
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15. On the contrary, we will easily determine how many degrees and minutes are
contained in a given arc of a quadrant. For let an arc be given in the quadrant whose
semidiameter is F G. Let RS be equal to F G, and let RT be half the chord of the given
arc. Say this line RT is found to be equal to the line 40 − 40 between the lines AF ,
AG, so that the points marked 40 and 40 either cut off equal parts, as in the given
example, or are equidistant from two equal parts. Then, by what we have written in
Number 13, let the number of parts out of 1000 or 10000 or 100000 contained in the
segment from A up to the point 40 be determined. In the given example, 400, or 4000,
or 40000 are found, depending on whether the total sine is comprised of 1000, or 10000,
or 100000 parts, and that number is the sine of 40 − 40 with respect to the total sine
F G. This gives the corresponding arc of 23 degrees, 35 minutes, therefore the doubled
arc 47 degrees, 10 minutes is the one that is sought.

How the
number of
degrees and
minutes in a
given arc are
determined.

[10]
16. On the other face of the instrument, in which chords of arcs are transferred,
we will obtain the arc of any number of degrees more easily, in this way. The distance
F G may be taken equal to the chord of the quadrant. Or the distance 60 − 60 may
be taken equal to the semidiameter of the quadrant, that is, to the chord of an arc of
60 degrees. Therefore,41 if one should want an arc of 56 degrees, the distance between
56 and 56 should be taken with the compass. The chord of an arc of 56 degrees is
equal to this. If besides degrees, minutes are also to be included, then they should
be taken by estimation in the following part–as much as the given number of minutes
constitutes a part of one degree. If one should want 30 minutes, then half should be
taken, if 20 minutes, then a third, and so forth. Then the distance taken between the
corresponding marks on the two rulers AF and AG will give the chord of the arc that
is sought.
On the other hand, if we should want to know the number of degrees and minutes
contained in a given arc, a distance equal to its chord is to be found between the lines
AF , AG, so that their points fall either in two equal parts, or are equally distant from
two such. For the same number of degrees will be contained in the given arc as are
contained in the line AF , from the center A to the point from which the chord to the
given arc is transferred to the line AG. For instance if the chord to the given arc should
appear between 70 and 70, the arc in question is composed of 70 degrees, and so forth.
1
17. Now, no one is ignorant of what should be done, if 21 , or 13 , or 17
or finally any
part (whose denominator is not greater than 100) is to be cut off from some line. For
indeed if the distance F G on the first face of the instrument should be set equal to the
given line, the distance 50 − 50 will give 12 , the distance 25 − 25 will give 14 , the distance
20 − 20 will give 51 . Again, if the distance between 90 and 90, or between 60 and 60,
or between 30 and 30 is made equal to the given line, then the distance between 30
and 30, or 20 and 20, or 10 and 10 will give 13 . Again, if the distance between 17 and
17 or 34 and 34 is taken equal to the given line, then the distance between 1 and 1 in
1
the first case or between 2 and 2 in the second case will give 17
of the given line, and
5
the distance between 5 and 5 or 10 and 10 will give 17 , and so forth. From these terse
examples, you will easily see going forward how you must proceed with other required
41

That is, in the second case, taking the distance between 60 and 60 as the chord of 60 degrees.
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parts.
18. In the same way, on the back face of the instrument, we will obtain the sides of
regular polygons in any circle. For 120 degrees (which is easily obtained if 30 degrees
are added to the 90 degrees of the quadrant) gives the side of an equilateral triangle, 90
degrees gives the side of a square, 72 degrees gives the side of a pentagon, 51 73 degrees,
that is, slightly less than 51 degrees, 26 minutes, gives the side of a heptagon, and so
forth. The number of degrees is obtained by dividing the 360 degrees of the whole
circle by the number of sides of the polygon in question.
19. When, in a given quadrant, we want to know the point of the other semidiameter where the foot of the perpendicular from the endpoint of an arc of some number
of degrees falls (which is often of use), this is to be done.42 For example, let the
semidiameter of a quadrant be F G, and suppose we must seek the point in which the
perpendicular dropped from the end of an arc of 26 degrees, 45 minutes falls. The sine
of 26 degrees, 45 minutes is 45 with the total sine set equal to 100. And therefore the
line between 45 and 45 will be the sine of 26 degrees, 45 minutes with respect to the
total sine F G, as has been shown in Number 12. Hence the line 45 − 45, translated
to the semidiameter of the given quadrant, out from the center, will indicate the point
that is sought.
[11]
20. In the same way we will obtain in the diameter of the astrolabe a point at
any declination (which is worthy of remark). For having taken the total sine equal to
the semidiameter of the equator, if the declination is north, the tangent of half the
complement of the declination is to be transferred to the diameter proceeding out from
the center; if the declination is south, it is the tangent of half the arc from the quadrant
and the declination taken together. So the tangent of 33 degrees 15 minutes, which
constitutes half the complement of the declination of _43 will give the extreme point on
the semidiameter of the parallel _, which has a declination of 23 degrees, 30 minutes
north. The tangent of 56 degrees, 45 minutes, which is half the sum of the arc from the
quadrant and the declination of d44 will give the extreme point of the semidiameter of
the parallel d, which has a declination of 23 degrees, 30 minutes south. The reason for
this is that a line in the astrolabe drawn from the end of the diameter referred to the
horizon to the intersection of the northern parallel with the other diameter representing
the meridian makes with the [first] diameter an angle that is half of the complement of
the north declination.45 If the line is drawn to the intersection of a southern parallel
with the same diameter mentioned before, it makes an angle that is half the angle from
the quadrant together with the south declination. And the tangent of either angle is
the distance along the semidiameter corresponding to the parallel, as is clear from our
42

In the quadrant, think of measuring the angle from the horizontal, but then dropping the perpendicular to the other, vertical, radius bounding the quadrant.
43
The Tropic of Cancer
44
The Tropic of Capricorn
45
This is because the angle subtended at the center of the celestial sphere by the chord between
the north pole and the point at the intersection of the meridian and the parallel is twice the angle
subtended by that same chord at the south pole. This relationship would be used to construct the
circles representing the Tropics and all other parallels in the equatorial plane of the astrolabe by
stereographic projection from the south pole.
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work on the astrolabe.
In the same way, we will find the points on the semidiameter in the astrolabe
representing the equator corresponding to parallels with any known declination by
means of tangents, as was done for the parallels _ and d.
21. If any line proceeding out from the center of the instrument is cut in any way,
for example, in extreme and mean ratio, or (which is worthwhile, so that sundials
can be described more expeditiously) as the equinoctial line in a horizontal sundial is
divided, any other such line will be similarly divided if the distance F G is made equal
to it, which is clear from what has been said. However, it is enough if the hours from
one part of the line of meridians, for instance, either the antemeridianal hours or the
postmeridianal hours only are transferred into the instrument.
22. Apart from this, with the instrument having been opened in any way, we will
determine the measure of the angle F AG made at the center A in the following way.
With the compass, let the distance between 60 degrees and 60 on the back face of the
instrument be taken, and let that be transferred starting from the center to either line
of chords. For the angle F AG will contain the same number of degrees as are contained
in that length. The reason is that the arc from the center A described by 60 and 60 is
the portion of the quadrant whose chord is the whole line AF , because the chord of 60
degrees is the semidiameter of the aforesaid quadrant, whose chord is AF , as is clear
from the construction of the instrument. Therefore the distance between 60 and 60 is
the chord of the angle F AG in question.
23. But neither should the following be omitted (seeing that we have discussed
taking tangents, sines, and secants in this instrument with respect to a given total sine):
sometimes the total sine is so small that it cannot be transferred to the distance from
F to G, even if the instrument is closed completely. Therefore, so that we can obtain
tangents, sines, and secants with respect to those total sines, from the instrument,
[12]
that total sine is to be taken in a line twice, three times, four times, etc. and then
transferred from F to G. For if the halves, or thirds, or quarters, etc. of the desired
tangents, or sines, or secants are found with respect to the total sine 100, accordingly
as the total sine was taken twice, or three times, or four times, the desired tangents or
sines or secants will be obtained. So if the total sine is doubled, with the total sine set
equal to 100, if the tangent is 378, then the tangent should be taken as 189, and so on.
But this will be done most conveniently if the total sine is very small by multiplying
by 10. Then with the total sine set to 100, if from the tangent (dropping one digit
on the right), another digit on the right is dropped (which is the second in the whole
tangent), the tenth part will be obtained. The dropped digit should always be taken
into account, and rounding up should be done if it is larger than 5. In this way, the
4
tangent 2414 of 67 degrees, 30 minutes, with the 1000
left off, the tangent should be
transferred as slightly larger than 24, or the tenth part of the tangent 241 with respect
to the total sine 100.
24. So also, if some tangent exceeds the total sine, so that we are not forced to
transfer first some multiple of the total sine, then the remaining parts, but so that we
can find the point that is sought immediately by one translation, the total tangent from
the table at the end of the new description of sundials is to be divided by 2, or 3, or
12
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finally by such a number, so that a tangent of three digits is produced in the quotient.
For then with the first digit on the right dropped, the remaining tangent is to be
transferred with respect to the total sine 100, and then multiplied by the same number
by which the tangent was divided. So the tangent of 4 and 8 hours with respect to the
total sine 1000 is 1732, which divided by 2 makes 866. Therefore a tangent slightly
larger than 86 12 with respect to the total sine 100 is to be transferred, then doubled.
Also, the tangent of 5 and 7 hours is 3732, which divided by 4 makes 933. Therefore
3
the tangent 93 10
is to be transferred with respect to the total sine 100, and multiplied
by 4. And so for the others.
25. Finally, in this same instrument, we will easily add a third proportional to two
lines, or a fourth proportional to three lines. If two lines are given, let AB be taken in
AF equal to the first line. Then using the compass to measure the second line, open
the two legs of the instrument so that the distance between B and the point C in the
leg AG with AB = AC is equal to the second line (that is, B and C correspond to the
same number of parts in the two rulers and that distance BC is equal to the second
line). Then if AD is taken along AF equal to the second line, and E is the point along
AG corresponding to the same number of parts contained in AD, the distance between
D and E is the third proportional that is sought, as can be established by the things
proved in Number 2.
By the same reasoning, with three lines having been given, if the first and the
second are transferred to the instrument as has been said, and a number in AF equal
to the third is taken, the distance between the end of the third and the number in the
line AG similar to the one at the end of the third will give the fourth proportional.46
If the lines in question, or any one of them, are so large that they cannot be
transferred into the instrument, then their halves, or thirds, or fourths, etc. are to
be taken and we must proceed as has been said. For then the lines found, doubled,
or tripled, or quadrupled, etc. will produce the third or fourth proportional that is
sought.

How third
and fourth
proportionals
are found.

[13]
26. In place of the instrument described before, a figure having the same use can
be constructed in a sheet of metal or other material, or in a plane, in this very easy
way. Let BAC be an angle of any magnitude; the larger this is, the larger the total
sines that can be assumed in the figure, so that you would not go wrong to make it a
right angle. Then you will also obtain a quadrant opposite to the right angle. With
the line AB divided into 100 equal parts (it can also be divided in 1000 parts if that
can be done conveniently, as we have said in connection with the previous instrument),
from the center A, let 100 arcs of circles be described, one through each part. These
will also divide AC into 100 equal parts, and the figure will be constructed.
For if in the lowest arc BC 47 a distance BD is taken equal to the given total sine,
and a hidden line AD is drawn (this is to be drawn on a brass tablet with ink that
is not very black, or of another color, so that it can be erased later), then the lines
46

These two paragraphs give a very free translation. The presentation has been reworked for mathematical clarity and instead of referring to the two rulers, the discussion works with the scales on AF
and AG.
47
See figure from page [14].
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AB, AD play the roles of the lines AF , AG of the instrument above, opened to the
given distance BD. For this reason all tangents with respect to the total sine BD will
be found in this figure, as above. So, for example, the tangent of 40 parts will be the
distance EF , a since having drawn the line EF , it is parallel to the line BD, since the a Book VI,
sides AB, AD are cut proportionally in E, F . The other uses explained above will be Prop. 2.
adapted to this figure, especially if on the other face of the sheet, are transferred the
chords of all arcs of any quadrant, so that from a given circle, any number of degrees
can be cut off, etc. This figure has the advantage that there is no danger that a nail in
the center will be worn away as in the instrument described before. Then in the same
figure, very small parts, close to the center, and in the extremities very small total sines
can be taken, which is not possible in the above instrument.
Although not all of the parts of this instrument are necessary for the measurement of
magnitudes, and only those we have explained in Numbers 1 and 2 are chiefly required,
we have nevertheless decided to bring together all its various uses in one place, partly
so the great excellence of the instrument might be apparent, and partly so the studious
reader might have one place where he or she should look for any use that he or she
might desire. I am also not unaware how many other uses of this splendid instrument
might be contrived, uses that anyone will easily find by thought in war or in industry
when the matter at hand should demand it. We have wished to indicate the most
important uses here.
[14]
CHAPTER II. Construction of a quadrant, in which also minutes and seconds can be
read off, even if the degrees are not subdivided [into those smaller parts]. And how the
same minutes and seconds can be obtained from a quadrant divided into 90 degrees.
And finally, by what method thousandths, etc. can be cut off from a given line divided
into very small equal parts.48
This is is the second topic that we have said should be laid out: how we can
determine how many minutes or seconds are contained in a small part of a degree.
Also, how many thousandths are contained in a small segment of a straight line divided
into very small parts. In order that we should accomplish these things it is necessary
to construct the quadrant that we put together in the year 1586
[15]
in our text on the “Fabrication and use of a very convenient instrument for the construction of sundials.”49 From A, the center of the quadrant BC, are drawn 4050 other Construction
[arcs of] quadrants, equally spaced to make the figure appear more beautiful, so that of a quadrant
48

Translator’s Note: The following section was extensively rewritten and the construction of the
quadrant was revised somewhat in the later edition of the Geometria Practica collected in the Opera
Mathematica. I have decided to translate this earlier form of the discussion instead of the later one.
49
Clavius is referring to the work by this name in Volume IV of the Opera Mathematica. See the
figure on page [16].
50
This is changed to match the total number 40 in the later part of the sentence. The version in the
Opera Mathematica has 45 arcs added to make 45 superimposed quadrants inside the outermost arc
BC. But the same figure is used as here, so that text does not match the figure either.
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Figure 2: [14]

the whole is divided into 40 quadrants, of which the outermost is divided into 90 degrees in the usual way. The next one is then divided into 128 equal parts, first in
halves, then each half into halves, then each of those four parts into halves, and so
forth, until 7 divisions have been completed, so the whole quadrant has been divided
into 128 equal parts. After this, the other quadrants are continued past the semidiameter AB: the third from the outside BC is continued outside the quadrant to the
line making an angle of 91 degrees [with AC], the next one [is continued to the line
making] 92 degrees, the next one to 93 degrees, and so forth to the other degrees, so
that the fortieth quadrant51 is extended to a line making an angle of 128 degrees with
AC. Then each is divided into 128 equal parts, as was done for the one next to the
outermost. When this is done, the parts above the semidiameter will be redivided,
although this is unnecessary.
2. If the quadrants cannot be produced beyond the semidiameter AB because of
narrowness of the space, the division should be made as follows. In the outermost
quadrant BC, let half the number of degrees that each arc should contain be taken,
and from A to that half, let a hidden line be drawn. For this will cut the quadrant in
question in the point where the produced arc should be bisected in the first division.
Hence if the arc between this point and the semidiameter AC, containing 64 of the
total 128 parts of the produced arc, is repeatedly bisected six times, and as many parts
51

The one closest to the edge AB. See figure on page [16].
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as can be are transferred to the arc between that same point and the semidiameter
AB, then all the parts of the 128 into which the produced arc would be divided that
fall within the quadrant will be obtained in the given quadrant. In this way, if it is
necessary to divide quadrant M N , to be produced to 104 degrees, we will draw the line
at 52 degrees (half of the 104) which will cut M N at O. For if the arc ON , containing
64 of the 128 parts of the whole produced arc is bisected six times, and its parts are
transferred to the arc OM , all of its parts falling in the quadrant M N will be obtained,
as though the whole produced arc were divided into 128 parts. So also if the quadrant
was to be produced to 125 degrees, it will be divided by a hidden line at 62 21 degrees
(namely, half of 125). Also, if the quadrant DE was to be produced to 120 degrees, it
must be divided by drawing the hidden line at 60 degrees, and so forth.
3. To these subdivided quadrants, numbers are to be inserted, near the semidiameter AC, namely, the numbers of the quadrants, so 1 near the outmost, 2 near the next,
3 near the third, and so forth. So added next to the quadrant, which is produced to
96 degrees, you see the number 8, since it is the eighth. For the first is the quadrant
BC, the second is the one of 90 degrees, the third is of 91 degrees, the fourth of 92
degrees, the fifth of 93 degrees, the sixth of 94 degrees, the seventh of 95 degrees, and
the eighth of 96 degrees. Next to the quadrant extended to 100 degrees you understand
the number is 12 inserted, etc.

Which numbers are to be
inserted next
to the quadrants.

[17]
And next to the semidiameter AB the numbers of degrees to which each of the
quadrants are extended are to be written, as you see in the figure. This way, with the
string falling in a whole part of any quadrant, immediately next to the semidiameter
will appear the number of degrees to which that quadrant has been produced. This
number of degrees occupies the third place in the rule of three52 by which minutes and
seconds are to be determined, as we will say a bit later in Number 7.
4. Next to the semidiameter AB are to be affixed two pinnacidia.53 This should be
done so that the apertures through which the ray of the sun, or the visual ray passes
are perpendicular to the line AB; otherwise large errors in measurement of lines would
be made.
5. Moving on, if the altitude of a star is to be investigated by the visual ray, or
some point is to be sighted for a measurement of a distance, the pinnacidia must be
constructed as follows. In a square plate IK of copper or bronze, let a round aperture
be made of medium size. In the middle of the opening is L, which will remain if the
diameter of the opening is somewhat reduced. And about I, let another copper or
bronze plate, equal to the first, be made to rotate, in the middle of which is a very
small aperture M , which corresponds to L when this plate is superimposed on the
other. In this way, if two pinnacidia, are fashioned, it is scarcely possible to say how
expeditiously this allows a star or some other thing to be sighted. For the pinnacidium
52

That is, a proportion of the form A : B :: C : X where A, B, C, are known, and X is to be
determined as X = BC
. These will also be used extensively in the third chapter of this book and the
A
next two books.
53
A pinnacidium is a sighting device consisting of an aperture in the middle of a square plate of
opaque material, together with a sort of flap that can be used to narrow the aperture – see figure and
the discussion in Number 5 below.
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Figure 3: [16] – Note: This figure does not match the text in several ways. The same
figure was also repeated on the next page, but we have included it only once.
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closest to the eye is to be closed with that plate rotated about the point I, and the
other is to be opened. For this will make it so that the visual ray, passing through
the aperture M , nearer the eye, can immediately see a star or other thing in question
through the aperture L in the remoter pinnacidium, since that larger aperture sights
the thing easily, and lets us direct the small aperture to the thing being sighted in the
remoter pinnacidium L without any trouble.
6. Finally let a very thin string or thread be attached to the center A, with a
weight so that it hangs perpendicularly. Or in place of a string, let a thin brass ruler
be constructed with a linea fiduciae54 from whose extremity projects a small plate,
from which a plumb line is suspended. With the ruler hanging freely, and the string
dropped perpendicularly, it should correspond precisely with the linea fiduciae. And
in this the utmost diligence is to be applied otherwise the degrees will not be correctly
indicated by the linea fiduciae.
And in this way, in its use, the quadrant will have a hanging plumb line, whether
a high object is sighted from B through A, or an object in a plane is sighted from A
through B.
If a ruler is attached about the center with a linea fiduciae Ab, and two pinnacidia
c, b, whose apertures correspond to the linea fiduciae, and this ruler is made so that it
can be rotated about the center by any angle and remain fixed, the quadrant in its stable
use will always have the same position–either a high object is sighted from A through
b, with the side AC placed parallel to the horizontal, or someone sights an object in
the plane from a higher location, from A through b with the side AC perpendicular to
the horizontal and the side AB parallel to the horizontal. These things will be more
easily understood when we discuss both uses in Book II.
7. The use of a quadrant constructed in this way for determining minutes and
seconds is very clear. For with the string falling perpendicularly, or the linea fiduciae
Ab falling in some whole number of parts of any quadrant (which will almost always
occur because of the diversity of the parts in such a multitude of quadrants) if the ratio
128 to the number of parts cut off by the string is set equal to the ratio of the number
of degrees contained in the whole produced arc in which the string cuts off a whole
number of parts to some other number, then the number of degrees contained in the
arc cut off will be obtained.55 And if in the division there
[18]
should be a remainder, that multiplied by 60 and divided by 128 will give the number
of minutes. And if there should still be a remainder in that division, in the same way,
if that is multiplied by 60 and divided by 128, the number of seconds will be exhibited.
And proceeding in the same way, “thirds,” “fourths,” and so on, will be obtained until
there is no remainder in the division.56 But it is not necessary to do this; it is enough to
go as far as the seconds. Here are some examples. Assume that the string has cut off 20
parts of the 128 into which the twelfth quadrant is divided, namely the arc P Q that is
produced to 100 degrees. Therefore let 128 be to 20 as 100 is to another number. Then
15 degrees will be found, and there will be a remainder of 80 in the division, which
54

That is, a sighting line.
By the “rule of three” discussed in the footnote on page [17] above.
56
These terms refer to subsequent digits in the base-60 expansion of the fractional part of the angle.
55
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multiplied by 60 makes 4800. Divided by 128, this gives 37 minutes with a remainder
of 64. If this is multiplied by 60, and the number 3840 produced is divided by 128, the
number of seconds produced is 30 and there is no remainder. The arc Q 20, or the arc
of the quadrant BC, between C and the perpendicular string includes 15 degrees, 37
minutes, and 30 seconds. Again, let us assume that the perpendicular string has cut
out 96 of the 128 parts of the eighth quadrant RS, which is produced to 96 degrees.
Let 128 be to 96 as 96 is to some number. The arc cut off will be obtained to be exactly
72 degrees. If the string should fall in part 64 of the sixteenth quadrant M N , which is
produced to 104 degrees, then if 128 is to 64 as 104 is to some number, then 52 degrees
will be produced exactly. And so for the others, provided that you remember: if there
should be any remainder in the division, then the remainder is multiplied by 60 and
the product is divided by 128, as has been said.
The demonstration of this operation is clear. For since (in the last example) the arc
N M is produced to 104 degrees and divided into 128 parts and the arc N O contains
64 of those same parts, 128 is to 64 as 104 is to the number of degrees contained in the
arc N O. That number will be obtained by multiplying 104 times 64, and dividing by
128, and so forth.57
8. But for the sake of the studious, it is a pleasure to include the following small
table,58 in which, from the remainder of the first division in the above “golden rule”
(from which the number of degrees is produced),59 the number of minutes and seconds
corresponding to that remainder quickly appears and so it is a matter of applying this
“golden rule” only once. The table is constructed if each remainder or several are
multiplied by 60 and the number produced is divided by 128.
And so that the structure and use of this table might be more easily understood, we
will add an example. For example, let the perpendicular string fall in the 29th part of
quadrant 32, which is produced to 120 degrees. Therefore let 128 be to 29 as 120 is to
some other number, and 27 will be produced as the quotient. Since there is a remainder
of 24 as well, from the table under the number 24, the two numbers 11, 15 are taken.
The first gives the number of minutes and the last gives the number of seconds. Thus
the arc cut off by the string is composed of 27 degrees, 11 minutes, and 15 seconds.
And these minutes and seconds will be produced if the remainder on division, namely
24 is multiplied by 60, and the product is divided by 128, and so forth. The rest of
the numbers in the table come the same way. And the number above in each entry is
the remainder from the first division; of the numbers below, the first is the number of
minutes, and the last is the number of seconds.

Construction
and use of
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[20]
9. Next, so that we might relieve the studious of all computational labor, the
following table has been composed by us, in which the number of degrees, minutes,
and seconds corresponding to any part of any quadrant will appear. If the number
of that quadrant in which the string falls perpendicularly in some whole number part
(and which is placed next to the quadrant on the semidiameter AC) is found in the left
57

The translation has been somewhat streamlined, since the basic idea is clear.
For typographical reasons, this has been moved to the next page.
59
This is Clavius’s shorthand term for the process of determining the fourth term in the proportion
as the note on page [17] above.
58
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Figure 4: [19] Table indicating how many minutes and seconds correspond to a given
residual in the first operation of the “golden rule”

side of the table, and at the top of that table is taken the number of parts cut off by
the string, the degrees, minutes, and seconds in the arc cut off will be obtained. Here
are examples. Suppose the string has fallen in part 30 of quadrant 16, which has been
produced to 104 degrees. Therefore if the number, 30, of parts is taken at the top of
the table, and on the left side the number, 16, of the quadrant is found, the angle will
be read off as 24 degrees, 22 minutes, and 30 seconds.60 Also, with the string falling
in part 111 of quadrant 15, which has been produced to 103 degrees, if the number
of parts, 111, is taken at the top of the table, and the number of the quadrant, 15, is
taken on the left side, then an angle of 89 degrees, 19 minutes, and 13 seconds will be
found. And similarly in other cases. From what has been said, the construction of the
table is not obscure. For if 128 is to 1, or 2, 3, 4, and so forth up to 128, as the whole
number of degrees in the whole produced arc is to another number, then the number
of degrees, minutes, and seconds for any part of any quadrant will be obtained. Only
numbers of quadrants up to 40 quadrants are contained in the table, as this can be
60

It turns out that there is an error in the table entry that would be used here if the pages from the
Latin original are consulted(!) Clavius says 22 minutes, which is correct. The table says 32 minutes
rather than 22.
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seen to be sufficient. Nevertheless, if anyone should wish to describe more quadrants,
the table will be easily extended following the process laid out here to any number of
quadrants. In the same table, when in the third operation of the “golden rule,” the
remainder was greater than 64 (namely half of the divisor 128), we have rounded the
number of seconds up by adding one.
In fact, if one should wish to extend the table to more quadrants, this can be done
without any of the computations of the “golden rule,” in the following way.61 To the
degrees, minutes, and seconds of the fortieth quadrant, which has been produced to
128 degrees, are added the differences between the degrees, minutes, and seconds of
the fortieth quadrant, and the degrees, minutes and seconds of some other quadrant
below the fortieth. For in this way the degrees, minutes, and seconds of a quadrant
above the fortieth will be constructed, since the degrees, minutes, and seconds of any
three quadrants, containing the fortieth, and the other two equally-spaced about that
one, are in an arithmetic progression, as appears here:
Parts
38
39
40
41
42

D
0
0
1
1
1

1
M
59
59
0
0
0

S
4
32
0
28
56

D
1
1
2
2
2

2
M
58
59
0
0
1

S
7
4
0
56
53

D
2
2
3
3
3

3
M
57
58
0
1
2

S
11
36
0
24
49

D
3
3
4
4
4

4
M
56
58
0
1
3

S
15
7
0
53
45

D
4
4
5
5
5

5
M
55
57
0
2
4

S
19
39
0
21
41

D
5
5
6
6
6

6
M
54
57
0
2
5

S
22
11
0
49
38

The numbers for the quadrants 39, 40, 41 in the first column continually increase by 28
seconds, in the second column, by 56 seconds, and in the third by 1 minute 24 seconds,
and so forth. And also the numbers for the quadrants 38, 40, 42 in the first column
[21]
continually increase by 56 seconds, in the second column, by 1 minute, 53 seconds, and
in the third by 2 minutes 49 seconds, and so forth.62
So if the differences between the degrees, minutes, and seconds, for quadrants 40
and 39 are added to the numbers for quadrant 40, they will make the degrees, minutes,
and seconds for quadrant 41. Similarly, if the differences between quadrants 40 and 38
are added to the numbers for quadrant 40, the numbers for quadrant 42 are produced.
In the same way, if the differences between the numbers for quadrants 30 and 40 are
added to the numbers for quadrant 40, that will make the numbers for quadrant 50,
and so forth.
THERE FOLLOWS THE TABLE OF QUADRANTS constructed above, where
each arc produced is divided into 128 equal parts, and where the numbers of degrees,
minutes, and seconds of arc corresponding to each of the parts of each quadrant immediately appears. We have explained its use above.63
61
The number in the first column of the extract from the table of quadrants is the number of the
quadrant being used. The numbers of parts are the column labels. So for instance, the parts of
quadrant 40 are each exactly one degree.
62
These are only approximate since the arcs in question cannot be expressed exactly in terms of
degrees, minutes, and seconds. There are further digits in the base-60 expansions.
63
The table, occupying pages [22] to [38] in the original, has been omitted: the method used to construct it has been fully described in the discussion above and the full collection of numerical information
is of only limited interest.
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[39]
10. When several quadrants are not described within the whole quadrant, but only
one is present, precisely divided into 90 degrees, we will determine, with the use of only
the compass, how many minutes and seconds are contained in any small arc in this way
(we have done this also in the booklet on the use and construction of sundials, and in
our work on the astrolabe). Let the small part tu be given, for instance in degree 20
of the above quadrant BC.64 Let it be taken most diligently with the compass, and
starting at the beginning of the quadrant, that is, at point C, with the same opening
of the compass, let 60 equal small arcs be taken, up to the point X, so that arc CX is
60 times arc tu. Then the same whole number n of degrees contained in the 60-fold arc
will be the number of minutes contained in the given arc tu. And if, beyond the whole
number of degrees in the CX, some small arc remains, let it also be taken 60-fold,
starting from the point C. Then however many degrees are contained in the 60-fold
arc will be the number of seconds contained in the given arc tu. And if any arc still
remains, in the same way, the numbers of “thirds,” etc. will be found. And so for
example since 40 degrees are contained in the arc CX, which is 60 times the arc tu, the
arc tu will contain 40 minutes, and in addition as many seconds as there are degrees
in 60 times the arc in CX beyond the 40th degree, and so forth.
I show this in the following way. The arc CX has to the small arc tu the same
ratio as an arc of 60 degrees has to an arc of 1 degree, since both ratios are 60 to 1.
Therefore, permutando, the arc of 60 degrees is to the arc CX as the arc of 1 degree
is to the arc tu. And therefore the number of sixtieth parts of the arc of 60 degrees,
that is, the number of degrees contained in the arc CX, is the same as the number of
sixtieth parts of one degree, namely the number of minutes, in the arc tu. Then the
60-fold multiple of the part of CX beyond the last whole degree is to that part as an
arc of 60 minutes is an arc of one minute. Therefore, permutando and taking sixtieth
parts as before, the number of minutes in the part in the 60-fold multiple of the part
of CX beyond the last whole degree is the number of seconds in the arc tu. And so
forth for the “thirds, fourths,” etc. But in my opinion, it is enough if the minutes are
diligently measured. And if the remaining part should be larger than half a minute,
then the number of minutes should be rounded up by one, since then the number of
seconds would be greater than 30. But if the remaining arc should be less than half of
one minute, then the number of minutes should not be increased, since the number of
seconds would be less than 30. Finally, if the remaining arc should be equal to half of
a minute, it is a matter of choice whether to increase the number of minutes by one,
or not.
11. Since an error can be made very easily if we try to take the said small part of
a degree or minute sixty times in a row with the compass, when it is less than half a
degree, you would do better to take that arc together with one degree, quintuple it,
then double the second arc, then triple the third arc, then finally double that fourth
arc. This last arc will give the 60-fold arc of the small arc plus one degree. Hence
if 60 degrees are subtracted, the number of degrees in the remaining arc will indicate
the number of minutes contained in the given small arc. If by estimation you should
recognize
64

See figure on page [16].
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[40]
that the small arc of less than half a degree does not exceed 24 minutes, then we
will determine the number of minutes in the given small arc more conveniently by the
following method. (If it were greater than 24 minutes, then taking the compass around,
we would exceed the whole quadrant, as will be clear, so we would not be able to apply
the procedure to be explained next to find the number of minutes.) We will multiply
the given arc plus one degree by four first, then double the resulting second arc so that
we have eight times the given arc plus one degree, then we will double the resulting
third arc again to get sixteen times the given arc plus one degree, again double the
fourth arc, and finally double the fifth arc again to obtain an arc containing sixty-four
times the given arc plus one degree. Let the endpoint of this arc be carefully noted.
For if from the whole arc from its starting point, the arc equal to four times the given
small arc plus one degree is taken away, the remainder will be sixty times that small
arc plus one degree, and if an arc of 60 degrees is taken away from that, the number of
degrees in the remainder will indicate the number of minutes in the given small arc. If
the given small arc should be greater than half a degree, we will investigate the number
of minutes in the remaining part less than half a degree by the same method. This
number of minutes subtracted from 60 will leave the number of minutes contained in
the small arc greater than half a degree. But you see well that when the given small arc
differs from half a degree by a small angle, it is safer to add one degree, quintuple the
result, then double that arc, triple the third arc, and finally again double the result.
For by this process, from the last arc, 60 degrees is to be subtracted and the whole
quadrant is never used up, as is clear.
12. Neither is it always necessary for the small arc, or the small arc plus one
degree to be repeated sixty times, but it is enough if some multiple is exactly equal
to a whole number of degrees, which often happens. For then, a fraction is composed
whose numerator is the number of degrees run through, and whose denominator is the
number of times the small arc was repeated with the compass. For example, if some
6
small arc repeated twenty times falls on 6 degrees, the small arc is composed of 20
of
one degree. Hence if the numerator 6 is multiplied by 60 and the product is divided by
the denominator 20, the quotient 18 will indicate that small arc contains 18 minutes.
And so if another small arc repeated seven times falls on 3 degrees, it will contain
3
7 of one degree. If therefore the numerator 3 is multiplied by 60, and the product
180 is divided by the denominator 7, the quotient 25 minutes will be obtained. And
since there is a remainder of 5 in the division, if this is again multiplied by 60, and
the product 300 is divided by the same denominator 7, this will give the quotient 42 67
seconds.
This is the demonstration of this procedure. Since in the example above 20 degrees
is to 1 degree as the small arc repeated 20 times is to the arc, permutando, the arc of
20 degrees will be to the arc containing the small arc 20 times, that is to 6 degrees, as 1
degree is to the small arc. And convertendo, 6 degrees is to 20 degrees as the small arc
6
of 20 degrees, the small arc will contain
is to 1 degree. Therefore, since 6 degrees is 20
6
of
one
degree,
which
is
what
was
proposed.
In the last example, since 7 degrees is
20
to 1 degree as the small arc repeated 7 times, that is, 3 degrees is to the small arc,
permutando, it will be true that 7 degrees is to 3 degrees as 1 degree is to the small arc,
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and convertendo, 3 degrees is to 7 degrees as the small arc is to 1 degree. Therefore,
since 3 degrees is 37 of 7 degrees, the small arc contains 73 of one degree, which is what
was proposed. The reasoning is the same in all other cases.
[41]
When the small arc plus one degree repeated falls exactly on some number of
degrees, as many degrees as times the small arc plus one degree was repeated must
be subtracted from the number of degrees run through. The difference will be the
numerator of the fraction, and the denominator will be as above. So if a small arc
plus one degree repeated 7 times falls on 10 degrees, the 7 degrees repeated must be
removed. And so there will be 73 of one degree contained in the given small arc.
13. On the other hand, if we should wish to remove a small arc of any number of
minutes from any number of degrees, we must proceed as follows. In the quadrant BC
above, an arc of as many degrees as minutes are desired is taken with the compass, and
(so that we might avoid confusion) transferred to another arc described with a radius
equal to the semidiameter of the quadrant BC. Then if this arc is divided into 60 equal
parts (first in halves, then one half again in halves, then one of those halves in thirds,
and finally one of those thirds in fifths) one of the sixtieths will contain the number
of minutes proposed. For example, if an arc containing 50 minutes is sought, we will
take an arc F G (described with radius equal to the semidiameter AC) equal to the arc
CZ of 50 degrees. Then we will divide this into 60 equal parts (first bisecting F G at
K, then bisecting F K at L, third trisecting F L at T , V , and finally subdividing F V
in five equal parts). Then one of those 5 parts will contain 50 minutes, and hence if it
is transferred with the compass to any degree of the quadrant BC, 50 minutes of that
degree will be cut out. I show this as follows. Since an arc of 60 degrees is to an arc of
1 degree as the arc CZ or F G is to the sixtieth part of that same arc, permutando, it
will follow that an arc of 60 degrees is to arc F G (of 50 degrees), as 1 degree is to the
sixtieth part of the arc F G. And convertendo, the arc F G (of 50 degrees) is to the arc
of 60 degrees as the sixtieth part of the arc F G is to 1 degree. Therefore, since the arc
50
F G contains 60
of the arc of 60 degrees, the sixtieth part of the arc F G will contain
50
60 of one degree, that is 50 minutes. This is what was proposed.
But this process is most inconvenient in small quadrants, especially if small numbers
of minutes, such as 1, 2, or 3 are to be cut off. For how can one cut a small arc of 1,
or 2, or 3 degrees into 60 equal parts? Therefore, we will do what is proposed more
conveniently in the following way. From the same arc BC above, let an arc of 61 degrees
be transferred to the arc XY ,65 described with radius equal to the semidiameter AC,
from X to Y . And let this arc be divided into 6 equal parts (first by bisecting it, then
dividing either half into 3 equal parts). Then let the first part be divided into 10 equal
1
parts, so that any one of those is 60
of the arc XY . And since one of those parts is
to the arc XY as 1 degree of the quadrant BC is to the arc of 60 degrees (since both
ratios are 1 to 60), permutando, one of those parts is to 1 degree as the arc XY is to
the arc of 60 degrees. Hence, since by construction the arc XY contains 60 degrees
once and in addition 1 of its sixtieth parts (that is, 1 degree), one of its parts will also
65

See figure on page [16].
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1
contain 1 degree once, and in addition 60
of one degree, that is, one minute. From this,
if two of these parts are put together, they will contain 2 degrees and 2 minutes; three
will contain 3 degrees and 3 minutes, and so forth.
And so, if one sixtieth part of the arc XY is transferred to the quadrant BC starting
at the point C, or any other degree, one minute will be obtained in the second degree,
or any other. And if two sixtieths of XY are transferred, an arc of two minutes will be
obtained in the third degree;

[42]
if three are transferred, an arc of three minutes will be obtained in the fourth degree,
and so on.
By the same reasoning, if one should desire an arc of any number of degrees and
minutes, an arc containing the desired number of minutes should be determined first,
and then added to the proposed number of degrees. If the number of minutes is so
small that it can scarcely be taken with the compass, an arc of that number of minutes
plus one degree should be taken, and that arc should be added to an arc of a number
of degrees one less than the number of degrees proposed. So if one should want 89
degrees, 59 minutes, the 59 minutes should be found first, which will be done if 59
parts of the arc XY are transferred to the quadrant BC. Then the small arc in the
60th degree will make 59 minutes, as was said. Then, if an arc consisting of that small
arc plus one degree is added to an arc of 88 degrees, an arc of 89 degrees 59 minutes
will be constructed. Other cases are the same. The 59 minutes in the arc XY will be
obtained if one foot of the compass is placed in the point 50 and the other at the ninth
small part in the sixth part of the whole arc XY , toward X. In the same way 49, 48,
39, 34, etc. parts will be obtained, as is clear.
Then, if the minutes are to be taken not in the quadrant BC, but in a larger or
smaller one, they are first to be found in the quadrant BC, by means of the arc XY , as
we have taught. Then an arc similar to the arc between C and the end of the arc found
above is to be taken from the proposed quadrant. This will be done if that quadrant
is described from the center A, and a line is drawn from A to the end of the small arc
found in BC, etc.
14. What we have said in the preceding Number 13 squares66 perfectly with techniques for straight lines. For by the same reasoning, if a straight line is cut into any
number of equal parts, we will determine what fraction of one of the parts is contained
in any small segment [particula]. And vice versa we will determine how any fraction of
one part is to be cut out. It is an incredible thing how useful this is with other geometric
operations, mostly with measurements that are usually made with an altimetric scale.
This will be clear in Book III on the geometric square, where the use of the altimetric
scale will appear. Let the line AB, as you see at the foot of the quadrant above, be
divided into 10 equal parts.67 (The umbra versa and umbra recta scales can be divided
into 10 parts, although they are both divided into 12 parts by others. Measurements
are made more easily with the division into 10 parts, as will be clear in Book III. Yet
I would recommend that the sides of both umbrae be divided into 100 parts, if the
66

The use of the verb form quadrant seems like a pun in this context.
This, together with all of the discussion following the next parenthetical remark refers again to the
figure on page [16].
67
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size of the instrument conveniently permits this.) Let it be proposed to determine how
many tenths are contained in the small segment DC of the fifth part of AB. With
the compass, let 10 times the segment DC be found starting from A, through E. And
since six parts of the whole line AB are contained in AE, the segment DC will contain
6
1
6
10 of 10 , or 100 of the whole line. If each of the tenths of the line AB is divided into
10 small parts, and because of this, the line AB is understood to be divided into 100
46
6
parts, then AC contains 100
. And since beyond 10
, there is an additional segment F E
in the last tenth, if this is again multiplied by 10 extending from A through G, eight
8
parts of the whole line AB will be obtained. Therefore the segment F E will contain 10
1
6
of 10
(of one of the tenths from the 10
that we have said were contained in the segment
8
DC), or 100 of one part. If each of the tenths of the line AB were divided into 100
small parts, and because of this, the line AB is understood to be divided into 1000
468
, since in AD are contained
parts, the segment AC contains 1000
[43]
400
1000 ,

68
68
and in DC 100
of one part of the line AB, or 1000
of the whole line AB, since
1
any hundredth part of one tenth is 1000 . And in this way it is possible to proceed to
6
that are contained in this segment, that is, to fractions
tenths of one tenth of this 10
with denominator 10000, etc. But to me it seems to be enough to reach thousandths.
The proof here is the same as for degrees and minutes. For the line of 10 parts has
the same ratio to 1 part as the line AE has to the line DC, since both ratios are 10
to 1. From this, permutando, the line of 10 parts is to AE as 1 part is to the segment
6
DC. Since 10
of the line AB is contained in AE, together with the additional segment
6
of one part and an additional segment
F E, in the given segment DC are contained 10
1
that is the same part of 10 of the parts as F E is of one of the parts of the line AB, etc.
As you see, by two operations, we arrive at thousandth parts, as though the whole
line AB were divided into 1000 parts, which is worthy of consideration. And the two
numerators of tenths placed in the order they were found give the numerator of the
hundredths. And if the number of whole parts in the given segment is placed on the
left, this will make the numerator of the thousandths.68 So in the first example since
6
8
4 parts were determined in the given segment DC , then 10
and 10
were found, the
468
7
0
whole fraction will be 1000
. So if 10
and 10
were found for some segment in the eighth
870
0
7
part, this would constitute the fraction 1000
. And if in the third part 10
and 10
were
307
found, the fraction 1000 would be made, and so forth. Hence if the line AB, that is, the
sides of both umbrae were divided into 100 parts, the thousandths would be obtained
with a single operation, namely if a given segment in one hundredth were multiplied
by 10, since then each hundredth would be understood to be subdivided into tens of
segments. But since a given segment in a hundredth part is very small, so that it can
scarcely be taken with a compass, we will take it with one one-hundredth, or two, and
then take away 10 or 20 hundredths from the 10-fold segment, so that the remaining
hundredths will show the tenths of one hundredth. By the same reasoning, when the
given segment of the line of 10 parts is very small, the remaining segment should be
taken multiplied by 10, for the remaining part of the line AB from B up to the end
of the 10-fold segment will give the number of tenths in the proposed smaller segment,
68

This is not very clear but the examples clarify what Clavius means.
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etc. By this reasoning, if you multiply the segment CH by 10, you will fall in the
6
point K. Therefore the segment BK will give 10
, together with the additional segment
DK as above, since DK is equal to the segment F E. The reason for this is that both
segments DC, CH taken 10 times must make the whole AB.
And for greater convenience in investigating tenth parts, that is, for multiplying a
given segment by 10, a compass with two openings between the legs can be constructed,
in which the legs, produced, intersect one another, and one opening is always ten times
the other, after the fashion of compasses which are customarily used to divide lines in
equal parts. If the segment cut out is taken by the smaller aperture, the larger one will
give the segment taken 10 times, so that there is no need to draw the compass around
that many times, which can easily produce error. With this compass, if it is properly
constructed, these errors can be easily avoided. But even without this compass, the
same thing can be done with the instrumentum partium that we have constructed in
the previous chapter. For if the given segment is taken with the compass, and with
supreme care, it is taken
[44]
to the distance between 10 and 10, the distance between 100 and 100 will be the 10-fold
segment of the given segment.
15. Now, if on the other hand from some part of the line AB, some number of tenths
are to be taken away, it will be necessary to divide a segment containing a number of
units equal to the number of tenths to be cut out into 10 equal parts. For one tenth of
this segment will contain the number of tenths that are sought. So if one should want
7
10 , it will be necessary to divide the segment of the line AB including 7 parts into 10
7
equal segments. For each of them will contain 10
of one part of the line AB. Other
cases are handled the same way. But to us the instrumentum partium constructed
above will provide this use more conveniently. By means of it, we will cut off from any
line, not only any number of tenths, but also hundredths, nineteenths, ninety-eighths,
3
and so forth up to halves. If we should want 100
of some line, we will take the distance
between 100 and 100 equal to that line. Then the compass extended between 3 and 3
3
will give the 100
that are sought. And the feet of the compass between 50 and 50 will
50
20
give 100
, that is, 12 . Again, the feet of the compass between 20 and 20 will give 100
,
1
that is, 5 , and so on, as we have explained in more detail in Chapter 1 on the use of
the aforesaid instrumentum partium.69
CHAPTER III. VARIOUS PROBLEMS ON RECTILINEAR TRIANGLES
The third of the topics we have promised to discuss concerns various problems
about rectilinear triangles: how, given some of their sides or angles, [remaining sides
or angles] can be easily and quickly found. In this third chapter we will carry this
out. We will deal with right triangles first, then later with non-right triangles. In the
margin, we have cited the propositions from our work on Rectilinear Plane Triangles
and our edition of Theodosius where these propositions are proved, so that studious
69

The later version of the Geometria Practica in Clavius’ Opera Mathematica has several additional
sections here on topics related to the instruments used in Book III.
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readers might know where they must look to find the proofs.70
PROBLEMS ON RECTILINEAR RIGHT TRIANGLES.71
I. To make known the ratios of the sides, given all of the angles in a triangle.
Let each of the sides be associated with the sine of the opposite angle. The sides have Rectil. Triang.
1.
the same ratios that are found from the ratios of the sines of the opposite angles.
[45]
II. To determine a side from the base and either one of the acute angles (and hence Rectil. Triang.
2.
also the other acute angle), use the proportion72
Total sine : base :: sine of opposite angle : side.
III. To determine a side from the base and the other side, first use
Base : total sine :: given side : sine of angle opposite given side.

Rectil. Triang.
3.

to determine the sine of the angle opposite the given side, then having taken the
complement of the angle found above as the remaining angle, opposite to the side that
is sought, use
total sine : base :: sine of angle opposite the side sought : side.
IIII. To determine a side from the other side and either of the acute angles (hence both Rectil. Triang.
2.
of them are known), use
Total sine : given side :: tangent of angle opposite desired side : side,
or
sine of angle opposite the given side : given side :: sine of other acute angle : side.
Both of these give the side sought in terms of the given side.
V. To find the base from one side and one acute angle (hence both of them are known), Rectil. Triang.
2.
use:
Total sine : given side :: secant of angle adjacent to the given side : base.
or
Sine of angle opposite the given side : total sine :: given side : base.
Both of these give the base in terms of the given side.
VI. To find the base, together with the acute angles, from the two sides, use:
70

Both of these are contained in Volume I of Clavius’s Opera Mathematica.
These all use forms of the Law of Sines and other basic trigonometry. The “base” in a right triangle
means the hypotenuse, or side opposite the right angle.
72
All of these involve “rules of three” as discussed in the note on page [17] above. The unknown
lengths in the fourth terms will always be found as multiples of known lengths.
71
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Rectil. Triang.
3.

One given side : total sine :: other given side : tangent of the angle opposite that side.
[Knowing the tangent means that angle is known, hence both acute angles are known.]
Then having taken the complement of the angle found, which is the other acute angle,
use:
Total sine : either given side :: secant of the angle adjacent to the side used : base.
[46]
VII. To determine one of the acute angles from the base and one side, use

Rectil. Triang.
3.

Base : total sine :: given side : sine of angle opposite the given side
The complement of the angle found will give the other acute angle.
VIII. To find an acute angle from the two sides, use:
Either known side: total sine :: the other known side: tangent of the angle
opposite this other side.
The complement of the angle found will give the other acute angle.
PROBLEMS ON NON-RIGHT RECTILINEAR TRIANGLES.
IX. To find the segments of a side made by a perpendicular from the three given sides, Rectil. Triang.
9.
use
Side in which the
sum of the
difference of the some fourth
perpendicular falls: other two sides:: other two sides: number.
If that fourth number found is less than the side in which the perpendicular falls, it
is to be subtracted from that side. Half of the remaining number will give the smaller
segment. That subtracted from the whole side will leave the larger segment.
If the fourth number is greater than the side in which the perpendicular falls, the side
must be subtracted from it. Half of the remaining number will give the smaller segment,
that is, the exterior segment between the perpendicular and the obtuse angle. This
added to the same side will compose the other larger segment between the perpendicular
and the acute angle.
X. To determine two sides given the third side and two of the angles of the triangle Rectil. Triang.
(and hence all three angles, since the third one is the complement of the other two in 10.
a semicircle, that is in 180 degrees)
1. Use the proportion
Sine of the angle op- the given side :: sine of either of the side opposite
posite the given side:
other two angles:
that angle.
And again,

Rectil. Triang.
1.

29

Sine of the angle op- the given side :: sine of the side opposite
posite the given side:
third angle: that third angle.
2. In isosceles triangles only one side needs to be found, since one side is given
[47]
with the angles. In an equilateral triangle, if one side is given, then the others will be
given as well since they are equal to the given one.
XI. To determine a side from the other two sides and two of the angles (and hence all Rectil. Triang.
all three angles, since the third one is the complement of the other two in a semicircle, 10.
that is in 180 degrees), use
Sine of the angle that given side:: sine of the
side sought.
opposite either
angle opposite the
given side:
side that is sought:
XII. To deduce a side from the other two sides and the angle contained by them.73
1. Use the proportion
Total sine :

secant of the complement
difference between
some fourth
of the arc which is half the sum this half and either
number.
of the two given sides,
of the given sides,
“recalled to the sine”::
“recalled to the sine”:

The given sides will be “recalled to the sine” if they are multiplied by 10, or 100, or Theodosius,
1000, etc. so that the number corresponding to the the largest side has as many digits Spherics
as are contained in the largest sines in the table of sines, for instance 5 if the total sine Problem 17.
is set equal to 100000, or 7 if the total sine is taken as 10000000. Then use:
Total sine :

tangent of half of the arc
fourth number
which remains if the known found above
angle is subtracted from
a semicircle::

tangent of the difference
of half the same arc
and either of the angles
not given.

However, this tangent will also be found in another way, which seems preferable to the Another way
73

Note that this is precisely the situation where we would probably think first of using the Law of
Cosines. What Clavius does is much more complicated, probably because in the Euclidean tradition,
the relation between the sides in a general triangle is only described by the geometric statements in two
cases from Propositions 12 and 13 in Book II of the Elements. Something approximating the modern
form of the Law of Cosines appeared first in the work of the Persian mathematician Jamshid Al-Kashi,
ca. 1380–1429, and only took hold in Europe in the work of François Viète, 1540–1603. Clavius is
sticking to older methods here. The same is also true in Clavius’s last major book, the Algebra from
1608, where he does not mention recent contributions made by Viète. Since Viète had published a
strong criticism of Clavius’s work on the Gregorian calendar reform and at other times accused Clavius
(unjustly) of appropriating the work of others without proper attribution, it is tempting to blame a
strained relationship between the two men for Clavius’s silence on Viète’s innovations. But it is also
possible, and perhaps more likely, that Clavius’s Algebra and sections like this one in the Practical
Geometry were written up from lecture notes before Viète’s works became widely known and Clavius
lacked the energy to make major revisions in his later years.
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previous one.
2. Use the proportion:
Half the sum tangent of half of the arc
of the given which remains if the known
sides:
angle is subtracted from
a semicircle::

difference between
half the sum of the
given sides and
either of the sides:

tangent of the
difference between
half the aforesaid arc
and either of the
non-given angles.

The arc of the tangent found, added to half of the same arc (this is actually the sum of
the two angles not given, since that is the complement of the given angle in a semicircle,
that is 180 degrees) will give the greater unknown angle, which is opposite the larger
side. Subtracted from that same half, the remainder will be the smaller unknown angle,
namely the one opposite the smaller given side.
After this, use:
Rectil. Triang.
1.

[48]
Sine of either the opposite sine of the
side sought.
angle found: side::
angle opposite the
side that is sought:
And before the third side is found, the other two angles are to be found first; finding
the third side is easier afterward by what is laid out in Number 2 than first using the
method explained in Number 1.
3. If the two sides are equal, a the two remaining angles will be equal. Half of the a Book I,
arc that remains when the given angle is subtracted from a semicircle will give each of Prop. 5.
them, etc.
XIII. To determine the third side given the other two sides, and the angle opposite one
of the known sides (and, when that given angle is acute, the type of the angle opposite
the other known side).74
1. Use this proportion
Side opposite
sine of the given the other given sine of the angle
the given angle angle ::
side:
opposite that side.
The sine found here will give the angle opposite the other given side it if is acute (and
it is always acute if the given angle is obtuse). If this angle is obtuse, with the arc
of the sine found subtracted from a semicircle, the remaining part will be that angle.
Because of this, when the given angle is acute, it is necessary to be given the type of
this other angle, in order for us to know whether it is acute or obtuse. The sum of
those two angles subtracted from a semicircle will leave the third angle opposite the
side that is sought. Therefore,
Rectil. Triang.
74

The issue is that for each acute angle there is another obtuse angle with the same sine. So, by the
method Clavius is using, knowing the type of the angle opposite the other known side is necessary to
determine the length of the third side uniquely when the given angle is acute.
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1.

Sine of the given the given side opsine of the third angle
the side that
angle:
posite the given angle:: found, opposite the side is sought.
that is sought:
2. If the two sides are equal
the given angle.

b

the angle opposite the other given side will be equal to

b

Book I,
Prop. 5.

XIIII. To obtain the other two angles, from two sides and the angle contained by them.
The two angles will be found from the givens by what was said in the first part of
problem 12: namely, if the tangent of the difference between half the arc that remains
when the given angle is subtracted from a semicircle, and either of the angles that are
sought, etc. This tangent was found in two ways in the first part of problem 12, in
which it was demanded to find a side from two sides and the angle contained by them.
For when this is done, the other two angles that have been found are those sought in
this problem 14.
XV. To find75 the two remaining angles from two given sides and the angle opposite
one of them (and, when the given angle is acute, the type of the angle opposite the
other known side).
Here the first operation of problem 13 is to be applied, in which the opposite side is
found from the same given information. For that to be done, the other two angles that
were found first were the ones sought in this problem 15.
[49]
XVI. To determine all three angles from three given sides.
1. Having drawn the perpendicular to the longest side from the opposite angle a a Rectil. Triang.
(namely so that the perpendicular always falls within the triangle) by problem 9, the 1.
two segments of the longest side made by the perpendicular are found. Then use:
The shortest side: the total sine:: smaller segment of sine of the complement
the longest side:
of the angle opposite
the middle side.
And again,
The middle side: the total sine:: larger segment of sine of the complement
the longest side: of the angle opposite
the middle side.
Having found the two angles adjacent to the longest side, which are opposite to the
smallest and middle sides, if their sum is subtracted from a semicircle, the remaining
part will make the third angle opposite the longest side.
2. In an isosceles triangle, having drawn the perpendicular to the base, b which bisects
75

The Latin expiscari means, literally, “to be fished out”(!)
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it, use:
Either of the the total sine:: half the base: sine of the complement
equal sides :
of one of the equal angles at the base.
With the sum of the two equal angles found subtracted from a semicircle, the remainder
will make the third angle.
3. In an equilateral triangle the angles will be given, even if the sides are not given,
since they all equal to one third of two right angles, or two thirds of a right angle,
hence equal to 60 degrees.

Figure 5: [49]

XVII. From all three sides as givens, to make known the perpendicular falling in any
of the sides from the opposite angle.
By problem 9, the segments made by the perpendicular are found. Then the difference between either segment and the adjacent side is multiplied by the sum of the
segments. The square root of the product will give the perpendicular that is sought.
In triangle ABC, let AB be 10, AC be 17 and BC be 21, and let it be required to
find the perpendicular AD. By problem 9, the segment BD is found to be 6 and CD is
15. The difference between BD and AB is 4, which multiplied by 16 (the sum of BD
and AB) will make 64, whose square root 8 gives the perpendicular AD. Since this is
not proved in our treatise on rectilinear triangles, I prove this proposed theorem.
[50]
In a right triangle, the rectangle contained by the difference between the base and Theorem.
either of the sides about the right angle and the sum of the base and that same side is
equal to the square on the other side about the right triangle.76
In the right triangle ABD, whose angle D is a right angle, if a semicircle EF D
is drawn with center B through the point D, AE will be the difference between the
base AB and the side BD and AF is the sum of the base AB and the same BD, since
the lines BD, BE, BF are all equal. I say therefore that the rectangle contained by
AE and AF is equal to the square with side AD. a For the line AD is tangent to the a Cor. Book
semicircle in D, since it is perpendicular to the semidiameter BD. b Therefore, the III, Prop. 16.
76

Applying algebra to (c − b)(c + b) = a2 , this is clearly equivalent to the Pythagorean Theorem, and
Clavius’s proof actually gives yet another proof of that result, using results from Book III in Euclid.
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b

Book III,
Prop. 36.

rectangle contained by AE, AF will be equal to the square on the tangent AD, which
is what was to be proved.
END OF THE FIRST BOOK.
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[51]
SECOND BOOK OF THE
PRACTICAL GEOMETRY
Explaining the measurement of straight lines with the astronomical quadrant.
By “straight lines,” we understand the distances between locations, or intervals,
or widths; heights of towers or buildings, trees and hills; and finally also the depths
of wells, valleys, or trenches. Various people employ various instruments to measure
these quantities. Some use the altimetric scale on the back of the astrolabe, called the
planisphere; others use the astronomical radius of Gemma Frisius,77 or the instrument
known as the Latin radius that was developed by the famous lord Latino Orsini of
Rome,78 or the Jacob’s staff. Others use the the astronomical rings or the holometer,
while others are partial to still other instruments. In my opinion, though, the astronomical quadrant marked in 90 degrees, with either a hanging plumb line or a dioptra,
and the geometric square, whose two sides are divided into some number of equal parts,
are to be recommended above the others. So, in this second book, we will teach how
the measurement of lines can be achieved using the astronomical quadrant. For this
it will be necessary to have at hand the tables of sines, tangents, and secants that are
found in our edition of Theodosius and in the books of other authors. We have thought
it unnecessary to repeat them here, though, lest this work grow too large.
PROBLEM I. To measure a distance in the plane, whether accessible or inaccessible,
by means of two stations of the quadrant in the same plane, when an altitude is erected
perpendicularly at one extremity, even if its lower endpoint cannot be discerned, and
also to measure that altitude.
[52]
Let the distance or width to be investigated be AB
in the plane CB, and and let any height BG be erected
perpendicularly, allowing the bottom point B to be invisible. Let the height of the measurer, from the eye to
the feet, be DA. (So that this height does not change,
but always remains the same, you would do well to take
a staff79 equal to that height, at whose end you apply
your eye.) Consider EF , parallel to CB, and make the
first measurement at D and the second at E, farther
away. The line DE, measured in any common units, is
called the difference of stations.
Next, let the side of the quadrant HK containing
the pinnacidia be directed toward the apex at G, so
77

Figure 6: [52]

Dutch mathematician, cartographer, and instrument maker, 1508–1555; Gerardus Mercator was his
student. The radius astronomicus that Clavius mentions was a type of cross-staff used for astronomical
measurements and the other instrument he mentions after this is apparently a variation on this one.
78
Member of an eminent Roman family and Cardinal of the Roman Catholic Church, 1411–1477.
His book on the radio latino was published posthumously in 1583.
79
Clavius says hasta, literally a spear or javelin. This is used very often in this book and the next
one. The word staff will be used as an English equivalent since there is no martial connotation.
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that the eye placed at D sees the apex through the openings of both pinnacidia. With
the perpendicular HI falling freely, let the angle GDF be carefully measured in degrees
and minutes, by the methods given in Chapter 2, of Book I, at Numbers 7 and 10. The
arc IL in the quadrant will make this clear, that is, the complement of the arc IK.
Since HI is perpendicular to DF , the angle GDF will be the complement of the angle
DHI, hence equal to angle IHL, which is the complement of the same angle DHI.
And we will call this angle GDF the angle of observation.
In the same way, let the angle GEF be observed at the second station by the visual
ray from the eye directed through the pinnacidia of the quadrant toward the apex at
G. Taking EM and DN equal, let the perpendiculars M H and N O be constructed80 .
If EM and DN are taken as the total sine, M H and N O will be the tangents of the
angles of observation at E and D. With DQ drawn parallel to EG, and cutting N O
at P , a angle N DP will be equal to angle E. Since two angles N , D in the triangle
DN P are equal to two angles M , E in the triangle M EH (since the right angle N is
also equal to the right angle M ), and the adjacent sides DN and EM are also equal,
b the sides N P and M H will also be equal. Hence OP will be the difference between
the tangents of the angles of observation. c Because OP is to P N as GQ is to QF , and
d GQ is to QF as ED is to DF , it will also be true that OP , the difference between
the tangents of the two angles of observation, will be to P N or HM , the tangent at
the more remote station, as ED, the difference of the stations, is to DF , the distance
that is sought. As a result, if the unknown term is determined from the proportion

Angle of
observation.

a

Book I
Prop. 29.
b

Book I
Prop. 26.
c
Scholium
Book VI,
Prop. 4.
d

Book VI,
Prop. 2.

OP : P N (or HM ) :: ED : (the unknown),
[53]
this will produce the distance DF or AB which is sought, in the same units as the
difference of the stations. If the difference of the stations ED is added to this, the
distance EF or CB from the farther station will be known.
2. Alternatively, taking GF as the total sine, DF will be the tangent of the angle
DGF , the complement of the angle of observation GDF , the angle that the arc IK
in the quadrant indicates, from the perpendicular toward the eye, a since the external
angle DHI is equal to the internal angle DGF . In the same way, EF will be the
tangent of the angle EGF , the complement of the other angle of observation GEF .
And ED is the difference between those tangents. Therefore, from the proportion,

Finding the
distance by
tangents.
a
Book I,
Prop. 29.

ED (difference of tangents) : DF :: ED (in any common units) : (the unknown)
solving for the unknown will produce the smaller distance DF or AB that is sought, in
the same units as the difference of stations. If the difference of stations, DE, is added
to this, the larger distance EF will also be made known.
3. Also, b once again taking DN as the total sine, N O is the tangent of the angle b Book VI,
Prop. 4.
GDF in the closer position and DF has been found. From the proportion
80

The M N in the Latin text is a misprint. The point at the angle of the quadrant is called H both
times in the figure. But, as Clavius says, it is only necessary to make EM and DN equal; the point
M does not have to coincide with a point on the hanging string in the farther station.
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DN : N O :: DF : (the unknown)
solving for the unknown, the altitude F G will be found in the units used for the
computed distance DF . If the height of the measurer, F B, is added to this, the total
altitude BG will be known. Also, c since EM is the total sine, and M H is the tangent Another way
of the angle GEF at the more remote station, while the larger distance EF has been by tangents.
c
Book VI,
found, from the proportion
Prop. 4.

EM : M H :: EF : (the unknown)
solving for the unknown, the altitude F G will be found in the units of EF , the larger
distance. If the height of the measurer, F B, is added to this, the total altitude BG
will be produced.
4. Alternatively, if you would like to use only sines to carry out the same computations, the process will be somewhat longer. First, one must find both hypotenuses
EG, DG in any known units, in the following way. d Since the angle GDF is equal to d Book I,
the sum of the two angles E, EGD, if the angle E observed at the farther station is Prop. 32.
subtracted from the angle GDF found at the closer station, the remainder is the angle Finding the
EGD, which is namely the difference between the angles of observation. e From the hypotenuses.
proportions
sine angle EGD : ED :: sine angle DEG : DG
e

and

Rectil.
Triang. 10.

sine angle EGD : ED :: sine angle EDG : EG
the two hypotenuses DG and EG will be produced and known in terms of the difference
of stations. Therefore f since DG is known and the angle DGF is the complement of f Rectil.
Triang. 10.
the angle of observation at the closer station, from the proportion
total sine of right angle F : DG :: sine angle DGF : DF

Finding the
distance by sines.

[54]
the distance DF will be known. If the difference of stations ED is added to this,
the longer distance EF will be known. This can also a be found, using the recently a Rectil.
Triang. 10.
computed hypotenuse EG and the proportion
total sine of right angle F : EG :: sine angle EGF : EF .
Moreover, the altitude is found by sines from either of the proportions

b

total sine of angle F : EG :: sine angle E : F G
or
total sine of angle F : DG :: sine angle GDF : F G.
5. The measurement is made in the same way by the fixed quadrant, but the
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angles of observation in the two stations are investigated in the following way. With the quadrant placed
on some planar base parallel to the horizontal, make
the quadrant perpendicular to the horizontal, which
you will do with the help of a plumb line. With the
quadrant placed in this way, I say, raise the dioptra
until you see the apex G in the openings of the pinnacidia, so that the angle of observation at the closer
Figure 7: [54]
station is GDF and at the farther station it is GEF .
Both of these are measured by the arc of the quadrant
between the line EF and the sighting line of the dioptra. All the rest will be done
as with the quadrant with a plumb line, as the figure shows. Only the altitude of the
base on which the quadrant rests, rather than the height of the measurer (if that is not
equal to the height of the base), must be added to the altitude F G that is found.
6. Now, it will be possible for these things to be explored without numbers, that is, How Problem
1 is solved
without multiplication and division of numbers, in the
without numbers.
following way. (I have no doubt that this will be very
welcome for those with little experience in numbers
and the use of sines, tangents, and secants.) In a chart
or plane, let a figure be constructed that is completely
similar to the one we have conceived as being constructed above, from the eye to apex of the altitude.
With the instrumentum partium constructed in Chapter 1 of the preceding book, or (if that instrument is
Figure 8: [54]
not available) with any line divided into several equal
parts, take as many equal parts as there are palms or
feet included in the distance between the two stations
and let that distance be marked off between two points E and D. Then at E and D,
employing great carefulness, let the angles of observation GDF and GEF at the first
and second stations be constructed. And let the point G at which the two lines DG and
EG meet be carefully noted. We will show in the following lemma how this point can
be found very closely, so that it is not in error because of the oblique section. If this is
not done, the measurements will not be found accurately. With this figure constructed,
if the lines DF , EF , F G, DG, EG, are transferred with the compass to the side of
the aforesaid instrument with 100 parts, or to the previously mentioned line divided
into several equal parts, the number of parts that are included between the feet of the
compass will appear at once. And the number of palms or feet
[55]
included in any one of these lines will have been determined.
7. Alternatively, the same will be obtained in a general way which works in all cases.
For instance, let BAC be any angle. Then taking, for example, the rule of three in
Number 1 of this proposition, let a length equal to the first quantity OP be taken
(that is, the difference of the tangents of the angles of observation) or a multiple AD
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if that is too small (we have taken twice that length
in the figure). Then take a second length equal to
P N (that is, the tangent of the smaller angle (or the
multiple as in AD), say DB. After this, from the instrumentum partium for AE, let as many small parts
as there are palms, or feet contained in DE, the difference of stations be taken. With DE joined, let BC be
drawn parallel to it. Then EC will include the number
Figure 9: [55]
of parts from the instrumentum partium corresponding to the number of palms or feet contained in DF , a
a
since the four quantities AD, DB, AE, EC are proportional.
Book VI,
Prop.
4.
You will proceed in the same way in other examples, with this being observed:
whenever a sine is found in a rule of three, take the sine from the table of sines and
drop the last five figures so that the total sine is 100. For instance, in the last example
in Number 4, the line AD must be taken to be equal to 100 of the small parts of the
instrumentum partium, that is, the total sine, and DB is equal to the hypotenuse EG,
or DG in the figure in Number 6. And AE, if the angle E is 30 degrees, 15 minutes will
4
be close to 50 10
small parts. Or if angle GDF is 53 minutes, 20 minutes, AE must be
2
taken almost equal to 80 10
small parts. So then the length EC will give the number
of palms or feet that are contained in the line F G, and so forth.
But when the whole ruler of 100 parts is too long, any interval between 100 and
100 can be taken as the total sine as long as any other sines are taken with respect to
that total sine, as we have declared in Book I, Chapter 1, Number 12.
Sometimes you will be able to change the order, placing the second quantity DB
in the line AC, for instance, and the third AE in the line DB if, for instance, you
recognize that that expedites drawing the parallels DE, BC.
LEMMA.
Given two lines inclined to one another, to find the point where they intersect.
What is proposed here has been
proved by us in many ways in Lemma
13 of Book I of our work on the Astrolabe. But because its utility in determining the point of intersection of two
lines is exceptional, we will prove it here
in a slightly different way.81 Therefore,
let AB and CD be two lines meeting
obliquely at B.

Figure 10: [55]

[56]
Take any points E, F , G on either line, and using those as centers, draw arcs HI, KL,
81
The construction seems quite difficult to follow in the original. The translation is freer than usual
here for mathematical clarity.
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M N of the same radius and angle less than a right angle ending in the points I, L, N .
Join EI, F L, GN , produce those lines if necessary, and let the intersections with the
line CD be O, P , Q respectively. In the line EI, produced, mark off some fixed number
of segments equal to EO [the figure shows four such segments], and call the endpoint
R. The number should be small enough so that it can be seen that a line through R
toward the intersection of AB and CD will meet both of those lines at an acute angle.
Mark off the same number of segments equal to F P in the line F L produced and call
the endpoint S and finally do the same with GQ in the line GN produced and call the
endpoint T . I say that the lines RS, RT , and ST all meet at B, so that R, S, T, B all
lie on one straight line. a Since the angles E, F , G are all equal, b the lines ER, F S,
and GT will be parallel. c Since ER, F S, GT have the same proportions as EO, F P ,
GQ, d that is, the same proportions as EB, F B, GB, e the lines RS, RT , ST all pass
through B, which is what we wanted to prove.82
Therefore if this lemma is applied carefully enough in the figure in Number 6 above,
the intersection point G, and the lengths of the lines, will not be much in error in the
determination without numbers as we have taught.
8. But we will avoid the oblique intersection at G in a convenient way if we construct
the figure in this alternate way. In the figure of Number 6, let EF G be a right angle and
in any point G where we want the intersection to be, construct angles F GD and F GE
equal to the complements of the angles of observation, so that DE will correspond to
the difference of stations, etc. Hence if DE is considered to be divided into as many
equal parts as there were palms or feet assumed in the difference of stations, we will
know, by what we have taught at the end of Number 1 in Chapter 1 of Book I, how
many of these units are contained in the distances DF , EF , and in the altitude F G
and the hypotenuses GD, GE. And in this way the point of intersection G can not be
doubtful or unknown, because we will have picked it out before everything else.
SCHOLIUM. We will now explain once for newcomers83 what we understand by our
way of speaking when we say, for instance in Number 1 of this problem, “if the unknown
term is determined from the proportion
OP : P N (or HM ) :: ED : DF ,
this will produce the distance DF .” It is necessary to know that the proportion gives a
way to produce the last term in the rule of three. If the number in the third position (the
difference of stations) is multiplied by the number in the second (the smaller tangent)
and the number produced is divided by the first (the difference of the tangents), the
fourth number that is sought will be produced, namely the distance DF . But if the first
number is the total sine, then the division is not done, but digits are dropped from the
82

This proof is based on the first part of the Scholium to Proposition 4 in Book VI of Euclid that
Clavius included in his edition. There, Clavius attributes the statement to Federico Commandino’s
translation of Archimedes’ On Floating Bodies. Here are additional details for the argument. The key
points are the assumptions that the lines AB and CD meet in B and that O, P, Q are on the line CD.
Since the lines ER, F S, GT are parallel, the triangles EOB, F P B, GQB are all similar and hence
EB : F B :: EO : F P and so forth. But by the equal multiples used to construct the points R, S, T ,
ER : F S :: EO : F P , so ER : F S :: EB : F B and hence the line through R and S also passes through
B. And similarly for T .
83
The Latin says pro tyronibus, or, literally, “for tyros”!
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d

Book VI
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product depending on whether the total sine is 100000 or 10000000 so that a number
of 5 or 7 digits is produced. The process is the same for all the other proportions.
Finding the
altitude with

COROLLARY I. When the distance from the position of the measurer to the unknown one station
altitude is known, the altitude will be found with just one station, f from the proportion when the
total sine : tangent of angle of observation :: known distance : altitude
This was proved in Number 3. of this problem, both for the angle of observation

distance is
known.
f
Rectil.
Triang. 4.

[57]
GDF and the distance DF , and for the angle of observation GEF and the distance
EF . The altitude is found each way.
COROLLARY II. It is clear that if G is the summit of a mountain, its height can be How the height
measured by two stations D, E made in the plane, if, for instance, the line DF or EF of a mountain
from the eye of the measurer to the perpendicular GF is investigated, which falls from is investigated.
the summit G into the horizontal plane. This is true even if we cannot see the endpoint
F.
PROBLEM II. To measure an inaccessible altitude, when the distance from the location
of the measurer to the base is not known, by two stations of the quadrant, and to find
that distance, even if the lower extremity is not visible.
1. Suppose it is required to determine the altitude AB, whether it is a tower,
or a mountain, or anything else, and suppose its lower
end B cannot be discerned because (for instance) the
mountain contains it. Let the plane that is perpendicular to the altitude be CB, the height of the measurer
be DE. Imagine a parallel GF to CB drawn through
E. Let the first, closer, station be made at E and the
second, farther away, at G so that the difference between the stations is GE. Then by visual rays EA,
GA, directed to the vertex A, let the angles AEF and
AGF be carefully measured, either by the quadrant
with plumb line, as we have taught in Number 1 of the
previous problem, or by the fixed quadrant, as we have
presented in Number 5 of the same problem. These
angles are always observed in the same way when the
apex is viewed from a lower level. Imagine a line HI
a
Figure 11: [57]
drawn parallel to GF a so that when the perpendicBook I,
Prop. 34.
ulars HL, IK in the parallelogram LI are dropped,
they are equal. Take these for the total sine, so that
EK and GL are the tangents of the angles I, H, the complements of the angles of
observation at E and G. And since angle GAF is greater than angle EAF , b and the b Book I,
first is equal to angle GHL and the second is equal to angle EIK, GHL will also be Prop. 29.
greater than EIK. And from this the tangent GL is greater than the tangent EK,
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since the total sines HL and IK are equal. Let LM be cut out equal to EK, so that
GM is the difference between the tangents GL and EK. c And since GL is to LH and c Book VI,
GF is to F A, permutando, GL will be to GF as LH or IK is to F A. d But also IK Prop. 4.
is to F A as EK is to EF . Therefore, the whole GL will be to the whole GF as EK, d Book VI,
or GL with LM taken away, is to EF (taken out of GF ). e And hence the remainder Prop. 4.
GM out of GL will be to GE, the remainder out of GF , as the whole GL is to the e Book V,
whole GF , that is, f as LH, the total sine, is to F A. Hence F A will be found from the Prop. 19.
f
Book VI,
proportion
GM : GE :: LH : F A,
where GM is the difference of the tangents of the complements of the angles of observation, GE is the difference of stations, and LH is the total sine.

Prop. 4
and permutando.

[58]
F A will be found in terms of the difference of stations. If F B, the height of the Finding the
altitude by
measurer, is added to this, the whole altitude AB wil be determined.
tangents.

2. Also, GF will be found from the proportion
GM : GE :: GL : GF ,
where GL is the tangent of the complement of the angle of observation at the farther Finding the
station. This follows since, as was proved above, GM is to GE as GL is to GF . If distances.
from the length GF found here the difference of stations GE is subtracted, the smaller
distance EF that remains will be known.
3. Alternatively, if the measurement is to be done using only sines, either one or
both of the hypotenuses GA, EA must be investigated, for instance in this way. a Since a Book I,
the angle AEF is equal to the sum of the angles G and GAE, if the angle at the farther Prop. 32.
station is taken away from the angle AEF at the closer station, the remainder will be
angle GAE, the difference between the two angles of observation. b AE and GA will b Rectil.
Triang. 10.
be found in terms of the difference of stations from the proportions
sine angle GAE : GE :: sine angle AGE : AE

Finding the
hypotenuses.

sine angle GAE : GE :: sine angle GEA : GA,
where angle GAE is the difference between the two angles of observation, GE is the
difference of stations, and angle GAE is the supplementary angle to angle AEF .
c Therefore, the altitude AF will be found using the proportion

c

Rectil.
Triang. 10.

total sine of F : EA :: sine angle AEF : AF
or
total sine of F : GA :: sine angle AGF : AF ,
where GA was found above, and AEF and AGF are the two angles of observation. If
F B, the height of the measurer, is added to AF , the total altitude will be made known.
The distances EF and GF will be found using only sines d from the proportions
42
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d

Rectil.
Triang. 10.

total sine of angle F : EA :: sine angle EAF : EF
and
total sine of angle F : GA :: sine angle GAF : GF ,
where the angles EAF and GAF are the complements of the angles of observation at
the two stations.
4. The same lengths will be investigated without multiplication or division of num- How the problem
bers if a figure similar to the one we imagined had to be constructed, from the eye of is solved without numbers.

Figure 12: [58]
the measurer to the apex, is carefully put together, as we have said in Numbers 6 and
8 of the preceding problem.
[59]
This is clear if in the figure from Number 6, the altitude is understood to be F G, and
the distances are F D and F E, etc. And you will accomplish the same by the things
discussed in Number 7 of the same problem 1.
COROLLARY I. And if the altitude should be known, the distances will be found with Finding the
distances with a
a single station, a from the proportions
total sine AF : EF :: AF : F E
or
total sine AF : F G :: AF : F G,
where in the second terms, the lengths are considered as the tangents of the complements of the angles of observation, and in the third terms, the AF is the known altitude
given in some units.
Also, if the distances should be known the altitude AF will also be found with a
single station from the proportions
total sine GF : AF :: GF : AF
or
total sine EF : AF :: EF : AF ,
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single station
when the altitude
is known.
a
Rectil.
Triang. 4.

where in the second terms AF is interpreted as the tangent of the corresponding angle
of observation and the third terms are the known distances.
COROLLARY II. It is also clear that if A is the apex of a mountain, the length AF of
the line dropped from A to the horizontal plane can be investigated in the same way if
for instance two stations of the quadrant are made in E and G.
PROBLEM III. To measure the altitude of a mountain or tower, on whose summit
two stations of the quadrant can be made, and from which some landmark in the
horizontal plane is visible, and also to measure the distance from the base of the tower
or the perpendicular to the base of the mountain to that landmark.
1. Let GHN M be a mountain whose altitude is the perpendicular EF , or a tower
whose side is GM or HN . Let two stations be chosen in G, H, and from the eye of the
measurer placed at I or at K, let the landmark L be visible in the horizontal plane or
on the plane on which the tower or mountain stands. Let the side of the quadrant with
the pinnacidia be directed toward L and let the angle K that the arc of the quadrant
makes between the side with the pinnacidia and the freely hanging string of the plumb
line be noted carefully. In the same way let the angle I be observed. With the fixed
quadrant, both angles will be observed when one side is perpendicular to the horizontal
(which will eventually happen
[60]
when the string hanging perpendicularly from its center just touches that side) and
the dioptra is raised until the landmark L can be discerned in the openings of the
pinnacidia. Then let the arc between that side and the sighting line in the dioptra be
measured. It is understood that the string in both
stations of the quadrant with plumb line, or the side
of the fixed quadrant, when extended to the bottom of
the mountain or tower, will contain M and N . Then
taking the two equal lines KO, IP as the total sine, let
P Q and OR be drawn perpendicular to IN and KM .
a These will be parallel to the horizontal plane, that is,
a
Book I,
Prop. 28.
to the line N L. And P Q and OR are the tangents of
b
the angles of observation I and K. b The lines HN and
Book I,
Prop. 34.
GM are equal to the altitude EF . And since in the
triangles IN L, KM L, the right angles N and M are
equal and the angle ILN is less than the angle KLM
(the part to the whole), the remaining angle N IL will
be greater than the remaining angle M KL. Hence the
tangent P Q is also greater than the tangent OR. Let
c
P T be cut off from P Q equal to OR. c Since IP , the
Book VI,
Figure 13: [60]
Prop.
4.
total sine, is to P Q, the tangent of the larger angle of
observation as IN is to N L, permutando, it will also
be true that IP is to IN as P Q is to N L. For the same reason, it will be true that
KO is to KM , that is, IP is to IN d (since KO is equal to IP and KM is equal to d Book I,
Prop. 34.
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IN ) as OR, that is, as P T is to M L. And from this, P Q will be to N L as P T is to
M L. Therefore since the whole P Q is to the whole N L as the part P T is to the part
M L, e the remainders T Q (the difference of the tangents) and N M (the difference of e Book V,
the stations) will have that same ratio f (since N M and HG are equal), and that will Prop. 19.
be equal to the ratio of the whole P Q to the whole N L, g that is, the ratio IP to IN . f Book I,
Prop. 34.
The altitude IN will be obtained from the proportion
g

T Q : N M or HG :: total sine IP : IN ,
where T Q is the difference between the tangents of the angles of observation, and N M
or HG are the difference between the stations. If IH, the height of the measurer
is subtracted from this, the remainder, the altitude that is sought, HN or EF , will
become known. And again from the proportion

Book VI,
Prop. 4.
Finding the
altitude.

T Q : N M or HG :: P Q : N L,
the distance N L will be made known. If N F or HE, which can be measured, is
subtracted from this, the length F L that remains to the perpendicular of the mountain
is known. Or, if N M , the difference of the stations is subtracted, the distance M L
from the tower to L will be known. h Next, from the proportion

h

Book VI,
Prop. 4.

total sine IP : P Q :: IN : N L,
the distance N L will be found again, etc.
2. We will prove the fact that T Q, the difference of the tangents is to N M or HG,
the difference
[61]
of the stations, as P Q, the larger tangent, is to the distance N L (which was established
just above) more easily if the line IT is drawn, which cuts N L in S when produced. In
the triangles IP T , KOR, the pairs of sides IP and KO, and P T and OR are equal,
and the included angles are equal since they are right angles. a Therefore the angles a Book I,
T and R are equal, from which b it follows that KL and IS are parallel. c And since Prop. 4̇.
the produced line IK is equal both to SL and to the difference of the stations HG, or b Book I,
N M , d it is clear that T Q (the difference of the tangents) is to SL (which is equal to Prop. 28.
the difference of the stations IK, or HG) as P Q (the larger tangent) is to the distance c Book I,
Prop. 34.
N L.
d

Schol. Book

3. Alternatively, we will solve the problem using only sines as follows. First, we VI, Prop. 4.
will find the hypotenuses IL, KL in this way. e Since the angle LKV is the sum of e Book I,
angles LIK and ILK, if LIK, the complement of the larger angle of observation LIN , Prop. 34
is taken away from LKV , the complement of the smaller angle of observation, the
remaining angle is IKL. f Therefore IL and KL will be made known in terms of the f Rectil.
Triang. 10.
length of the difference of stations through the proportions
sine angle ILK : IK :: sine angle IKL : IL
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and
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sine angle ILK : IK :: sine angle LIK : KL.
g

g

Therefore, from the proportion

Rectil.
Triang. 10.

total sine of N : IL :: sine angle ILN : IN
or
total sine of M : KL :: sine angle KLM : KM ,
the altitude IN or KM will be made known. Here IL and KL are computed as above,
and ILN and KLM are the complements of the two angles of observation. If the height Finding the
of the measurer is subtracted, the altitude sought will remain, that is, HN , or GM , or distances.
EF .
h
Both distances N L, M L will be obtained h from the proportion
Rectil.
Triang. 10.

total sine of N : IL :: sine angle N IL : N L,
and
total sine of M : KL :: sine angle M KL : M L,
where IL and KL are found as above, and angles N IL and M KL are the two angles
of observation.
The same lines IN , N L, IL, KL, etc. are found without use of numbers as above. How the problem
If, for example (the figure of this problem is used so that we are not forced to construct is solved witha new one), IK is taken to contain the same number of parts as the difference of stations out numbers.
contains palms or feet, let V KL, V IL be the complements of the angles of observation
M KL, N IL. Let L be the intersection from which LN is drawn parallel to IK, and
let the perpendicular IN be erected, etc. Or if a right angle IN L is constructed and
point L is taken as the point where want the intersection to be, let
[62]
angles N LI equal to the complement of the larger angle of observation and N LK equal
to the complement of the smaller angle of observation be constructed, etc. Let the rest
be done as is presented in Problem 1, Numbers 6 and 8. You will also accomplish the
same by what we have written in Number 7 of the same problem.
PROBLEM IV. To measure the altitude of a mountain from the apex with two stations
of a quadrant on a vertical staff, or to measure the altitude of a tower from two stations
in windows of the tower, one directly above the other, when some landmark in the
horizontal plane is visible. Also to learn the distance from the mountain or the tower
to the visible landmark.
1. When it is not possible to make two stations on the apex of a mountain or tower
in a convenient way, it will be necessary to do the following. Suppose the altitude AB
above the plane BC is to be measured from the summit A. Let a staff some number of
46

palms or feet in height be erected. First let the landmark C in the plane be observed
with the angle BDC, then let the same landmark be observed from a higher position
on the staff with the angle BEC. Both of the angles of observation will be observed
either with the quadrant and plumb line (as you see in the lower position in the figure),
or with the fixed quadrant with a dioptra (as in the higher position). And taking the
equal segments DF and EG as the total sines, let F H, GI be drawn perpendicular
to EB as the tangents of the angles of observation. With DL drawn parallel to EC,
cutting F H in K, a since the angles BDL and E are equal,

a

Book I,
Prop. 29.

Figure 14: [62]
and F and G are right angles, while the adjacent sides DF and EG are equal, b the b Book I,
sides F K and GI will be equal. And therefore, KH is equal to the difference between Prop. 26.
the tangents. Since by the scholium to Proposition 4 in Book VI of Euclid, KH is to
F K, as LC is to BL, c but LC is to BL also as ED is to BD, it will also be true that c Book VI,
Prop. 2.
KH is to F K as ED is to DB. Therefore DB will be found from the proportion
KH : F K (or GI) :: ED : DB,
where the first term is the difference between the tangents of the angles of observation,
the second term is the smaller of the tangents, and the third term ED is the distance
between the stations along the staff, which can be taken as known in some units. If
the portion of the staff AD between height of the apex A and the lower position84 D is
subtracted from DB the proposed altitude AB will remain as the difference. It is clear
that in the same way, for a tower, the same height will be found if, instead of a staff
AE, two windows are chosen, from which the landmark C is observed with the same
angles. But then, the portion of the tower between D, the lower window, and the top
of the tower E must be added to DB to obtain the whole altitude of the tower, EB. d
The distance BC will be found using the proportion
84
Clavius says the “angle (or corner) D” but he clearly means the position on the staff corresponding
to that lower eye station.
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[63]
DF (the total sine) : F H :: DB : BC,

Finding the
distance.

where F H is the larger tangent, and DB was found above.
2. Alternatively, letting CB be the total sine, BE will be the tangent of the Another way
complement BCE of the smaller angle of observation E and BD will be the tangent to find the
of angle BCD, the complement of the larger angle of observation D. Hence DE will altitude.
be the difference of those tangents. For this reason the proportion
DE : DB :: DE : DB,
where the first term DE represents the difference of the tangents of the complementary
angles, the second term DB represents the smaller tangent, and the third term DE
represents the difference between the eye positions (measured in any common units),
will produce the altitude DB, known from the eye in the first position to the base of
the altitude, etc.
3. Alternatively, if the computation is to be done using only sines, the hypotenuses
CD, CE, or either one of them, must first be found, in this way. a Since angle BCD a Book I,
is equal to the sum of the two angles E and DCE, if the smaller angle of observation Prop. 29.
E is subtracted from the larger angle of observation BDC, the remaining angle DCE
will be known. b Hence, both the hypotenuses CD and CE will be found in terms of b Rectil.
Triang. 10.
the difference of stations DE through the following proportions:
sine angle DCE : DE :: sine angle E : CD,
and

Finding the
hypotenuses.

sine angle DCE : DE :: sine angle EDC : CE.
c

Because of this the altitude DB or EB will be found using the proportions

c

Rectil.
Triang. 10.

total sine of B : CD :: sine angle BCD : DB
and
total sine of B : CE :: sine angle BCE : EB,
where CD, CE were determined above, angle BCD is the complement of the larger
angle of observation, and angle BCE is the complement of the smaller angle of observation. Moreover, the distance BC will also be known using only sines from the Finding the
altitude using
proportion
only sines.

total sine of B : CD :: sine angle D : BC
or
total sine of B : CE :: sine angle E : BC.
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[64]
4. And without use of numbers, we will solve the problem as in the preceding, Solution of the
if for instance the portion ED in the line DB is made up of as many equal parts as problem without
there are palms or feet in ED, the difference of eye stations, and the angles E (the numbers.
smaller angle of observation) and BDC (the larger), and the intersection point C are
noted, from which the perpendicular CB to EB is drawn, etc. Or, if the right angle
B is constructed, and in any point C, where we have chosen the intersection to fall,
we construct angle BCD, the complement of the larger angle of observation, and angle
BCE, the complement of the smaller angle of observation, [and we proceed as in the
second method described before]. Moreover, the remaining steps are done as was said
in Numbers 6 and 8 of Problem 1. You will accomplish the same by what was explained
in Number 7 of the same problem.
COROLLARY. Therefore, if the distance to the landmark seen from the tower to the
tower should be known, evidently the altitude CB will be found through a unique
station made at the apex A, a for instance using the proportion

a

Rectil.
Triang. 4.

total sine CB : BD :: CB : BD,
where the BD in the second term represents the tangent of the angle BCD, the complement of the angle of observation D, and the CB in the third term is the measured
distance CB. And if the height of the measurer AD is taken away from the value of
BD that is found, the altitude of the tower BA will remain.
Finding the
altitude with
Or, using only sines, this proportion:
a single placement when
sine angle D : CB :: sine angle BCD : BD
the distance
will produce BD. Then if the eye at D is placed in some window of a tower, the portion is known.

of the tower between the eye and the apex must be added to the value of the altitude
BD found above. This makes to total altitude of the tower, EB if the apex is at E, as
is clear.
PROBLEM V. To determine the height of a mountain or tower from its apex with the
quadrant if some distance in a given direction from the measurer in the plane on which
the mountain or tower stands is known.

Figure 15: [64]
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1. When some distance DE in a given direction from the measurer, and at some
distance from the mountain or tower is known, the altitude F G will be measured
from the apex G in this way. Let the endpoints D, E, be observed and the angles
F GD, F GE be determined, either with the quadrant with plumb line, or with the
fixed quadrant. And since, taking GF as the total sine, the tangents of the angles of
observation are DF , EF , the difference of these will be the distance that is known.
From the proportion
DE : total sine GF :: DE : GF ,
where the first term is interpreted as the difference of the tangents of the angles of
observation and the third term is the known distance, the altitude GF that is sought
will be made clear in terms of the known distance.
[65]
2. Alternatively, using only sines, we will obtain the same altitude GF if we will
first determine the hypotenuse GD,85 in this way. a Use the proportion:

a

Rectil.
Triang. 10.

sine angle DGE : DE :: sine angle E : GD,
and the number produced will give the hypotenuse GD in terms of the known distance
DE. b Then again, using the proportion

b

Rectil.
Triang. 10.

total sine of F : GD :: sine angle D : GF
the altitude GF will be produced in terms of the hypotenuse GD, or the known distance
DE.
3. Without numbers, it will be necessary to proceed as in Problem 1.
PROBLEM VI. To measure the distance from the eye or the feet of the measurer to
any point at some altitude with two stations of the quadrant made in the plane.
1. Suppose we have to determine the distance to a point A in a wall GH,
either perpendicular or inclined to the horizontal, or on
a roof, from the eye B or the foot C of the measurer,
given the height of the measurer BC. Consider a line
BD drawn parallel to the plane CE, and first consider
the case where the point A is higher than the eye at
B. With point A in view, let the angle ABD that the
side of the quadrant with the pinnacidia (if a quadrant
with plumb line is used), or that the sighting line in
the dioptra (in the fixed quadrant), makes with the
Figure 16: [65]
line BD be noted. Then move toward the point A
any number of palms or feet to point D, so that the
difference of stations BD is known. And again from D
let the point A be observed and the angle ADF be carefully observed. The lines AB,
85
The Latin is rather amusing. Clavius says venabimur, literally, we “we will hunt (down)” GD. The
previous verb adipiscemur used with GF recalls the related piscemur, literally, “we will fish (out).”
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Solution of the
problem without
numbers.

AD, BD, BC, DE lie in the same plane–in the one, for instance, that passes through
the lines BC, DE representing the height of the measurer, and the point A. c And c Book I,
since angle ADF is equal to the sum of the two angles B and BAD, if angle B at Prop. 32.
the farther station is taken away from angle D at the closer station, the angle A will
be known. d Therefore, the distance AB that is sought will be found in terms of the d Rectil.
Triang. 10.
difference of stations from the proportion
sine angle A : BD :: sine angle ADB : AB.
Here ADB is the complement of the larger angle D in two right angles.86
If the eye is placed first at D, then is moved back to the point B, the distance DA
will be found in the same way, if instead of the angle ADB, the angle B in the farther
station is taken, as is clear. e For the sine of the angle A, by which the smaller

e

Rectil.
Triang. 10.

[66]87
angle B differs from the larger ADF is to BD, the difference of stations, as the sine of
the angle B at the farther station is to DA.
2. The distance from point A to the foot C of the measurer, that is the line AC,
will be found by Problem 12 in Book 1, Chapter 3, of the Rectilinear Triangles, since
in the oblique triangle ABC, two sides AB and BC (the distance just found and the
height of the measurer) are known, and the included angle ABC is known because it
is the sum of the right angle CBD and the angle of observation ABD.
3. Next, let the point A in the wall HI lie below the level of the eye at B.
With point A in view, let the angle CBA that the
side of the quadrant with the pinnacidia makes with
the hanging string or the sighting line in the dioptra
makes with BC. Then move toward A to the point
D and again consider the angle EDA. The lines AB,
AD, BD, BC, DE lie in one and the same plane–in the
one, for instance that passes through BC, DE and the
point A. a And since the angle F DA, the complement
Book I,
of the angle of observation at the closer station, equals
Prop. 32.
Figure
17:
[66]
the sum of DBA and DAB, if DBA, the complement
of the angle at the farther station, is removed from
angle ADF , the complement of the angle at the closer
station, the remainder BAD, will become known. b The distance AB which we seek b Rectil.
Triang. 10.
will be known in terms of the difference of stations BD from the proportion
sine angle BAD : BD :: sine angle ADB : AB,
where BAD is the difference of the complements of the angles of observation, and ADB
is the sum of the right angle BDE and the angle of observation ADE at the closer
station.
If the eye is placed first at D and then moves back from D to B, the distance DA
will be obtained in the same way if, instead of the angle BDA, you take the angle
86
87

That is, the supplementary angle to the larger angle D, or 180◦ minus D.
Through a printer’s error, this page is numbered [68] in the original.
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DBA, the complement of the angle of observation ABC at the farther station, as is
clear. c For the sine of the angle BAD (the difference between the complements of c Rectil.
the angles of observation) is to BD (the difference of stations) as the sine of the angle Triang. 10.
DBA (the complement of the angle ABC in the farther station) is to DA.
4. To find the distance CA from the foot to the point A, we will proceed as follows.
Since in the right triangle ABG (if from the point A a line AG is imagined drawn
perpendicular to BC, representing the height of the measurer) the base AB is known
from the above, and the angle BAG is known because it is the complement of the angle
of observation ABG. d BG will be known in terms of the basis AB, that is, in terms d Rectil.
of the difference of stations BD, in terms of which AB was found, from the proportion Triang. 2.
total sine : AB :: sine angle BAG : BG.
In addition, taking BG away from the height BC of the measurer, the remainder CG
will become known. e Then from the proportion

e

Rectil.
Triang. 2.

total sine : AB :: sine angle ABG : AG
AG will become known in terms of the base AB, or the difference of stations
[67]
BD. Therefore, since in the right triangle ACG, the two sides AG and CG are known
from the above, a the base AC will also be known, which is what we had to find.

a

Rectil.
Triang. 3.

5. Moreover, it is clear that either of the distances AG, CG can be found in the
same way if the point A lies in the same plane in which the measurer is standing, for
instance in the horizontal plane, which is placed so as to pass through the line AG,
making the height of the measurer BG. What is more, [in this case] both distances
AB, AG will be found with one station of the quadrant. For making BG (the height
of the measurer) the total sine, AB is the secant of the angle of observation ABG and
AG is the tangent. As a result, both distances, BA from the eye and GA from the foot
of the measurer will become known from the proportions
total sine BG : BA :: BG : BA
and
total sine BG : GA :: BG : GA,
where the second terms represent the secant and tangent of the angle of observation and
the third and fourth terms are the distances from the eye and the feet of the measurer.
How the problem

6. Now we will clearly work without numbers, as above, if an accurate figure is must be solved
without numbers.
constructed, just as was said in Numbers 6 and 8 of Problem 1.
PROBLEM VII. To measure the distance between two points in any elevated plane,
with the quadrant, whether it is perpendicular to the horizon or inclined at some other
angle.
1. Let it be proposed to measure the distance CD in an elevated plane AB, from
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the plane EB. With the eye placed at G, so the height
of the measurer is GE, let both distances GC and GD
be investigated by the the previous problem 6 in terms
of the height of the measurer GE, or the distance between stations, in terms of which these distances are
expressed. Then placing the fixed quadrant at G so
that its plane passes through the points C, D and one
Figure 18: [67]
of its radii points toward D (which will happen if the
sighting line of the dioptra is placed along that radius
and the point D is visible in the openings of the pinnacidia), let the dioptra be turned until the point C is visible. Let the arc between
the radius and the sighting line be noted, and the angle G be measured. If the other
radius of the quadrant is outside the line GC, the angle CGD will be acute. But if
that other radius is on this side of the line GC, then the angle CGD will be obtuse,
and it will determined if a right angle is added to the angle between the other radius of
the quadrant and the line GC. That remaining angle will be found, in fact, using the
quadrant as we have said for an acute angle GCD if, for instance, we mentally note the
point where the line CD and the other radius would intersect when produced. Now if
that radius and the line GC coincide,
[68]
and the dioptra is directed toward that mentally noted intersection point, the number
of degrees between that radius and the dioptra will indicate the aforesaid remaining
angle. Finally, if the other radius points directly to C, then the angle CGD will be a
right angle. Therefore, since in the oblique triangle GCD, the known sides GC, CD
contain the known angle G, the side CD will be known by problem 12 of the Rectilinear
Triangles, Book I, Chapter 3.
2. The problem will be easily solved without numbers of the angle G is made equal Solution of the
to the one that was observed with the quadrant, and in the lines GC, GD, as many problem without
small parts are taken with the instrumentum partium as there were palms or feet found numbers.
in the distances GC, GD, etc.
PROBLEM VIII. To measure a straight line with the quadrant, when the measurer is
at one of its endpoints, or at a known altitude above that endpoint, perpendicular to
the plane in which the line lies.

Figure 19: [68]
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1. Suppose it is required to measure the length AB, that is, the distance between
A and B. Even if intermediate points are not visible from A because of elevations or
depressions, but provided that with the measurer standing at A, at some known height
AC above the plane containing AB (either the height of eye of the measurer, or from
some staff, or tower) B is in sight, let the angle C is measured. If AC is taken as the
total sine, the length AB is the tangent of the observed angle C, and it will be found
in terms of the known height AC from the proportion
total sine AC : AB :: AC : AB,
where the second term is the tangent of the observed angle, the third term is the known
height, and the fourth term is the length that is sought. This length will also be found
using only sines, a from the proportion

a

Rectil.
Triang. 4.

sine angle B : AC :: sine angle C : AB.
C is the observed angle and B is its complement.
2. The same length AB will be known without use of numbers as was said previ- Solution of the
ously: Let as many small parts as there are palms or feet in the known height AC be problem without
taken from the instrumentum partium, let the angle of observation C be constructed, numbers.
and finally, let AB be constructed perpendicular to AC, etc.
PROBLEM IX. To measure a length whose endpoints are inaccessible with the quadrant, provided that those endpoints are visible from some known height, and the length,
produced, extends to the feet of the measurer.
[69]
1. Let the length be AB, and let the line AB produced pass through C,

Figure 20: [69]

the position of the measurer. Let CD be the height of the measurer or some other
known height. Therefore, if the lengths CB and CA are found by the previous problem
8, and CA is subtracted from CB, the remainder AB will appear, and hence is known.
2. Alternatively, with CD as the total sine, if the endpoints A, B are sighted by the
angles CDA and CDB, then CA will be the tangent of the smaller angle and CB will
be the tangent of the larger. But then AB will the the difference of the tangents. Then
finding AB in terms of the known height CD will be accomplished from the proportion
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CD : AB :: CD : AB,
where the first term represents the total sine, the second term is the difference of the
tangents of the observed angles, and the third term represents the known height CD.
3. Alternatively, we will determine the same length AB using only sines. But first
AD must be found a from the proportion

a

Rectil.
Triang. 5.

sine angle CAD : CD :: total sine of C : AD,
where CAD is the complement of the smaller angle of observation. The number produced will give AD in terms of the known height CD. b Then from the proportion
b

Rectil.
Triang. 10.

sine angle CBD : AD :: sine angle ADB : AB,
the desired length will be produced in terms of AD, that is in terms of the known
height CD, in terms of which AD was found. Here angle CBD is the complement of
the larger angle of observation.
4. Clearly, you will achieve the solution without numbers as in the foregoing.
PROBLEM X. To measure a transverse distance in the horizontal plane, both of whose
endpoints are visible, with the quadrant.
1. Let the horizontal plane be AB, in which the transverse length CD lies and let
the feet of the measurer be at E, so that the line CD does not go through that point.
(For when the line CD does contain E, then the distance will be investigated by the
preceding problem 9.) So that a transverse distance will be made known, it is necessary
first to measure the distances from both endpoints C and D to E. In Number 6 of
problem 5, it was said how that was done
[70]
with a single station of the quadrant at E.
Next, with the fixed quadrant
with a dioptra, the angle CED must be found in the
horizontal plane. This will be done if the quadrant,
laid flat, is placed first with one side along EC and
then again along ED. If the angle at E is acute, then
with one side along EC, and the dioptra directed toward ED, the angle between that side and the dioptra
will indicate the angle CED. If the other side of the
quadrant coincides with ED, CED is a right angle.
If the line ED should lie beyond the other side of the
quadrant, the angle CED will be obtuse and will be
Figure 21: [70]
found if a right angle is added to the angle between the
other side and the line ED. We have said exactly how
that acute angle will be measured in problem 7. And hence we will have the triangle
ECD, whose two sides EC and ED are known, as is the angle CED they contain. a
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a

Rectil.
Triang. 12

Therefore, the third side CD will also be known.
2. Moreover, how the problem is to be solved without the help of numbers is given
in Problem 7, Number 2.
PROBLEM XI. To measure the horizontal distance between a tower and some other
landmark from the tower with two stations of the quadrant in the apex, or in two
windows, of which one is perpendicularly below the other, and the distance between
the windows is known, even if the whole height of the tower is not known. Also, to
make known the height of the tower mentioned above.
1. Although this problem has already been solved as a byproduct in problems 3 and
4 when it was the height that was required, let us obtain a solution for this per se here,

Figure 22: [70] Note: there is an error here – the point labeled F on the line DC should
be E. The following figure on the next page is correctly labeled.

slightly differently. Let the tower be ABCD, and the distance to be measured be CE.
BG or AF is the height of the measurer. Having sighted E at the first station with
angle CGE, and at the second station with angle DF E, let F H be drawn parallel to
GE. And since, in the triangles F DH and GCE, the angles D and C are right angles,
b angles H and E are also equal, and c the side F D is equal to GC, d it follows that b Book I,
angles G and DF H and sides DH and CE are also equal. Moreover, if F D is taken as Prop. 29.
the total sine, DE will be the tangent of the larger angle of observation DF E and DH c Book I,
will be the tangent of angle DF H, that is, of the equal angle of observation G at the Prop. 34.
first station. And hence HE will be the difference of those tangents, e which is equal d Book I,
to the difference of stations F G, or AB, or DC. Therefore, the desired length CE will Prop. 26.
e
Book I,
be obtained in terms of the difference of stations from the proportion
Prop. 34.

HE : CE :: HE or F G : CE,
[71]
where the first term is to be interpreted as the difference of the tangents of the angles
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of observation, the second term is the tangent of the smaller angle of observation, and
the third term is the known difference of stations. From the proportion,
HE : F D :: HE or F G : F D,
where the first term represents the difference of the tangents of the angles of observation,
the second represents the total sine, and the third represents the known difference of
stations, the length F D will be found. If the height of the measurer AF is taken away
from this, the remainder will produce the height AD of the tower.

Figure 23: [71]

2. But now let the endpoint E be observed from two windows F , G, by the angles
CF E and CGE, and let F H be drawn parallel to GE. a Therefore since angle CF H a Book I,
is equal to angle CGE, if CE is taken as the total sine, CG will be the tangent of Prop. 29
angle CEG, the complement of the smaller angle of observation G, and CF will be the
tangent of the angle CEF , the complement of the larger angle of observation CF E.
F G is the difference of stations, that is the distance between the windows, and the
difference between those tangents. From the proportion
F G : CE :: F G : CE,
where the first term is the difference of the tangents of the angles of observation, the
second term is the total sine, and the third term is the known difference of stations,
the desired length CE will be known. And again from the proportion
F G : GC :: F G : GC,
where the first term is the difference of the tangents of the angles of observation, the
second term is the tangent of the complement of the smaller angle of observation,
and the third term is the known distance between the windows, the distance GC will
be found. This is the distance from the higher window to the base, in terms of the
difference of stations. If GB, the distance between the higher window and the apex is
added to this, the whole height BC will be known.
3. Without the help of numbers, it is necessary to proceed as above.
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PROBLEM XII. To measure the length of a line directed away from the measurer with
the quadrant, when one or both of its endpoints are not visible unless the measurer
moves to the left or right.
1. Let AB be the length and facing A, suppose the measurer cannot see the other
endpoint unless he or she moves left or right to point D, from which both endpoints
can be discerned. Therefore with the measurer at D, the line AB will be transverse,
and it will be investigated by problem 10.

Figure 24: [71]

2. We will pursue the length AB in the same way if the measurer cannot see either
[72]
of the endpoints, or can see only the other one. For if starting from C, we move to the
left or right as far as D, we will see both endpoints. As before, the length AB will be
found by problem 10. And in fact it does not matter if BCD is not a right angle or if
BAD is acute, etc.
3. The operation is to be carried out without numbers as in the above problems.
4. When the measurer standing at A can see the endpoint B, the length AB will
be investigated by problem 8. Moreover if the measurer standing at C can see both
endpoints, the same length AB will be investigated by problem 9.
PROBLEM XIII. To measure, with the quadrant, the distance from the apex of any
tower or wall to any landmark in the horizontal plane, when that landmark is not
accessible.88
1. Let the point A in the horizontal plane lie a distance AD from the apex D of
some altitude CD and suppose we are ordered to measure AD. Wherever the eye of
the observer is located, for instance, at point B, so that the height of the measurer is
BG, let the distances from B to A and D be investigated by problem 6.
Then, let the angle ABD be explored, which the quadrant with dioptra will give
us if it is applied so that its plane passes through B, A, and D at the eye, with the
center at B, one of its edges lies along the line BA, and the dioptra is directed toward
88
Clavius is also assuming the measurer does not have access to the apex or to windows in the tower,
since if that was true problem 3 or 4 could be applied.
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Figure 25: [72]

D, etc. Hence, since in the triangle BAD, the two sides BA, BD are known, and the
angle B they contain is known, a the side AD will also be known.

a

Rectil.
Triang. 12.

2. We have taught the way the same distance AD is to be found without numbers
in Number 5 of problem 7.
PROBLEM XIV. To measure an inaccessible height with the quadrant, assuming that
its base is not visible, and that it is not possible to move forward or backward along
a straight line to make two stations, but only that it is possible to move to the left or
right to a position from which the base is visible.

Figure 26: [72]

1. Let the height be AB and C be the location of the measurer. Suppose it is not
possible for the measurer to move forward or backward along the line AC, but only to
the side, for instance to D, from which the base of the height is visible. By problem
10, let the transverse distance AC be determined from the point D. Let B be sighted
from C and the angle ACB be found. And since if AC is taken as the total sine, the
height AB is the tangent of the angle of observation ACB, b from the proportion
[73]
AC : AB :: AC : AB,
the altitude AB will be produced in terms of the information used to determine AC.
Here the first term represents the total sine, the second is the tangent of the angle of
observation, and the third is the known length of AC found before by problem 10.

59

b

Rectil.
Triang. 4.

2. Moreover, it will not be difficult to investigate this problem without the use of
numbers if the previous lessons are consulted.
PROBLEM XV. To measure an inaccessible height with the quadrant when neither
the distance from the position of the measurer to its base is known, nor is it possible
to make two stations along the line to the height, nor is its base visible. And also to
find that aforesaid distance.
1. Let the height be AB, the position of the measurer be C, and assume that
the distance CB is unknown, the base B is not visible,
and it is not possible to move forward or backward
from C along the line BC to make two stations of the
quadrant. Let a staff CE be erected if some tower
CO is not at hand. Let the height of the measurer be
CD. Then taking some known portion DE of the staff,
imagine DM , EN drawn parallel to CB. Let angles
ADM , AEN be observed with the quadrant. And
taking equal lines EF , DG as the total sine, erect the
perpendiculars F H, GI as the tangents of the angles
of observation. Taking AL equal to DE, let DL be
drawn a parallel to EA, which will cut GI in K. b
Since angle DKG is equal to angle DLB and angle
EAB is equal to angle EHF , angle DKG will also be
Figure 27: [73]
equal to angle EHF . Moreover, the right angle G is
equal to the right angle F and the side DG is equal to
the side EF , c so the sides GK and F H will be equal and the angles D and E will be
equal. And hence IK will be the difference between the tangents GI and GK of the
angles GDI and GDK, or F EH. d And since IK is to KG as AL is to LM , IK will
also be to IG as AL, that is, the difference of stations ED, is to the height AM . We
have shown this by compositio contraria in the Scholium to Book V, Proposition 18.89
Therefore, from the proportion

a

Book I,
Prop. 33.
b

Book I,
Prop. 29.
c

Book I,
Prop. 26.
d

Schol. Book
VI, Prop. 4.

IK : IG :: AL or ED : AM ,
where IK is the difference of the tangents, IG is the larger tangent, and ED is the
known difference of stations, the altitude AM will be produced. If the height of the
measurer M B is added to this, the whole AB will be made known. e Then, from from e Book VI,
Prop. 4.
the proportion
total sine GI : GD :: AM : M D,
the distance DM or CB will be found.
2. We will solve the problem using only sines if the hypotenuse AD is found first,
in this way. f From the proportion
[74]
89

The basic argument here is that a proportion X : Y :: Z : W implies the proportion X : X + Y ::
Z : Z + W.
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f

Rectil.
Triang. 10.

sine angle ADL : AL :: sine angle ALD : AD,
the length AD will be produced. Here ADL is the difference between the angles of
observation ADM and ALM , AL is the same as DE, the difference of stations, and
ALD is the difference between two right angles and the complement of the smaller
observed angle LDM .90 a The height AM will be produced using the proportion
total sine angle M : AD :: sine angle ADM : AM ,
where AD is the hypotenuse found above, and ADM is the larger angle of observation.
Moreover, the distance DM will be known from the proportion
total sine angle M : AD :: sine angle DAM : DM .
Here DAM is the complement of the larger angle of observation.
3. If the problem is to be solved without numbers, return to what was said before,
especially Numbers 6, 8, and 7 of problem 1.91
PROBLEM XVI. To find a larger height from a known smaller height by two stations
of the quadrant made on the apex of the smaller one, or in two windows, even if the
only the apex of the larger one can be discerned. And also to measure the horizontal
distance between the two heights.

Figure 28: [74]

1. Let the larger height be AN and the smaller tower be CO, whose height is
known.92 From the top of the smaller tower only the apex A and not N is assumed
visible. Let two stations of the quadrant be made at C and D, let the height of the
measurer be CG or DE, and imagine GEF drawn perpendicular to AN . With A in
view, let the angles AEF and AGF be observed. Let the rest be done as in problem
2. Therefore, as we have shown in that problem, from the proportion
90

This is equal to angle AEN because DL and EA are parallel.
It is sometimes amusing to note the lengths to which Clavius goes to formulate the statements of
the problems differently and to make each of these points in a new way each time they recur, using
different verbs and turns of phrase. We have commented on some of the colorful word choices above.
92
Clavius does not say this, but from the diagram, the height of that smaller tower would be the
length DO, not CO.
91
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a

Rectil.
Triang. 10.

GM : GE :: LH : F A,93
where GM is the difference of the tangents of the complements of the angles of observation, GE is the difference of stations, and LH is taken as the total sine, the altitude
AF will be found. If F N (the sum of the height of the shorter tower and the height
of the measurer) is added to this, the whole larger height will be made known. Then
from the proportion
GM : GE :: GL : GF ,
the distance GF will be produced. If the the width of the tower CO is subtracted from
this, the remainder will be the distance between the towers.
We have proved all of this in problem 2, and for that reason we have used the same
letters as we used there, so that that proof can be transferred here.
[75]
2. When two stations cannot be made on the apex of the smaller tower, let two
windows be chosen, from which two stations are made. As in the figure in the preceding
problem 15, in the smaller tower let D and E be selected and let the rest be done as
for a staff.94 But the distance from the lower window D to the base C of the smaller
tower must be added to the height AM in this case to get the height AB of the taller
tower.
3. We say nothing new about doing this problem without the use of numbers, but
we send the reader to the previous discussions.
4. We have taught how to solve the problem using only sines in problems 2 and 15.
PROBLEM XVII. To measure a taller height from an unknown shorter height with the
quadrant, provided that the base of the taller one is visible.
1. Let the taller height be AB and the shorter one be CD, which is unknown.
Assume that the base B of the taller one is visible from the top of the shorter one.
First, by two stations of the quadrant on the apex of the shorter tower, or from two
windows, let the altitude CD of the shorter tower and the distance DB be found as
has been treated in problem 11, or problems 3 and 4. Then the taller height will be
explored by what we have written in the preceding problem 16.
2. But with the altitude CD and the distance DB known, we will learn the larger
height AB using only sines in this way. From some window C in the shorter height,
let the endpoints A and B of the taller height be sighted and the angles ACE and
BCD be found (with CE drawn first parallel to DB, or perpendicular to either of the
heights). a Then use either of the proportions
sine angle CBD : CD :: total sine of D : BC,
93

The figure is not especially clear here. M is the point between G and L where M H is parallel to
EA and hence M L and EK are equal. This was explained in full in problem 2.
94
The letters from this point on in the paragraph refer to the figure in problem 15 on page [73], not
the letters in the figure for this problem.
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Figure 29: [75]

or
sine angle BCD : BD :: total sine of D : BC,
where the angle CBD in the first proportion is the complement of the angle of observation BCD in the second, and the distances CD, BD are known. Either way the
hypotenuse BC will be known. b Then from the proportion
sine angle A : BC :: sine angle ACB : AB,
the taller height will become clear. Here the angle A is the complement of the angle of
observation to the apex and the angle ACB is the sum of the complement of the angle
of observation to the base and the angle of observation to the apex.
3. We say nothing new about doing this problem without the use of numbers, but
that is to be sought in the previous discussions.
PROBLEM XVIII. To investigate a shorter height from a known taller height with the
help of the quadrant even if the base of the shorter one is not visible, and also to find
the distance between the two heights.
[76]
1. The shorter height AB must be learned by measurements from the higher one
CD, even if the base B cannot be discerned. Imagine a line AE drawn parallel to
BD, so that ED is equal to the shorter height AB. Therefore, if two stations of the
quadrant are made on the apex of the taller height as in problem 3, or two stations
are made from windows as in problem 4, the altitude CE and the distance AE will
be investigated from C as though A were some landmark seen in a horizontal plane
AE. If CE is taken away from the known total height CD, the remainder, that is the
shorter height, will become known. Moreover, the distance AE that is found is equal
to the distance BD that is sought, and hence DB will be known.
PROBLEM XIX. To determine a shorter height from an unknown taller one with the
63

b

Rectil.
Triang. 10.

Figure 30: Figure for problems 18 and 18, [76]

quadrant, provided that the base of the shorter one is visible, and also to find the
distance between the two heights.
1. Let the figure in the preceding problem be repeated. And since the base B
of the shorter height is visible from the taller one, if the point B is sighted from two
stations on the apex of the larger height CD by problem 3, both the taller height CD
and the distance BD will be determined. You will also accomplish this by problem 4
if the point B is sighted from two windows in the taller height. With the taller height
CD known, the shorter height AB will be found as was given in the previous problem.
Therefore, since the distance BD is also found, the solution of the proposed problem
is clear.
PROBLEM XX. Using the quadrant, to find a portion of a taller height from a shorter
one, or a portion of a shorter height from a taller one.

Figure 31: [76]

1. Suppose it is required to find the portion AC of the taller height AB from the
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shorter one DE, and the portion F G of the shorter height F B from the taller one DE.
If DE is shorter than CB, let both the taller heights AB and CB be investigated by
problems 16 or 17, depending on whether DE is known or unknown. For taking CB
away from AB, AC remains, and that is what is sought.
2. If DE is actually larger than the portion BF , and the portion AF is to be
determined, then the larger height AB will be found from DE by problem 16 or 17.
But the smaller altitude F B
[77]
is to be found from the larger DE by problem 18 or 19. If F B is subtracted from AB,
the portion AF remains and is known.
3. In the same way, by problem 18 or 19 both shorter heights F B, GB will be
found from the larger one DE, and their difference will give what is sought.
PROBLEM XXI. From a valley or the horizontal plane, to determine, using the quadrant, a height whose base is superposed on another height, when both of the endpoints
of the height to be measured are visible, even if the lowest point of the other height,
on which the one to be measured is superposed, is hidden, and the distance from that
point to the position of the measurer is not known.

Figure 32: [77]

1. Examples of this sort are the height of a tower located on a mountain, and the
height of the portion of a building between two windows or two features, one higher
than the other. Therefore, let AB be the height of a tower on a mountain. From any
location E in the plane or in a valley, from which both the endpoints A, B are visible,
let the angles ADC and BDC be measured with the quadrant, that is, the angles
made by the rays DA, DB and the line DC which is perpendicular to AB when it is
produced into the mountain. DE is the height of the measurer. Then let the lengths
of both radii DA, DB are be investigated by problem 6. a From the proportion
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sine angle BAD : DB :: sine angle ADB : AB,
the height AB will be determined in terms of the units used to determine DB. Here
angle BAD is the complement of the larger angle of observation, and angle ADB is
the difference of the two angles of observation. b So likewise, the proportion

b
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sine angle ABD : DA :: sine angle ADB : AB
will produce the height AB in terms of the ray DA found before.
2. Alternatively, by problem 2 or 15, let the inaccessible altitude AC
[78]
and the height BC be investigated, apart from the height of the measurer, CF . With
the height BC subtracted from the height AC, the remaining height AB that is sought
will be known.
3. Alternatively, with the distance DC found by what we have laid out in problems
1 and 2, a from the proportion

a

Rectil.
Triang. 4.

total sine DC : DC :: AC : AC,
where the third term represents the tangent of the larger angle of observation ADC,
the larger altitude AC will be found in terms of the distance DC found before. b Then b Rectil.
Triang. 4.
the proportion
total sine DC : DC :: BC : BC,
where the third term represents the tangent of the smaller angle of observation, will
make known the smaller altitude BC in terms of the same DC found before. With the
height BC subtracted from the height AC, the remaining height AB of the tower that
is sought will be known.
And this method is most convenient when the distance from the measurer to a
tower or other building is known, and the perpendicular interval between two windows
is to be measured.
4. Alternatively, with the distance DC found by what we have written in problems
1 and 2, let the tangent BC of the smaller angle of observation (with DC set as the
total sine) be subtracted [from AC, the tangent of the larger angle of observation], then
from the proportion
total sine DC : DC :: AB : AB,
where the third term represents the difference of the tangents of the angles of observation, AB will be produced in terms of the distance DC found before.
5. Alternatively, with BC, the height of the mountain found by problem 2 or
problem 15, let the angles BDC and ADC be found with the rays DB, DA. With DC
taken as the total sine, the proportion
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BC : BC :: AB : AB,
where the first term is the tangent of the smaller angle of observation, the second term
is the height BC itself, and the third term is the difference of the tangents AC and
CB of the angles of observation ADC and BDC, will again produce the altitude AB
that we are seeking.
SCHOLIUM. If AB, the superior portion of some altitude AC is desired, the total
altitude and the inferior portion are to be investigated by problems 2 and 15. Their
difference will give the superior portion AB.
Moreover, if it is necessary to find some intermediate portion IB, the altitudes IC,
BC are to be found, so that their difference will give IB.
Finally, if it is proposed to find the inferior portion BC, this will be done by problem
2 or problem 15.
[79]
PROBLEM XXII. To measure a slanted distance from a position of a measurer ascending a mountain to the base of an altitude superposed on the mountain, together
with that altitude, even it that base is not visible, in an approximate way, with the
quadrant.

Figure 33: [79]

1. Let AB be a tower positioned on a mountain, on whose flank or side the measurer
stands at C, from which position the base of the tower is not visible. Let a staff CG be
erected perpendicular to the horizontal, not perpendicular to the side of the mountain.
Having sighted the apex A by the angle AEK, let another station be made higher [on
the staff] at F , let F I be drawn perpendicular to the altitude, and let the apex be
sighted again by the angle AF I. a And since the angle AF G is equal to the sum of
the angles F EA and F AE, if AEF , the complement of the larger angle of observation
AEK at the first station, is taken away, then the remaining angle will be EAF . b
Therefore, from the proportion
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sine angle EAF : EF :: sine angle AF E : AE,
where angle EAF is the difference of the complements of the angles of observation,
EF is the difference of stations, and angle AF E is the sum of the right angle EF I
and the smaller angle of observation AF I at the second station, the hypotenuse AE
will be made known. After this, let another staff DH be erected perpendicular to
the horizontal, taking DH, the height of the observer, equal to CE, and drawing HL
perpendicular to the altitude.95 Let E be sighted by the ray HEM and the angle EHL.
c The ray will be parallel to BCD, the side of the mountain. The three points B, C, c Book I,
D must lie along one straight line and DC produced must pass through the base of the Prop. 32.
tower. d Since angle EHL is equal to angle M EK, if this is subtracted from the larger d Book I,
angle of observation AEN at the first station, the remaining angle will make AEM . Prop. 29.
Moreover the angle EAN is also known, seeing as it is the complement of the larger
angle of observation. Therefore, angle AM E, the complement in two right angles, will
also be known: it will be the remaining angle if the complement of the angle M HL at
e
the station D is subtracted from two right angles. e Therefore from the proportion
Rectil.
Triang. 10.

sine angle AM E : AE :: sine angle EAN : M E,
[80]
where AE is the hypotenuse found above, the length EM will be found, which is the
distance CB that is sought. a Then from the proportion
sine angle AM E : AE :: sine angle AEM : AM ,
where angle AEM is the angle that remains if the angle at the second station, M HL or
M EK, is subtracted from the larger angle of observation AEK, AM will be produced.
If the height M B of the measurer is added to this, the total altitude AB will be known.
This work must be done carefully so that the three points B, C, D lie in one
straight line, that is, so that the line drawn from D at the second station to C at the
first station, produced, passes through the base B. We will achieve this more or less
through the judgment of the senses. For, by what has been said here, the point where
the line CD produced and the altitude meet will be close to the point B only if care
is used in making the stations at C and D. For this reason, we have said “find in
an approximate way” in the statement of the problem, because neither the distance
CB, nor the altitude AB will be known exactly unless the three points B, C, D are
collinear.
2. To solve the problem without the use of numbers, refer to the above discussions.
PROBLEM XXIII. To measure the depth of a well or a building erected perpendicularly
with the quadrant, if only a corner of the base, or some feature located at the bottom
is visible.
1. This is the same as measuring the height of a tower from its apex when some
landmark is visible in the horizontal plane, using two stations of the quadrant in a staff,
95
As is shown in the figure, Clavius is thinking that this new station is farther down the slope from
the first one.
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as was done in problem 4.

Figure 34: [80]

Therefore we will repeat the solution process of that problem here. Let the well or
the erect building be ABCM , whose corner C at the base, or feature placed on the
bottom at C can be seen. With a staff AE erected at the mouth of the well, or the
top of the building, let two stations of the eye of the measurer be made at D and E,
and let the point C be sighted by the rays DC, EC, making angles BDC and BEC.
Then, taking equal lengths DF and EG as the total sine, let perpendiculars F H, GI
be drawn to EB as the tangents of the angles of observation BDC and BEC. With
DL drawn parallel to EC, cutting F H in K, KH is the difference of the tangents, as
we have shown in problem 4. Therefore, as there, the proportion
KH : F K or GI :: DE : DB,
where the first term is the difference of the tangents of the angles of observation, the
second term is the smaller of the tangents, and the third is the difference of stations,
will produce the length of DB, as we showed in problem 4. If length of the segment
AD of the staff between the mouth and the eye at the first station is subtracted, the
remainder will be the depth of the well or the height of the building.
2. Alternatively, letting BC be the total sine, from the proportion
DE : DB :: DE : DB,
where the first term is the difference of the tangents of the complements of the angles of
observation, the second term is the smaller tangent, and the third term is the difference
of stations, the number produced will make known the length of the same line DB, etc.
3. Alternatively, if you should like to work only with sines, it will be necessary to
proceed as follows. a Since the larger observed angle BDC is equal to the sum of the a Book I,
angles E, DCE, if the smaller observed angle E is taken away from the larger, the Prop. 32.
remaining angle DCE, the difference between the angles of observation, will be known.
b Therefore, from the proportion
b
Rectil.
Triang. 10.
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sine angle DCE : DE :: sine angle E : DC
the length of the hypotenuse DC will arise.96

c

For this reason, the proportion

c
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total sine angle B : DC :: sine angle BCD : DB
will again make the length of DB known. Here angle BCD is the complement of the
larger observed angle, etc.
4. In fact, if the width of the mouth AM or the base BC should be known (and
it will not be difficult to measure this using any units) we will come more easily to
the knowledge of the altitude or the depth, making one station of the quadrant, for
instance, at D, in this way. From the proportion
total sine CB : BD :: CB : DB,
where the second term is the tangent of the angle BCD, the complement of the angle
of observation, and the third term is the known width, the number found will make
DB known, as above, etc.
Or using only sines, d from the proportion

d
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sine angle BDC : BC : sine angle BCD : DB,
BD will be found again, etc.
[82]
5. So that you obtain the same results without the use of numbers, consult what
we have written in Number 4 of problem 4.
PROBLEM XXIV. To find, with the quadrant, the depth of a valley and its oblique
slant height if the slope is not extremely uneven and if the end of the slope, or some
landmark at the bottom, is visible.
1. This is nothing other than measuring an altitude by two stations of the quadrant
on its summit, as was shown in problem 4. Let the valley be located between two
mountains AB, F G, and let the endpoint of the slope be C which is visible from the
mountain AB. With a staff AE set up, let the endpoint C be sighted from two stations
at D and E by the rays DC, EC. Also let the line EA be produced to B in the base of
the mountain, and let the line AF parallel to BG, or perpendicular to EB be drawn.
Finally, let CH be drawn parallel to AB. a Then CH will be equal to AB, so that HC a Book I,
Prop. 34.
is the depth of the valley from A, and IC is its oblique slant height.
Clearly, the depth AB or CH can be found in the same way that the height of the
tower was determined in problem 4 by two stations of the quadrant either in the staff
AE, or in two windows, or certainly also as the depth of the well AB was found in the
previous problem.
Moreover, the oblique slant height IC will be determined as follows. Since, as was
shown in the previous problem, the angle DCE will be the difference of the angles of
96

The verb prosilire that Clavius uses here means literally, “to leap, jump, rush or spring forth or
up; to burst or break forth.” The mental picture that conjures is charming.
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Figure 35: [82]

observation BDC, BEC,

b

from the proportion

sine angle DCE : DE :: sine angle E : DC,
where DE is the difference of stations, and E is the smaller angle of observation, the
length DC will become known. If DI is subtracted from this (which you will easily be
able to
[83]
measure from the eye to the line AI because it is short), the oblique slant height IC
will remain.
2. If the end of the slope C in the base of the valley should not be visible, it will
be necessary to sight some other landmark K in the valley and observe the angles
BDK and BEK by the rays DK and EK. From these, the depth AB, or KL will
be determined as we have taught in problem 4. And moreover, if two stations of the
quadrant could be made conveniently at the bottom of the valley, the height AB or
IM of the mountain could be found by what we have written in problem 2, and the
oblique slant height, that is IC, could be found by what we have said in problem 7.
3. Finally, the same depth CH can be determined from a taller mountain N G,
provided that the endpoint C, or some other landmark in the valley, is visible from
the summit N . This is nothing other than what we have taught about investigating a
smaller height from an unknown larger one in problem 18 or 19. For here the larger
height is N G and the smaller one is CH, and we have assumed that the endpoint C is
visible from N .
4. Without multiplication and division of numbers, the matter will be accomplished
as has been said previously.
END OF THE SECOND BOOK.

71

b

Rectil.
Triang. 10.

[84]

THIRD BOOK OF THE
PRACTICAL GEOMETRY.
Investigating the measurement of the same straight lines by the geometric square.
The measurement of straight lines by the astronomical quadrant explained in the
previous book requires tables of sines, tangents, and secants. But we cannot always
have tables of this sort at hand, and indeed some people are not versed or practiced in
their use. So the subject of this third book is the measurement of straight lines (lengths
and widths, altitudes, and depths) by the geometric square, where we do not need the
aforementioned tables, but in which all is effected through what are called the umbra
versa and the umbra recta. However, we will differ from other writers in the way we
divide these lengths into parts so that with our division, these measurements are made
more readily. A knowledgeable reader will easily judge this to be the case if he or she
has compared our method with the divisions used by others. But first the geometric
square must be constructed and it must be explained how in the square with a plumb
line, and in the fixed square with a dioptra sighting device, the umbra versa and the
umbra recta should be considered. For these two umbrae do not always remain in the
same positions and in a variety of uses it is common for them to be reversed, as will
be clear from what follows.
CONSTRUCTION OF THE GEOMETRIC SQUARE.
1. From some solid and hard material let a square ABCD be constructed, either
all solid or hollow, or instead let four equal bars AB, BC, CD, DA be put together so Construction
of the geometer’s
they all lie in one and the same plane.
square.

[85]
Then in the two bars BC, CD, let three lines be drawn parallel to the edges of the
square, to designate the numbers and the parts of the side of each umbra, as appears
in the figure. Geometers call BC the side of the umbrae rectae and CD the side of
the umbrae versae. Each side is usually divided into 12 equal parts by those who
have written about the use of the geometric square, and if the size of the instrument
permits, each part is subdivided into 60 parts, so that the whole side is composed of
720 parts, or into 100 parts, so that there are 1200 in each side. I divide each side into
10 equal parts, unless the instrument is of such a size that each side BC, CD can be
conveniently divided into 100 or 1000 parts, with each tenth part divided into 10 or
100 smaller parts. The scale on each side is called an altimetric scale by geometers.
2. I prefer the division into 10 or 100 or 1000 equal parts to the usual divisions
into 12 or 720 or 1200 parts because if, due to the small size of the instrument, the
side is only divided into 10 parts, by an easy process we can still determine how many
100ths or 1000ths are contained in any particular 10th part of the lines BC, CD, as
though the lines were divided into 100 or 1000 parts, as we have extensively discussed
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Figure 36: [85]

in Number 14 of Chapter 2 in Book I. In addition, in measurement of lines by the
geometric square, it is always necessary to multiply and divide by the total number of
parts of the sides BC or CD. It is clear that multiplication or division by 10 or 100
or 1000 is easier than by 12 or 720 or 1200, because the former can be done simply by
adding or removing zeroes as we have indicated in our Arithmetica practica.
I find that the most learned Giovanni Antonio Magini, with the best advice, has
also said that that the side of the square is to be divided into 100 equal parts, although
the rule by which the number of thousandth parts contained in a hundredth part is
to be made known is not given by him. However, this is altogether necessary so that
dimensions and altitudes of stars can be observed precisely, especially if, due to the
small size of the instrument, the side can only be divided into 10 parts conveniently.
By our method, as we have said, this can be done without great labor.

Why our
division of
the sides is
preferred to
the divisions
of others.

[86]
3. After this, if the square is to be used with plumb line (that is, a string with a
hanging weight, or a thin bar with a sighting line, which moves freely as it hangs), let Square with
that be attached at the point A, as we have described in Book I, Chapter 2, Number plumb line
6. Let two pinnacidia be affixed to the side AB, as discussed in Book I, Chapter 2, and fixed.
Number 5. And if you want the square to be fixed, a dioptra is to be attached around
the center A, that is, a bar with a sighting line and two pinnacidia, constructed in the
same way, so that it can be drawn freely around, and fixed in every position, as we
have directed was to be done in the passage cited above.
Finally, joined to side AD, two perforated plates with a plumb line and a hanging
weight are to be attached, so that with this you can determine whether the instrument
is perpendicular to the horizontal or not. This is entirely necessary. (If these extend
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outside the thickness of the instrument, it will not be possible to place the square in a
horizontal plane lying on its side AD, however. This is sometimes required in uses of
the square.)
4. But let us now teach which position each umbra is to have in uses of the instrument.97 This matter is of no small importance so that no confusion between the
umbrae is created in measurements. Therefore, in the square with plumb line, the
umbra versa is always opposite the side with the pinnacidia, and the umbra recta is
always opposite the farther side that meets the one with the pinnacidia at the center
point A. In the figure the side of the umbra recta is BC and that of the umbra versa
is CD. And in the fixed square, if an altitude is to be measured and the center A is
in a lower position than the eye, the side of the umbra recta will occupy a superior
position and the side of the umbra versa will need to tend toward that altitude. Now
the base of the instrument is AD, and again the umbra recta is in BC and the umbra
versa is in CD. But if the center A occupies a superior position and the eye is placed
at the end of the dioptra (if this can be done) the side of the umbra recta is CD and
the side of the umbra versa is BC, near the eye and farther away from the height to
be measured. If it is proposed to measure a length, and the center A is in a higher
position than the eye, the base CD will again be the side of the umbra recta, and the
side BC will play the role of the umbra versa, which must verge toward the length to be
measured and is farther from the eye. And if the eye is placed in a higher position, so
that the base is AD (which can happen if the square is placed in an elevated position,
such as a mountain or a tower), the side of the umbra recta will be BC, opposite the
base, and the side of the umbra versa will be CD which is farther from the length to
be measured. Next, in either square, the center A is opposite the point in which the
umbra recta and umbra versa meet. In the fixed square, this point is lower than A
when A is in a superior position and higher than A when A is in an inferior position,
as is clear from the above. These things must be carefully considered, lest in various
uses of the instrument you take the umbra recta for the umbra versa, or vice versa. As
we have said, in different positions of the fixed square, either the side BC or the side
CD can play the role of the side of either umbra.
5. However, the umbra recta or the umbra versa alone is sufficient to investigate
altitudes, lengths, and depths, as will become clear from the following. It is accepted
by geometers that when the umbra recta exceeds the side BC, namely, when the plumb
line or the sighting line cuts
[87]
the side CD, then the side BC must be produced in order for an intersection to be
possible. And often the umbra versa exceeds the side CD when the plumb line or the
sighting line cuts the side BC. Then it is necessary for CD to be extended past C so
97
Literally, the term umbra recta means “upright shadow” and the term umbra versa means “turned
shadow.” These have not been translated because they are commonly used in the original Latin. In
the translator’s opinion, the discussion of the fixed square in this passage can be confusing because the
observer might be either looking toward or looking away from A through the dioptra depending on the
location of the object being sighted. Consultation of the figures in later problems should help clarify
this point. It should be noted that when a fixed square is upright, the side of the umbra recta is always
horizontal and that of the umbra versa is vertical.
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How the umbra recta and
umbra versa
are known in
both squares.

that it will be cut, as is clear. So that we are not forced to produce either the side BC
or the side CD, it is necessary to use an umbra versa when the umbra recta exceeds
BC, and an umbra recta when the umbra versa is greater than its side CD.
6. The side of the square, which is called the gnomon, is always the mean
proportional between the umbra recta and the umbra versa. For indeed, suppose that the hanging
string in the square with plumb line or the sighting
line in the fixed square cuts the side BC in E and
the side CD, produced in F . Therefore the triangles ABE, ADF will be similar since the angles
B, D are right angles a and the pairs of alternate
interior angles BAE, DF A and BEA, DAF are
equal. b For this reason, BE, the umbra cut off,
will be to the gnomon BA as the gnomon AD is to
the umbra DF cut off. That is, the gnomon BA,
Figure 37: [87]
or AD, is the mean proportional between the two
umbrae BE, DF , of which one is the recta and
the other is the versa.
7. Hence reducing one of the umbrae to the other is easy, and this often comes into
use. For if the gnomon containing 1000 parts (that is, as many parts as the side of the
square) is multiplied by itself, yielding the square 1000000 of the side AB, and this is
divided by either umbra, the quotient will indicate the number of parts in the other
umbra. That is, the proportion

The gnomon
is the mean
proportional
between the
umbrae.

a

Book I,
Prop. 29.
b

Book VI,
Prop. 4.

Reduction
of an umbra
recta to an
umbra versa
and vice versa.

either umbra : gnomon :: gnomon : the other umbra
will produce the other umbra. For instance, if BE, the umbra recta, is taken as 700,
and the square 1000000 of the side AB is divided by 700, the umbra versa 1428 74 parts
will be produced and vice versa if BE is the umbra versa. And if one umbra is 400, the
other will be 2500, and so forth. But now let us move on to the use of both squares.
PROBLEM I. To observe the altitude98 of the sun or any star with the geometric
square.
1. Let a base parallel to the horizontal plane be prepared so that the fixed square
erected on it will be perpendicular to the horizontal. With AD or CD on the base,
and rotating the square so that its plane passes through the center of the sun or the
star, finally elevate the dioptra so until the sun’s rays pass through the openings of the
pinnacidia, or the star is visible through the same openings.
[88]
With the square with plumb line, elevate the square toward the sun or star, so that
plane of the square passes through the center of the sun or star, and until the ray
of the sun is perceived to pass through the openings of the pinnacidia, or the sun or
98

That is, the arc or angle between the horizontal and the ray from the eye of the observer to the
star.
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star is visible through those openings.99 With this done, let the angle the plumb
line or the sighting line in the dioptra makes with the side of the square be inspected with utmost diligence, carefully examining how many thousandth parts are
cut off in the umbra recta or the umbra versa by the plumb line or the sighting
line by what we have said in Book I, Chapter 2, Number 14. If an umbra recta is
intersected (with the fixed square, this is the upper or the lower side
of the square; with the square with a plumb line, this means the
side joined to the side with the pinnacidia, as we have said), this
angle will give the complement of the altitude of the sun or star,
as we will show in Number 2. If the plumb line or the dioptra cuts
an umbra versa, then this angle itself will exhibit the altitude. We
will determine the measure of this angle next. Let the square be
ABCD (the process is the same for either type), and let the umbra Figure 38: [87]
recta BE be cut off, which is found in thousandth parts of the side
BD, as we have taught in Chapter 2, Number 14 of Book I, even if
the side itself is only divided into 10 or 100 parts. Let the umbra be 850 parts. Because
the two sides AB, BE of the triangle ABE are known (since AB is 1000 and BE is
850), a From the proportion
AB : total sine 100000 :: BE : tangent angle BAE
the tangent of angle BAE will be found to be 85000 (which will be done if two zeroes
are adjoined to the side BE, 850100 ). This value is not found in the table of tangents.
But the closest smaller value is 84956, which corresponds to an angle of 40 degrees
and 21 minutes. The difference between the computed tangent 85000 and the 84956
taken from the table is 44 and the difference between the two closest tangent values
84956 and 85006 is 50. The angle corresponding to the tangent 85006 is 1 minute,
or 60 seconds, larger. By the rule of three,101 , the difference 44 corresponds to an
angle 52 54 seconds, or almost 53 seconds larger. The angle BAE contains slightly less
than 40 degrees, 21 minutes 53 seconds. Therefore, the complement, namely almost 49
degrees, 38 minutes, and 7 seconds will give the altitude of the sun or the star. And
if the umbra versa DF was also 850, the computed angle DAF itself, or 40 degrees,
21 minutes, 53 seconds, would give the altitude. And in this way, if we explore the
number of parts in the umbrae with the side BC or CD taken as 1000, the altitude of
the sun or the star will always be found in degrees, minutes, and seconds, in the way
presented in Book I, Chapter 2, Number 14. But since it is tiresome and laborious to
find the number of seconds from the difference of the tangents, it will be enough to
seek the computed tangent value in the table and to take the corresponding number
of degrees and minutes if the exact value is found, and take the closest tangent value,
either smaller or larger if not. With this method, in our example we take the tangent
85006, which corresponds to the angle 40 degrees, 22 minutes, whose complement is
[89]
49 degrees, 38 minutes as before, only lacking the 7 seconds, which are of no importance.
99

The order of these sentences has been reversed for clarity.
Recall, AB is taken to be 1000, but the total sine is 100000 in the table Clavius will be using.
101
We would use linear interpolation, which amounts to the same calculation.
100
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However, so that I might free the studious from the tedium of computing, I have
constructed the following table for each thousandth part of both umbrae. The number
of hundreds is taken from the column label and the number of units from the row label,
then the corresponding entry of the table gives the number of degrees and minutes
in the angle that is sought. These will indicate the altitude of the sun or a star if
thousandth parts of the umbra recta are observed, and if the thousandth parts pertain
to the umbra versa, they will show the complement of the angle of elevation of the sun
or star, as we will demonstrate shortly. This table will be constructed if each number
of thousandth parts of an umbra is adjoined at the left of five zeroes, and then three
zeroes are dropped, or what is the same if two zeroes are adjoined so that a tangent
value is obtained. You see this has been done above: to the 850 parts of the umbra, two
zeroes are adjoined so that the tangent becomes 85000. For by this method, the umbra
cut off is multiplied by the total sine 100000 and divided by 1000 as we have written
in the Arithmetica practica. If four zeroes are adjoined to the thousandth parts, then
by the same reasoning, tangents with respect to the total sine 10000000 are obtained.
2. Now we will show that the angle that the plumb line or the sighting line makes
with the adjacent side102 when cutting an umbra recta is the complement of the altitude
of the sun or the star, and the angle it makes when cutting an umbra versa is the altitude
itself. First, let ABCD be a square with plumb line and let AEF be a vertical quadrant
of a circle drawn through the star, so that AE is parallel to the horizontal. Let EG,
EH, EK show three elevations of the star, with EG making a 45 degree angle, EH
greater, and EK smaller. When the side AB of the square with the pinnacidia coincides
with the radius GA, the altitude will be GAE, a which is equal to its complement, since
the arcs EG and F G are equal.

Use of the
following
gnomonic
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Easy composition of
the gnomonic table.
The plumb line
cutting an
umbra recta
makes the
complementary
angle of the
altitude, but
cutting an
umbra versa
makes the
altitude
itself.
a
Book III,
Prop. 27.

Figure 39: [89]
b

And this is also equal to the angle that the plumb line makes with the side AB. b Book I,
Therefore, since the diameter of a square c bisects each right angle, hence in 45-degree Prop. 15.
angles, the plumb line will pass through the point C. And hence both angles CAB c Schol. Book
102

I, Prop. 34.
This is the angle IAB in both figures; square with plumb line on left, fixed square on right.
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and CAD will be equal to the altitude EAG. When the side with the pinnacidia
coincides with the radius HA, the altitude EAH will be larger than 45 degrees and
its complement F AH will be less than 45 degrees. d Angle IAB is equal to this angle d Book I,
Prop. 15.
F AH. And because of this the plumb line will intersect the side of the umbra recta
[90]
and will make complement of the altitude IAB, less than 45 degrees. Finally when
the side AB coincides with the radius KA, the altitude EAK is less than 45 degrees
and the complement F AK is larger than 45 degrees. a Angle IAB is equal to this
complement, and hence the plumb line cuts an umbra versa and the altitude will be
equal to angle IAD, less than 45 degrees.
Now consider the fixed square ABCD in which the side of the umbrae rectae is the
lower side CD, because the center A occupies a higher position, as was described in
Number 4 of the section on the construction of the geometric square. It is seen again
that when the altitude EAG is 45 degrees, the ray GA passes through the opposite
corner C of the square, and hence both angle CAB and angle CAD are equal to the
altitude. When the elevation EAH is greater than 45 degrees, the angle IAD that the
sighting line AI makes cutting the umbra recta DI is b equal to the angle F AH, which
is the complement of the altitude. Finally, when the elevation EAK is less than 45
degrees, the angle LAB that the sighting line LA makes cutting the umbra versa BL
c is equal to the altitude EAK itself. This finishes the proof.
Here is the table I have mentioned, containing the number of degrees and minutes
of the angles that the plumb line or the sighting line make with the adjacent side for
each thousandth part of either umbra. In this you will see that under the column label
800 and from the row label 50, the angle contains approximately 40 degrees and 22
minutes, as we said above. And the complement, approximately 49 degrees and 38
minutes will give the altitude if the parts are cut in an umbra recta. Next, the table
can be called a “gnomonic” table because in the fixed square, the angles contained in
the table are those made by the gnomon AD or AB with the sighting line, as is clear.

The gnomonic table follows.103

103

The table, which occupies pages [91], [92], [93], and a page mistakenly numbered as [96] in the
original, has been omitted because the process for producing all of the entries has been explained clearly
in the text in Number 1 above. Moreover, as Clavius points out later, the same information can be
obtained easily from a table of tangents. But recall what Clavius said at the start of this Book, namely
that these methods would not require the trigonometric tables. Hence, if they were not available, this
“gnomonic” table would furnish the needed information.
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[95]
3. Georg von Peuerbach104 composed a similar gnomonic table in his work on the
geometric square, taking 1200 parts in the sides and extending the angles to seconds.
Giovanni Antonio Magini also did this taking 1000 parts in the sides of the square,
which I noticed too late. I came across his table when I had almost finished mine;
otherwise I would have desisted from the computational labor and carried Magini’s
table over here. If anyone should wish the precision of seconds in altitudes of stars, it
will be necessary to look for that in Magini’s table, which has been well and accurately
computed by him, or to find them by the process we have taught in Number 1 of this
problem. But in my opinion, we can be satisfied with our table, which goes only to
minutes beyond degrees. If anyone should wish to compare this table with his, they
will see that in our table, a minute is always added when the angle contains more than
30 seconds.
But to confess the truth, neither our table nor Magini’s is completely necessary,
because the same thousandth parts of the sides of the square, with two zeroes adjoined,
are the tangents of the elevations with respect to the total sine 100000 and the same,
with four zeroes adjoined, are the tangents of the same angles with respect to the total
sine 10000000. And hence the elevations corresponding to any number of thousandth
parts can be selected from the table of tangents, if first two or four zeroes are adjoined,
as we have shown in Number 1. Yet since finding altitudes from the table of tangents
from tangents formed this way does not lack for tedium, because these tangents are
rarely found precisely in the table and for that reason the nearest tangent values,
smaller or larger, i.e. those that differ the least from the tangents observed, must be
taken, it would not be unprofitable to use our gnomonic table, or Magini’s table if the
precision of seconds is desired.
4. Although the gnomonic table only proceeds by whole numbers of thousandth
parts, when (by the methods introduced in Chapter 2, Number 14 of Book I) fractional
parts of thousandths are also present, a large error can not be made in the observed
elevations of stars. For since the angles in the table increase in order only by three
minutes, or two, or one minute, an error of only one or two minutes will be made even
if the fraction of a thousandth part is neglected. And if you want to avoid this error,
small as it is, consider the fraction of a thousandth and make it a third, or a half, or
two thirds, which you will easily estimate by the judgment of your senses, from the
number of tenths left over in the compass. Where the angles in the table increase by
three minutes, one or two minutes must be added, depending on whether the fractional
part is closer to 31 or 23 . For instance, if the fractional part is greater than 13 , but less
than one half, then add one minute. And when the angles in the table are increasing
by 2 minutes, one minute should be added for half of a thousandth part.
PROBLEM II. To investigate the distance between yourself and any landmark in the
horizontal plane by the geometric square.
[96]
104

Austrian astronomer and mathematician, 1421–1463. The work to which Clavius refers is also
known as the Canones gnomonis.
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1. Let the distance to be measured be F G. This will be done with the square with a
plumb line as follows. Let a known height F A be erected from F , at right angles to the
horizontal, either the height of the measurer from the plane to the eye, or any greater
height. Let the endpoint G be observed by the ray AG from the eye at A through
the pinnacidia, with the plumb line hanging freely perpendicularly and just grazing
the instrument,105 and let the point E, where the plumb line intersects the side of the

Figure 40: [96]

square be noted, whether this happens in the side BC of the umbrae rectae, or in the
corner C, or in the side DC of the umbrae versae. With the plumb line falling in the
side of the umbrae rectae or in the corner C, as in the first and second figures above,
the triangle ABE becomes similar to triangle AF G, since the angles B and F are right
angles and the angle A is common. a Therefore the distance F G that is sought will be a Book VI,
Prop. 4.
known in terms of the height AF from the proportion
AB : BE :: AF : F G,
where AB is the side of the square, 1000 parts, the height AF is known, and the umbra
recta, BE, is observed.106 But if the point E falls in the side of the umbrae versae, as
in the third figure above, the triangles ADE and AF G are also similar, because the
angles D and F are right angles and b the alternate interior angles AED and F AG are b Book I,
equal. Therefore the distance that is sought will be made known in terms of the height Prop. 29.
AF from the proportion
DE : DA :: AF : F G,
where DE is the umbra versa, DA is the side of the square, 1000 parts, and again AF
is known. From this you will be able to tell that when the point E, the intersection of
the plumb line and the side of the square, falls in an umbra recta, the height is greater
than the distance F G; when it falls in the point C, they are equal, and finally when it
falls in an umbra versa, it is less.
2. We will now explore the same distance using the fixed square.107 Let a height
known in terms of the parts from the square be erected in one endpoint E of the
distance, and perpendicular to the horizontal plane, and let the square be positioned
105

This is a check ensuring that the square is held perpendicular to the horizontal plane.
That is, as a number of parts out of the 1000 contained in the side of the square.
107
Refer to the figure on the next page, [97], but note that the eye is now to be placed at A rather
than at the other end of the sighting line, as before.
106
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so that the center A is in a superior location and the side DC of the umbra recta is
parallel to the horizontal. Therefore, with the dioptra directed toward the landmark
at the other endpoint, let the umbra cut off be noted diligently. If this is the line DI,
for instance, the height AE will be greater than the distance EG, and d the triangle d Cor. Book
ADI will be similar to the triangle AEG. e The desired distance EG will be obtained VI, Prop. 4.
e
Book VI,
in terms of the known height AE from the proportion
AD : DI :: AE : EG,

Prop. 4.

where AD is the side of the square, equal to 1000 parts, and DI is the number of parts
contained in that line.
[97]
But if the dioptra passes through C, the altitude AE will be equal to the
distance EH that is sought since a
a
AD is to DC (equal) as AE is to
Book VI,
Prop.
4.
EH.
Finally, if an umbra versa is intersected
by the dioptra, as in BK, the height AE
will be less than the distance EF , which
often happens in measurements of distances. And the triangle ABK will be
similar to triangle AEF , since angles B,
Figure 41: [97]
b
E are right angles and b the alternate inBook I,
Prop. 29.
terior angles BAK and AF E are equal.
c Hence the desired distance EF will be produced, in terms of the known height c Book VI,
Prop. 4.
AE from the proportion
BK : AB :: AE : EF ,
where AB is the side of the square, containing 1000 parts, and BK is observed as a
number of those parts.
3. When the distance is not extremely large, or the other endpoint can easily be
seen, it will be sufficient if the square is placed on the horizontal plane so that the side
BC of the umbra versa tends to a point of that line. So if the distance DM is to be
measured and the square is placed on that line erect, and the dioptra must be moved
until the sighting line is directed toward the extreme point M . By this process, an
umbra versa will always be intersected. For if the sighting line passes through C, or
intersects an umbra recta in CD, then the distance will either equal the side CD or be
less, and hence the measurement is not necessary. Therefore again the triangle N BA
is similar to the triangle ADM , since the angles B and D are right angles, d and the d Book I,
alternate interior angles BAN and AM D are equal. e Then the distance DM will be Prop. 29.
e
Book VI,
known in thousandth parts of the side AD or AB of the square from the proportion
BN : AB :: AD : DM .
4. Some authors do not customarily determine the distance sought in terms of the
given height AE, or in terms of the thousandth parts of the side AD of the square;
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instead they only investigate how many times the chosen height AE, or the side AD
of the square is contained in the proposed distance. This is the same as taking the
height or the side of the umbra to be set to 1. And so they divide either the number
of parts of the umbra recta cut off by the whole 1000 parts in the side or the whole
number of parts of the umbra versa by the number of parts cut off. Thus the quotient
indicates the number of times the height AE or the side of the square is contained in
the proposed distance because
AD (1000 parts) : DI (in parts) :: AE or AD, taken as 1: EG or DI,
and similarly
BN (in parts) :: AB (1000 parts) :: AE, or AD, taken as 1 : EF or DM .
When the third term in one of these proportions is set to 1, and that is multiplied by
the second term, the same second term is produced, and then divided by the first term.
By this reasoning, if two thousandth parts are cut off in the umbra versa
[98]
the height AE or the side AD is contained 500 times in the distance, because 1000
divided by 2 gives the quotient 500. And an umbra versa of three thousandth parts
gives the quotient 333 13 , which differs from the first number by 166 23 . From this it
can be understood that when the portion of the side of the umbra versa cut off is
extremely small, the error made in investigating distances can be large. For since the
thousandth parts are very small, we can be misled easily. For instance if we think that
three thousandths are cut off, but actually only two thousandths are, the error will be
166 32 times the height or the side, which is not an error to be sneezed at. But when
the parts of the umbra versa contain more thousandths, a smaller error will be made
even if we take one number of thousandths for another. For instance, suppose we think
that 30 thousandths are cut off in the umbra versa, but actually 31 thousandths are
8
cut off. Then the value 30 gives a quotient of 33 13 , while 31 gives 32 31
. The difference
100
7
is 93 , so the error will be 1 93 times the height AE or the side AD.108 So I greatly
recommend that the square be placed in a higher location than in the horizontal plane
so that more parts of the side of the umbra versa are cut off as is clear with the equal
distances DM and EF in the figure. You see that great diligence must be applied to
obtain the thousandth parts accurately by what we have written in Book I, Chapter 2,
Number 14.
Now if the square is constructed according to some unit of length, so that the side
contains 1 pace, or one cubit, or 2 feet or palms, or 3 or 4, etc. it will be fastest to
multiply the number of units by the 1000 parts contained in the side. Then it is only
necessary to divide that product by the number of parts of the umbra versa noted and
the quotient will give the length sought, expressed in the given units. (The umbra
versa is always the side cut when lengths are measured and the base of the square is
placed in the plane containing the length, as is true for all hypotenuses or distances
from the position of the measurer to another point either at a higher or lower elevation,
as happens in the previous figure109 when the length DM is investigated. This will also
be the case later in the scholium to problem 7, the scholium to problem 9, in Number 5
108
109

Note: This is translated rather more freely than usual for mathematical clarity.
That is, the figure on page [97].
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of problem 15, Number 3 of problem 26, Number 3 of problem 27, problem 37, Number
3 of problem 38, and finally in problems 43 and 44 and in other places.)
For example, if one side of the square contains 3 feet, we will multiply by 1000 to
obtain 3000. Then in investigating some length, if 200 parts are cut off in the umbra
versa, we will divide 3000 by 200, and the quotient 15 gives the number of feet in the
length that is sought. a For in the previous figure, the umbra versa BN , (200 parts), a Book VI,
is to the side BA (1000 parts) as the side BA (3 feet) is to DM . So it is necessary Prop. 4.
to multiply 1000 by 3 and divide the result by 200. The reasoning is the same in all
other cases. So if the side should be 12 of a cubit, the product 1000 × 21 = 500 would
be divided by the umbra versa to yield the length in cubits. By the same reasoning, if
the side is made up of 10 palms, the product 1000 × 10 = 10000 would be divided by
the number of parts in the umbra versa so that the quotient would give the length in
palms. This must be diligently noted.
5. Alternatively, when the distance to be measured is large and a good flat field
or surface is available, we will be able to use the fixed square most conveniently in the
following way. Let the required distance
[99]
be AE. Let the square be erected at right angles to the horizontal and turned in the
plane until the landmark E is visible with the eye placed at A.
Let
110
the line AG be noted. Then lower the square so
that it lies in the horizontal plane and the side AB
points toward E, that is, so that AB points along
the noted line AG. Extend the line AD with some
number of line segments equal to the side AD, or
by a line of some number of other units such as
paces, or cubits, until the point a. (In the second
location of the square, we have written small letters so that the letters from one position will not
be confused with those from the other.) Let the
square be erected again at a and turned until the
landmark E is visible along the line aH.111 After
this, lay the square horizontally in the plane, so
Figure 42: [99]
that ad coincides with the line Aa, and turn the
dioptra until the sighting line is precisely aligned
with aH. Let the number of parts in the portion bF of the side of the umbrae versae
be noted, as diligently as possible. An umbra versa will always be cut here because
the distance AE is assumed to be large, at least larger than Aa, otherwise it could be
measured without the square, as Aa is measured. The triangles abF and aAE will be
similar, since they have right angles b, A, and a the alternate interior angles baF and a Book I,
AEa are equal. b Therefore, the distance AE will be found in terms of the line Aa Prop. 29.
b
from the proportion
Book VI,
110

That is, rotate it about the side AB.
111
Note that the points G and H are only used to mark the lines from A to E and a to E; it is not
assumed that GH is parallel to Aa. But the construction in Number 6 below does guarantee that.
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bF : ba :: Aa : AE,
where ba is the known side of the square (1000 parts) and Aa is also known from the
construction. Or if the side ba (equal to 1000) is divided by the number of thousandth
parts in bF , this will produce the number of times the line Aa is contained in the
distance AE, with Aa set as 1, as we have shown in Number 4.
6. And if we do not have a square at hand, we will obtain the same distance by
means of stakes or rods by this process. Let a stake or rod be fixed at G at right angles
to the horizontal, which can easily be done with a plumb line. Then step back by some
fixed number of paces to A, so that the eye is always led to the landmark E by G.
After this, let line Aa be extended perpendicular to AE, in which there are the same
known number of paces between A and a. With another perpendicular GI drawn to
AE, and equal to Aa, fix another stake at the point H in GI where an eye sighting
from a will be led to E. Then, let the number of paces in HI (including a fractional
part of a pace) be determined most precisely. Then, by construction, since triangles
HIa and aAE are similar (they have right angles I and A and the alternate interior
angles IaH and AEa are equal) c the distance AE will be found in terms of GA, Aa, c Book VI,
Prop. 4.
aI (all known from the construction) from the proportion
HI : Ia :: aA : AE,
where HI is also known by the above. Or if aI is divided by IH, we will obtain the
number of times Aa is contained in the distance AE, as if Aa is set to 1.
[100]
7. Now we will solve this problem without the help of numbers if what we have written in problem 7, Number 7 of Book II is given close attention. For let an arbitrary angle
BAC be constructed and as in the first example of
Number 1 of this problem let AD be taken equal to
the side of the square AB, or if this is too large, half
of the side, or a third, or a fourth, etc.112 Then let DB
be taken equal to the umbra cut off BE (which must
be taken with the greatest care from the square with
a compass), or its half, or third or fourth so that AD,
DB are equal submultiples of the side AB and the umbra BE if they are not equal to them. After this, from
the instrumentum partium 113 let AE be taken, of as
Figure 43: [100]
many small parts as there are palms or feet contained
in the height AF . The line DE is parallel to BC and
the distance F G will contain as many palms or feet as
there small parts from the instrumentum partium contained in the interval EC. So if
the height AF is 5 feet, the distance will be 3 feet, and so forth. And the same method
will be used in all other examples, attentively considering the first three magnitudes in
the rule of three. Hence it is enough to have been reminded this once.
112

Refer to the figure from page [96]. Clavius has unfortunately used the same letters in two different
ways here, though, so this paragraph is not easy to follow.
113
That is, the instrument constructed at the start of Book I of this work.
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PROBLEM III. To measure a distance in a plane by the geometric square using two
stations made in the same plane, when a height is erected perpendicularly at one
endpoint, even when the lowest part at that end point is not visible.
1. Let AF be the distance to be investigated, KL be the horizontal plane, and the
height be GL. Let AK be the height of the measurer, or some other known height.
Let the fixed square be located on some base parallel to the horizontal plane, so that
the side AD, produced by thought, meets the erect height in F at a right angle. Let
the summit G be sighted with the dioptra and let its sighting line intersect the side of
the umbra versa in E (this always happens when the distance AF is greater than the
height F G, a since the angle A is less than angle G, and hence less than 45 degrees,

a

Book I,
Prop. 18.

Figure 44: [100]

which is the angle a ray from A through C would make). Then move farther forward
or back by a known distance Aa, and with the square located on the same base, and
the dioptra directed again at the point G, let the sighting line cut the side of the umbra
versa cd in H. The umbra versa dH in the closer station will be greater than the umbra
versa DE in the farther station b because the angle a is larger than the angle A. Let b Book VI,
dI equal to DE be taken away so that HI is the difference between the umbrae versae. Prop. 16.
[101]
a

And since AD is to DE as AF is to F G, b the rectangle contained by AD, F G will
be equal to the rectangle contained by DE, AF . By the same reasoning, the rectangle
contained by ad, F G will be equal to the rectangle contained by dH, aF , since c ad is
to dH ad aF is to F G. Therefore since the rectangle contained by AD, F G is equal to
the rectangle contained by ad, F G (since the lines AD and ad are equal), the rectangle
contained by dH, aF will also be equal to the rectangle contained by DE, AF , that
is, the rectangle contained by dI, AF . From this d dH is to dI as AF is to aF . And
permutando, the whole dH is to the whole AF as the part dI is to the part aF . e
Therefore also the remainder HI is to the remainder Aa as the whole dH is to the
whole AF . Hence, the distance AF , in terms of the difference of stations Aa, will be
produced from the proportion
85

a

Book VI,
Prop. 4.
b

Book VI,
Prop. 16.
c
Book VI,
Prop. 4.
d

Book VI,
Prop. 16.
e

Book V,
Prop. 19.

HI : Aa :: dH : AF .
Here HI is the difference of the umbrae versae and dH is the umbra versa at the closer
station, that is, the larger one.
2. The process is the same as before for the square with plumb line. For the plumb
line cuts triangles ADE similar to AF G and adH similar to aF G.114 First, D and d
are right angles, as is F . Then f angle BAE and angle AGF are corresponding angles
for the parallels AE and GF and the transversal AG, hence equal. Moreover angles
DEA and BAE are alternate interior angles for the parallels BA and ED, so they are
also equal. Hence angle DEA equals angle AGF , and that shows triangles ADE and
AF G are similar. In the same way triangles adH and aF G are similar. The rest will be
shown as previously, because the umbrae versae in the square with plumb line are equal
to those in the fixed square. This follows because the triangles marked ADE in the
first positions are similar and their sides AD are equal. g Hence all their corresponding
sides are equal, and similarly for the triangles marked adH in the second positions.
3. Suppose that in both stations an umbra recta is cut by the sighting line or
the plumb line, as at E, H in this figure, (This always happens when the distance
AF is smaller than the height F G.) h Now the angle A
is larger than the angle G, and hence greater than 45
degrees (the angle DAC). And the umbra recta BE
in the farther station will be larger than bH in the
closer station i because the angle F aG is greater than
the angle F AG, and hence baH is smaller than BAE.
Let BI, equal to bH, be taken away, so that IE is the
difference of the umbrae rectae. And since triangles
ABE and AF G are similar (since B and F are right
angles and k BAE, AGF are alternate interior angles),
l AB will be to BE as F G is to AF , and permutando,
AB is to F G as BE is to AF . For the same reason,
the triangles abH and aF G are similar (because of the
right angles b, F , and m the equal alternate interior
Figure 45: [101]
angles baH, aGF ), hence n ab is to bH as F G is to
aF . And permutando, ab is to F G as bH is to aF .
Therefore because AB is to F G as ab is to F G because
AB and ab are equal, it will also be true that o the whole BE is to the whole AF

f

Book I,
Prop. 29.

g

Book I,
Prop. 26.

h

Book I,
Prop. 18.

i

Book I,
Prop. 16.

k

Book I,
Prop. 29.
l

Book VI,
Prop 4.
m
Book I,
Prop. 29.
n
Book VI,
Prop. 4.
o

Book V,
Prop. 11.

[102]
as the part BI (equal to bH) is to the part aF . a Hence also the part IE will be to the a Book V,
part Aa as the whole BE is to the whole AF . For this reason, the distance AF will be Prop. 19.
found, in terms of the difference of stations Aa, from the proportion
IE : Aa :: BE : AF ,
where IE is the difference of the umbrae rectae, and BE is the larger umbra recta in
114

To relate this to the figure on page [100], think of the two squares with plumb lines translated so
that the corners labeled A and a coincide with the corresponding corners of the fixed squares from
before. The rest of the paragraph is a quite free translation for mathematical clarity.
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the farther station.
4. The reasoning is altogether the same for the square with plumb line.115 Since
again triangle ABE is similar to AF G and triangle abH is similar to aF G (because the
angles B, F are right angles and b BAE and AGF are equal exterior and interior angles,
while similarly b and F are right angles, and baH and aGF are equal exterior and interior angles), the rest will be proved as for the fixed square. In fact the umbrae rectae in
the square with plumb line are equal to those in the
fixed square since again the triangles marked ABE in
the first positions and the triangles marked abH in the
second positions are congruent. c Hence the sides BE
in the first stations and bH in the second stations will
be equal.
5. Finally, if the side of the umbra versa CD is cut
in the farther position, and side of the umbra recta bc
is cut at H in the closer station, it will be necessary
Figure 46: [102]
to reduce either umbra to the other, so that umbrae
of the same sort are obtained. We have presented this
in Number 7 in the section on the construction of the
square at the start of this book, for instance dividing the square of the side AB by the
umbra that must be reduced, etc. Then if IN , the difference of the umbrae versae or
rectae is to Aa, the difference of the stations, as BN , the larger umbra recta or dH,
the larger umbra versa is to an unknown, the value of the unknown will be the distance
AF , as was shown in Numbers 3 and 1.
6. If in one station the sighting line passes through C, it can be assumed either
that the umbra recta is BC or that the umbra versa is CD, depending on whether an
umbra recta or an umbra versa is cut in the other station.
COROLLARY I. We infer from what is shown above that the modus operandi is the
same for both squares, since we have shown that the same umbrae are cut in the square
with plumb line as those in the fixed square. Therefore any rules that are prescribed
for one are also to be observed for the other.

b

Book I,
Prop. 29.

c

Book I,
Prop. 26.

Put C at
the upper
right angle
in the first
square and
d at the
lower right
in the second.

The modus
operandi is
the same for
both squares.

COROLLARY II. It is also clear from what we have said that the process is not changed The modus
whether it is set up for umbrae versae or rectae, because the distance sought is always operandi is
the same for
found from a proportion
difference of umbrae : difference of stations :: larger umbra : distance,
as was shown.
[103]
In addition, in the scholium to problem 7, we will give a rule which will allow the
same distance AF to be measured with a single station.
PROBLEM IV. To measure the same distance116 from two stations in some height,
115
116

See the previous footnote for a tip on how to read the figure.
That is, the same as in the previous problem.
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umbrae
versae
and rectae.

with the help of the square.
1. When it is not convenient for two stations of the square to be made in a plane,
let a staff Kb be erected in which two stations of the eye of the measurer are to be
made in A and a, or make the stations in two windows of some tower, one standing
perpendicularly above the other. First let the side of the umbra versa be cut in both
stations, at E and H. The umbra versa DE at the lower station will be larger than
the umbra versa dH at the higher one because angle A is larger than angle a (the
reason being that AGF is less than aGM and the angles F and M are right angles).
a
Let DI be taken equal to dH. a And since AD
Book VI,
Prop. 4.
is to DE as AF is to F G, permutando, it will be
true that AD is AF as DE is to F G. By the
same reasoning, ad is to aM as dH is to M G.
Therefore since the ratio AD to AF is the same
as ad to aM because of the equality of the pairs
b
of lengths AD, ad, and AF , aM , b the whole DE
Book V,
Prop.
11.
will be the whole F G as dH, that is the part DI.
c
c
is to the part M G. Therefore the remainder IE
Book V,
Prop. 19.
Figure 47: [103]
is to the remainder F M , that is, to the remainder
Aa, as the whole DE is to the whole F G. This is
the same as the ratio of AD to AF , since it was
shown that AD is to AF as DE is to F G. Hence the distance AF will determined in
terms of the difference of stations Aa from the proportion
IE : Aa :: AD : AF ,
where IE is the difference of the umbrae versae.
2. If in both stations the side of the umbrae rectae is intersected in E, H,117
it will be necessary to reduce each of BE,
bH to an umbra versa by what was presented at the start of this book in Number 7 of the section on the construction of
the square, that is, dividing the square of
the side by each umbra recta cut off, in
turn: If the sides DC and dc of the umbrae rectae are extended until they intersect the rays AG, aG at points I and K,
then again, as we have shown in Number
1, IN , the difference of the umbrae versae, is to Aa, the difference of the staFigure 48: [103]
tions,
[104]
as AD, the side of the square, is to the distance AF . Therefore, as was shown in
Number 1, the distance AF will be found in terms of the difference of stations Aa.
117

Note that there is an error in this figure. The point labeled M in the upper square should be H.
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Alternatively, we will determine this same distance AF without reduction of umbrae
rectae to versae in this other way. Let P be the product of OH, the difference of the
umbrae rectae and the side ab, and let Q be the product of bH, the larger umbra recta
and BE, the smaller one. a And since ID is to DA as AB is to BE, b the rectangle
contained by ID and BE will be equal to the square on AD or AB. In the same way,
the rectangle contained by Kd, bH will be equal to the square on ad or ab, that is, the
same square on AD or AB. And hence the rectangles on ID, BE and on Kd, bH will
be equal to each other. c Therefore ID will be to Kd as bH is to BE, and permutando,
ID is to bH as Kd is to BE. That is, the whole ID is to the whole bH as KD, or as
the part DN is to BE or the part bO. And from this d the remainder IN will be to
the remainder OH as the whole ID is to the whole bH, and permutando, IN will be
to ID as OH is to bH. Since the ratio IN to DA is composed from the ratio of IN to
ID and the ratio of ID to DA (taking ID as the middle term), and as has just been
shown, IN is to ID as OH is to bH, e and ID is to DA as AB is to BE, the ratio
IN to DA is composed from the ratios OH to bH and AB to BE. f But the ratio of
the product P to the product Q is composed from the same ratios, since AB and ab
are both equal to the side of the square. Therefore the ratio of P to Q is the same as
IN to DA. Therefore, since we have shown in the first approach in Number 2 of this
problem that IN is to Aa as AD is to AF , that is, permutando, IN is to DA as Aa is
to AF , P will also be to Q as Aa is to AF . For this reason, the distance AF will be
produced in terms of the difference of stations Aa from the proportion

a

Book VI,
Prop. 4.
b

Book VI,
Prop. 17.
c
Book VI,
Prop. 16.
d

Book V,
Prop. 19.

e

Book VI,
Prop. 4.
f

Book VI,
Prop. 23.

P : Q :: Aa : AF ,
where as above P is the product of the difference of umbrae rectae and the side of the
square, and Q is the product of the larger and smaller umbrae rectae.
g

In yet another way, since bH is to ab as aM is to M G, the proportion
bH : ab :: aM : M G,

taking aM as 1, will indicate how many times aM is contained in M G: the side ab of
the square (1000 parts) is multiplied by 1, then divided by the number of parts in the
umbra recta bH to produce M G in terms of aM . In the same way, the proportion
BE : AB :: AF : F G,
taking AF as 1, will give the number of times AF is contained in F G: the side AB
of the square (1000 parts) is multiplied by 1, then divided by the number of parts in
the umbra recta BE to produce F G in terms of AF . Therefore if the first quotient
M G is subtracted from the second quotient F G, the difference gives F M , or Aa, the
difference of stations, in terms of AF , which is taken as 1.
[105]
Then, as a result, AF can be found in terms of the difference of stations, or in terms
of some unit of length using
Aa : Aa :: AF : AF ,
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g

Book VI,
Prop. 4.

where the first term means the difference of the quotients just computed, the second
term means the difference of the stations known in terms of some unit of length, the
third term is 1, and the last is the distance sought.
3. Finally, if in the lower station the side of the umbra recta is cut in E, and the

Figure 49: [105]

side of the umbra versa is cut in H in the higher station, the umbra recta is again to
be reduced to an umbra versa, as we have said, producing the side DC of the umbrae
rectae to point N , and taking DI equal to dH. The distance AF will be known, in
terms of the difference of stations Aa, from the proportion
N I : Aa :: AD : AF ,
where N I is the difference of the umbrae versae, and AD is the side of the square.
Alternatively, without reduction of umbrae rectae to umbrae versae, we will do
the following. Let the product of the umbra recta BE and the umbra versa dH be
subtracted from 1000000, the square of the side (1000 parts), and let the difference be
O. Also let BE times the side of the square (1000) be P . And because we have shown
in Number 6 of the section on the construction of the square at the start of this book
that the side of the square is the mean proportional between the umbrae BE, DN , a
the rectangle contained by BE, DN will equal the square on the side. b Therefore, a Book VI,
since the rectangle contained by BE, DN is equal to the two rectangles contained by Prop. 16.
BE, DI and by BE, N I, if the rectangle contained by BE, DI is taken away from the b Book II,
rectangle contained by BE and DN , that is, from 1000000, the square of the side AD, Prop. 1.
the remainder will be the rectangle contained by BE, N I. Hence since DI is equal
to dH, the rectangle contained by BE, DI has area the product of the two umbrae
BE and dH. And because of that, the remaining rectangle contained by BE, N I (as
above) will have area equal to the number O. By construction, P is also equal to the
area of the rectangle contained by the umbra recta BE and the side AD. Therefore,
since the number BE multiplying N I and AD produces O and P , c O will be to P as c Book VII,
Prop. 17.
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N I is to AD. But as we have shown in Number 1 of this problem, N I, the difference
of the umbrae versae, is to Aa, the difference of the stations, as AD, the side of the
square is to AF , and permutando, N I is to AD as Aa is to AF . Therefore also O will
be to P as Aa is to AF . Because of this, the distance sought AF will be produced
from the proportion
O : P :: Aa : AF ,
where O is the square of the side minus the product of the two
[106]
umbrae, and P is product of the umbra recta and the side.
4. Here too, if in one station the sighting line or the plumb line happens to through
the point C, that will be taken either as a point of the side of the umbrae rectae or the
umbrae versae, as has been said in Number 6 of the preceding problem.
PROBLEM V. To infer the altitude of any erect object from its distance from the eye
of the measurer, using the square.118

Figure 50: [106]

1. Let the altitude to be inferred be GL, or IL, perpendicular to the horizontal.
Let the known height of the measurer be F L or AK. Let AF parallel to the horizontal
plane be prepared, in which the square is to be erected, and let it be understood that
the side AD produced intersects the altitude in F . First sighting the summit at I, let
the dioptra or the perpendicular plumb line cut the side CD of the umbrae versae in
E. This will happen when the distance AF is greater than the height F I, as we have
shown in Number 1 of problem 1. Therefore, since the triangle ADE is similar to the
triangle AF I, as was shown there, a AD will be to DE ad AF is to F I. Therefore, the a Book VI,
Prop. 4.
altitude F I will be computed in terms of the distance AF from the proportion
Side of square : DE :: AF : F I.
118

As will be clear from the solution, the distance that is assumed known is the horizontal distance
from the position of the measurer to a point of the object at the same height.
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If the distance AF is not known beforehand, it will be investigated by problem 3 or
4 first. And if the height F L, or the height of the measurer is added to F I, the whole
proposed altitude IL will be made known.
2. Next, let the sighting line pass through the point C. This happens when the
distance AF is equal to the height F M , b since then the angle CAD is a 45 degree b Schol. Book
angle and so is the angle M in the triangle F AM . c And for that reason the sides AF , I, Prop. 34.
F M are equal, and AF is either given or to be determined using problem 3 or problem c Book I,
4. If F L (the height of the measurer, or some other known distance) is added to this, Prop. 6.
the whole proposed altitude M L will be known.
3. Finally, let the side of the umbrae rectae be cut in H, which will happen when
[107]
the distance AF is less than the altitude F G. The triangle ABH will be similar to the
triangle AF G, as we have shown in Number 3 of problem 3. Therefore, BH will be to
AB as AF is to F G, and hence the height F G will be determined from
BH : AB :: AF : F G
As before, AF will either be known or determined by problem 3 or 4. If F L (the height
of the measurer, or some other known distance) is added to this, the total height GL
will be made known.
PROBLEM VI. To make the same altitude known with the square, even if its distance
from the eye of the measurer is neither given, nor determined, using two stations made
in a plane.
1. Let it be proposed to measure the height F G, excluding the height of the
measurer F L. Let two stations be made as in problem 3, of which the first figure is

Figure 51: [107]

repeated here. First let an umbra versa be cut in both stations at the points E, H.
Because of the similarity of the triangles ADE, AF G a,119 DE is to AD as F G is to
119

The marginal note is missing here. The reference is to Proposition 4 of Book VI of Euclid.
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AF . Hence in the proportion
DE : AD :: F G : AF ,
if F G is taken as 1, then AD, multiplied by 1 and divided by the umbra versa DE will
produce a quotient indicating how many times F G is contained in AF . In the same
way, in the proportion
dH : ad :: F G : aF ,
if F G is taken as 1, then ad, multiplied by 1 and divided by the umbra versa dH will
produce a quotient indicating how many times F G is contained in aF . Therefore if
the last quotient aF is subtracted from the first quotient AF , the difference Aa will
remain, known in units in which F G is 1. Therefore,
[108]
from the proportion
Aa : Aa :: F G : F G,
where the first term means the difference of the quotients computed above, the second
means the known difference of stations in some units, and the third term is 1, F G will
be produced in terms of the units used for the known distance Aa. If the height F L of
the measurer is added, the whole altitude GL will be made known.
Alternatively, let N be the product of the difference HI of the umbrae versae and
the side of the square, and let O be the product of DE and dH. With the sides BC,
bc produced to R, P in the rays120 , let BQ be cut off, equal to bP . As was shown
in Number 3 of problem 3, QR (the difference of the umbrae rectae) is to Aa (the
difference of stations) as BR (the larger umbra recta) is to AF , but a BR is to BA as a Book VI,
AF is to F G, and permutando, BR is to AF ad BA is to F G. Therefore also QR will Prop. 4.
be to Aa as BA is to F G, and permutando, QR is to BA as Aa is to F G.
I say now that QR is to AB as the number N is to the number O.
b

For since DE is to DA as AB is to BR, c the rectangle contained by DE, BR,
will be equal to the rectangle contained by DA, AB, that is, equal to the square on
the side. By the same reasoning, the rectangle contained by dH, bP will be equal to
the same square on the side, from which it follows that the rectangle contained by DE,
BR will be equal to the rectangle contained by dH, bP . d Therefore DE will be to dH
as bP is to BR, and convertendo dH will be to DE as BR is to bP , or to the part BQ.
e Therefore also the part HI will be to the part QR as the whole dH is to the whole
BR, or as the part dI is to the part BQ. Then, permutando, HI will be to dI as QR
is to BQ, or to bP . f But the ratio of the number N to the number O is composed
from the ratios HI to dI, or to DE, and of the side ad to dH because by construction
N is the product of HI and ad and O is the product of DE and dH. Therefore, since
(as we have shown a bit earlier), HI is to dI as QR is to bP , g and the side ad is to
DH as bP is to ba, the ratio N to O is also composed of the ratios QR to bP and bP
to ba. But this is the same as the ratio of QR to ba. Therefore the ratio of N to O
120

That is, in the rays from A and a sighting the summit at G.
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is the same as QR to ba, or to BA, which is what we wanted to prove.121 Therefore
the altitude F G will be determined in terms of the difference of stations Aa from the
proportion
N : O :: Aa : F G,
where, again, N is the product of the difference of the umbrae versae HI and the side
of the square, and O is the product of the two umbrae versae.
Alternatively, let each umbra versa be reduced to an umbra recta as we have taught
in Number 7 of the section on the construction of the square at the start of this book.
Then the altitude F G will be obtained from those umbrae rectae, as will be given in
the following Number 2.
2. Next, let umbrae rectae be cut both in E, and in H as in the second figure of
problem 3, which is repeated here. And since, because of the similarity of the triangles
ABE, AF G,
[109]
a

BE is to AB as AF is to GF , permutando, it will also be true that BE is to AF a Book VI,
as AB is to GF . By the same reasoning, bH will be to aF as ab is to F G, and hence Prop. 4.
the whole BE will be to the whole AF , as the part bH, or BI is to the part aF (since
either ratio is that of AB, or ab to F G). Therefore also the part IE is to the part Aa

Figure 52: [109]

as the whole BE is to the whole AF , that is, as AB is to F G, since these two ratios
are equal to each other, as we have shown a bit above. Hence, the altitude F G will be
found from the proportion
IE : Aa :: AB : F G,
121

A sentence recapitulating points made earlier is omitted here.
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where IE is the difference of the umbrae rectae. With the height of the measurer F L
added, this will make known the altitude GL that is sought.
Alternatively, divide the side of the square (1000) by each umbra recta, multiply the
smaller quotient by the difference of stations, and divide the result by the difference
of the two quotients. If this last quotient is multiplied by the larger of the first two
quotients, the altitude sought will be produced in terms of the difference of stations,
which is clear.122
Let the smaller umbra recta bH be 50, for instance, and the larger one BE be 125,
while the difference of stations is 16 paces. b And since bH is to ab as aF (taken as 1) b Book VI,
is to F G, if ab = 1000 is divided by bH = 50, the quotient 20 will indicate that the Prop. 4.
line aF is contained in F G twenty times.
Similarly, c since BE is to AB as AF (taken as 1) is to F G, if AB = 1000 is divided c Book VI,
by BE = 125, the quotient 8 will show that the line AF is contained eight times in Prop. 4.
F G. Since Aa, equal to 16 paces, together with aF is contained eight times in F G,
this means that F G is 16 paces taken 8 times together with aF taken eight times, or
128 paces together with aF taken eight times. But,
[110]
the same aF taken twenty times also equals F G. Therefore 128 paces together with 8
times aF equals 20 times aF . Therefore, if 8 times aF is taken away from both, 128
paces equals aF taken 12 times and from this 128 divided by 12 will yield 10 32 paces
for the line aF (since 12 times 10 23 equals 128). Therefore since aF is contained 20
times in F G, if aF = 10 32 is multiplied by 20, the product is F G, which is 213 31 paces.
Therefore, you see the smaller quotient 8 is multiplied by the difference of stations,
16 paces, so that 128 is produced. This number divided by 12, the difference of the
quotients, gives 10 23 for the line aF , and then that number multiplied by the larger
quotient 20 produces the altitude 213 13 paces as we have said in the rule given above.
You will also obtain that altitude by the way given before, for instance from:
75 (the difference of the umbrae) : 16 :: 1000 : the unknown
since 16000 divided by 75 gives the quotient 213 31 just as the first method did.
3. Finally, in the farther station, let an umbra versa be cut in E, and in the
closer station, let an umbra recta be cut in H, as
in the third figure from problem 3. Having reduced the umbra versa to an umbra recta as in
Number 7 in the section on the construction of
the square at the start of this book, the altitude F G will be found just as we have shown in
Number 2, since IN (the difference of the umbrae rectae) is to Aa, the difference of stations,
Figure 53: [110]
as AB, the side of the square, is to the unknown.
122

This is illustrated by the following example, but Clavius will not supply a general proof.
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4. If by chance in one station the sighting line or the plumb line should pass through
the point C, in the first case CD should be taken as an umbra versa, but in the other
two cases, BC should be taken as an umbra recta.
Alternatively, this will be done without reduction of the umbra versa to an umbra
recta as follows. Let the product of the umbra versa DE and the umbra recta bH be
subtracted from 1000000, the square of the side 1000, and let the remainder be P . Also
let Q be the product of the umbra versa DE and the side 1000. a And because of the a Book VI,
similar triangles BN is to BA as AF is to F G, and permutando, BN is to AF as BA is Prop. 4.
to F G. But BN , the larger umbra recta, is to AF as IN , the difference of the umbrae
rectae, is to Aa, the difference of stations, as has been said in Number 5 of problem 3.
Therefore, IN will also be to Aa as AB is to F G, and permutando, IN is to AB as Aa
is to F G.
Now I say that P is to Q as IN is to AB.
b

For since DE is to AD as AB or AD, is to BN , c the area of the rectangle
contained by DE, BN , is equal to 1000000, the square of the side AB. d But the
rectangle contained by DE, BN is equal to the sum of the rectangles contained by
DE, BI, and by DE, IN . Therefore, if the product of the umbra versa DE and BI,
that is, the umbra recta bH, is subtracted from the rectangle contained by DE, BN ,
that is, from the square 1000000, the rectangle contained by DE, IN will remain, and
from this the difference is the same as P . But Q is the product of the same umbra
versa DE and the side AB. Hence since DE multiplying IN and AB produces P and
Q, e P will be to Q as IN is to AB, that is, as Aa is to F G. For this reason, the
altitude F G, known in terms of the difference of stations Aa, will be produced from
the proportion
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[111]
P : Q :: Aa : F G,
where again P is the number that remains when the product of the umbra versa DE
and the umbra recta bH is subtracted from the squared side 1000000, and Q is the
product of the umbra versa DE and the side AB. If the height F L of the measurer is
added, the whole altitude GL will be made known.
In the scholium to the next problem, we will solve this same problem with just one
station of the square.
PROBLEM VII. To investigate the same height by the square, when the distance from
the eye of the measurer is neither given, nor computed, and neither is it possible to
make two stations along the line in the direction of the altitude, using two stations
made in an erect staff.
1. Since two stations cannot be made conveniently in the plane, let a staff Kb
be erected perpendicular to the horizontal, unless an erect building happens to be
available, and let two stations in A and a be made there as in problem 4. First, let the
dioptra or the plumb line fall in umbrae versae in both stations, as in the first figure
of problem 4, which is repeated here. a And since by similar triangles AD is to DE as
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a

Book VI,
Prop. 4.

Figure 54: [111]

AF is to F G, permutando, AD will be to AF as DE is to F G. By the same reasoning,
ad will be to aM as dH is to M G. Therefore, since the ratio AD to AF is the same
as the ratio ad to aM (because of the equality of the pairs of lines AD, ad, and AF ,
AM ), b the whole DE will be to the whole F G as dH, that is, as the part DI is to b Book V,
the part M G. c Therefore the remaining part IE will also be the remaining part F M , Prop. 11.
that is to Dd, as the whole DE is to the whole F G. Therefore, the height F G will be c Book V,
Prop. 19.
known in terms of the difference of stations Dd from the proportion
IE : Dd :: DE : F G,
where IE is the difference of the umbrae versae and DE is the larger umbra versa.
With the height of the measurer F L added to this, the whole height GL will be known.
2. Next, let the dioptra cut umbrae rectae in both stations, as in the second figure
of problem 4, which is located on page [103]. d And since by simliar triangles bH is to d Book VI,
ab as aM is to M G, e the rectangle contained by bH and M G is equal to the rectangle Prop. 4.
contained by ab, aM . By the same reasoning the rectangle contained by BE, F G, is e Book VI,
equal to the rectangle contained by AB, AF , f because the ratio of BE to AB is the Prop. 16.
same as the ratio of AF to F G. Therefore, since the rectangle contained by ab, aM f Book VI,
is equal to the rectangle contained by AB, AF , because of the equality of the pairs of Prop. 4.
lines ab, AB and aM , AF , now the rectangle contained by bH, M G will be equal to
the rectangle contained by BE, F G.
[112]
a

Hence the whole BH will be to the whole F G as BE, or the part bO, is to the part a Book VI,
M G. b And from this, the remaining part OH will be to the remaining part F M , or to Prop. 17.
Aa, as the whole bH is to the whole F G. For this reason, the folllowing proportion will b Book VI,
Prop. 19.
produce the altitude F G. Hence the altitude F G will be known from the proportion
OH : Aa :: bH : F G,
where OH is the difference of the umbrae rectae, Aa is the difference of stations, and
bH is the larger umbra recta. Here you see that the modus operandi is clearly the same
for umbrae rectae as it is for umbrae versae.
3. Finally, in the lower station, let an umbra recta BE be cut and an umbra versa
dH be cut in the higher station, as in the third figure of problem 4, which is located
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on page [105]. Therefore, with the umbra recta reduced to an umbra versa, as we have
declared in Number 7 of the section on the construction of the square at the start of
this book, the proportion IN : Aa :: DN : (an unkown), where IN is the difference of
the umbrae versae and DN is the larger umbra versa, will make the height F G known
in terms of the difference of stations, Aa, as we have shown in Number 1. And if you
would prefer to reduce the umbra versa to an umbra recta, then you will find the same
altitude by two umbrae rectae, just as we have shown in Number 2.
4. If the sighting line should happen to pass through the point C in either station,
it will be up to your discretion to take either one whole side as an umbra versa or the
other as an umbra recta.
SCHOLIUM. The same altitude, and its distance from the eye of the measurer, together
with the hypotenuse extended from the eye to the summit of the altitude, may be found
with the help of the geometric square by a single station, even if only the summit of the
erect object is visible. As a result, this scholium is superior to all of the things we have
investigated in problems 3–7 using several stations, and hence it should be diligently
and thoroughly learned.
Let the altitude to be measured be IF , and the height of the measurer be IG or HA.
Let a line parallel to the horizontal plane
through A be prepared, on which the
square can be placed or fastened. First,
the hypotenuse AF is to be investigated,
in this way. Let the square be inclined
so that the center of the dioptra is in
the higher position on the side aA123 and
whose lower point A is the eye of the measurer. And let the whole square be raised
or lowered until the side Ae tends directly
Figure 55: [112]
to the summit F . Keeping the square in
that position, let the measurer transfer
his or her eye to the point a and sight the
summit F through the dioptra, and let the number of parts cut off in the umbra versa
bc be noted. c,124 Then the proportion
cb : ab :: aA : AF
will give the hypotenuse in terms of the side aA. For instance, if cb contains 50 parts
of the side of the umbra versa and aA is three feet, then the proportion says 50 is to
1000 as 3 is to the hypotenuse AF , and it will be found that AF is
[113]
60 feet. But if aA is taken as 1000, then the same AF will be found as 20000 of the
parts, of which 1000 are contained in aA.
2. After this, let the square be lowered so that AD is parallel to the horizontal,
123

That is, at the point a.
The marginal note for this reference is missing. It should be Book VI, Proposition 4 of Euclid
again. Triangles aAF and cba are similar.
124
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How the preceding five
problems
are solved
with the fixed
square in one
station.

and the center of the dioptra is at A. From this position, the summit F will be sighted
along the hypotenuse AF whose length was just found. First, let this line cut an umbra
versa in E as in the first square in the figure, and let the portion AE of the ray of the
dioptra be determined, either a since both sides AD and DE are known, or b what is a Rectil.
known from problem 1, since the umbra DE and the angle DAE are known, or finally Triang. 6.
c by extracting the square root of the sum of the squares of AD and DE. With AE b
Rectil.
d
Triang.
5.
found in thousandth parts of the side AD, and EM drawn parallel to AG, GF will
c
Book I,
be found in thousandth parts of the side of the square from the proportion
Prop. 47

AE : AF :: GM : GF ,
where all the distances are known in the same thousandth parts, and GM is equal to
DE. Then again, using the length 3 feet for AD from before, from the proportion

d

Book VI,
Prop. 2 &
componendo.

AD = 1000 : AD = 3 feet :: GF in thousandth parts of the side : GF ,
the length of GF in units of feet will be obtained. And if the height of the measurer
GI, known also in feet, is added to this, the whole altitude IF will be known in feet.
Here you see that with the same work we have also found the distance AF from
the eye A to the summit F .
3. Next let the hypotenuse aF (found as in Number 1) cut the sides of both umbrae
in C, as in the second square in the figure. e The proportion
ac : aF :: GK : GF ,

e

Book VI,
Prop. 2 &
componendo.

where ac is the portion of the ray of the dioptra found in thousandth parts of the side
as in Number 2, will produce GF in thousandth parts of the side dc. Then from the
proportion
dc : dc = 3 feet :: GK = 1000 : GF ,
the same GF will be found in units of feet. And if the height of the measurer GI in
feet is added, the whole altitude IF will be known in feet.
4. Third, let the hypotenuse AF (found as in Number 1) cut an umbra recta in E,
as in the third square in the figure. f GF will be known from the proportion
AE : AF :: GK : GF ,

f

Book VI,
Prop. 2 &
componendo.

where the first term is the portion of the ray of the dioptra found as we have taught in
Number 2, the second term is the hypotenuse found as in Number 1, and GK is equal
to the side of the square (1000). And again from the proportion
DC = 1000 : 3 feet contained in DC :: GF = 1000: GF ,
GF will be known in units of feet, etc.
And by this same reasoning, all other lines found in terms of thousandth parts of
the side of the square will be converted to any other measure: to feet, or cubits, etc.
[114]
5. But then the horizontal distance AG or HI from the measurer to the erect object
will be made known a from the proportion
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a

Book VI,
Prop. 2 &
componendo.

AE : AF :: AD : AG
in the first square,125 and from the proportion
ac : aF :: ad : aG
in the second square. Or, with EL, drawn parallel to the side AB, in the third square
the distance AG will be found from
AE : AF :: BE (equal to AL) : AG.
Therefore you see that in this way of measuring altitudes or distances, even inaccessible ones, there is no need to make two stations of the square either in the plane
or in an erect staff. It tends for the most part to be rather troublesome to carry that
out. But it is only necessary to investigate the hypotenuse first by the inclined fixed
square, and then the portion of the ray of the dioptra between its center and where
it intersects the side of the square. As is clear, finding the distance this way is not
difficult because the measurer is never forced to change his or her position.
PROBLEM VIII. To measure the height of a tower or mountain with the square when
in the plane of the summit, parallel to the horizontal plane, two stations can be made,
and some landmark in the horizontal plane can be discerned.
1. Let the height be DF M d,126 and suppose that for instance in the plane Dd two
stations can be made, from which some
landmark G in the horizontal plane can
be seen. (So that we would not be forced
to describe a new figure, we have repeated
the first figure of problem 4, but rotated
by 90 degrees, so that the letters are not
in the correct orientation. And although
the landmark G is not visible from A
because of the plane Dd, the procedure
will be the same if some landmark farther
away is chosen and that can be sighted
from A.) Let the instrument be oriented
Figure 56: [114]
in each station so that the side of the umbrae rectae lies on the bottom. And first,
let umbrae rectae be cut both in E, H
(for in this inversion, the side DC serves as the side of the umbrae rectae and BC as
the side of the umbrae versae, as was declared in Number 4 at the start of this book.
And let a segment DI, equal to the umbra dH in the closer station (which is always
smaller), be cut off from umbra DE. Accordingly, the line AF will be known from the
proportion
125
The “first square” refers to the case where the hypotenuse AF cuts the side of the umbrae versae,
from the left portion of the figure on page 112. Similarly, the “second square” and “third square” later
refer to the other two portions of that figure.
126
That is, this rectangle represents a vertical section of the physical mountain or tower.
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IE : Aa :: AD : AF ,
where IE is the difference of the umbrae rectae, Aa is the difference of stations, and
AD is the side of the square. If the side of the square AD, measured in terms of
[115]
the difference of stations, is subtracted from AF , the altitude DF or dM that is sought
will remain. It was proved in problem 4, Number 1 that by this process, the line AF
is found.
2. Now, if in each station the side of the umbrae versae is cut in F , H, as in the
second figure of problem 4, repeated here, but rotated by 90 degrees, we will have three
ways to investigate the height AF . If the side AD of the square is taken away from this,
the desired height DF , or dM will remain. For, first, with each umbra versa reduced
to an umbra recta, the proportion

Figure 57: [115]

IN : Aa :: AD : AF ,
where IN is the difference of the umbrae rectae, will give AF , the height from the eye
of the measurer, in terms of the difference of stations Aa. Second, without reduction,
the proportion (where the first two terms involve the indicated products)
P = (OH)(ab) : Q = (bH)(BE) :: Aa : AF ,
where bH 127 is the larger umbra versa, BE is the smaller one, and OH is their difference,
will do the same. And finally, third, the proportion
Aa : Aa :: AF , set to 1 : AF ,
where the first term is the difference of the quotients of the side of the square divided
by the two umbrae versae, the second term is the difference of stations known in some
units, and in the the length of AF is taken as the unit. All of this was proved in
Number 2 of problem 4.
127

Recall that there is an error in this figure: the M in the right-hand square here should be H.
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3. Finally, let the side of the umbrae versae be cut in one station at E, and the side
of the umbrae rectae be cut in H in the other, as in the third figure from problem 4,
repeated here, again rotated by 90 degrees. If, as we have shown in the same problem
4, Number 3, the umbra versa is reduced to an umbra recta

Figure 58: [115]

[116]
the proportion
N I : Aa :: AD : AF ,
where N I is the difference of the umbrae rectae, will produce AF in terms of the
difference of stations Aa. Or without reduction, the proportion
O : P :: Aa : AF
will do the same, where O = (AD)(AD) − (BE)(dH) is the square of the side AD
minus the product of the umbrae, and P is the product P = (BE)(AD).
4. But now if the distance F G from the tower to the landmark G in the horizontal
plane is known, we will infer the altitude more easily from a single station in A. For if
the side of the umbra recta DC is cut in E as in the first figure, a the proportion

a

Book VI,
Prop. 4.

DE : AD :: F G : AF ,
where DE is the umbra recta, gives AF in terms of the known distance F G. Or when
the side of the umbra versa is cut in E, as in the second figure, b the proportion

b

Book VI,
Prop. 4.

AB : BE :: F G : AF ,
where BE is the umbra versa, produces AF . In either case, if the side of the square
AD is subtracted, the remaining altitude DF is also known.
But if the dioptra passes through C, c the distance F G will be equal to the altitude c Book I
AF . With the side of the square AD removed, the height of the tower DF becomes Prop. 6.
known.
We will solve this same problem in the scholium to the next problem, using just
one station of the square.
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PROBLEM IX. To investigate the height of a tower or mountain from its summit with
two stations of the square made in an erect staff, when some landmark is visible in the
horizontal plane.
1. When there is not enough open area in the summit to make two stations,
let a staff be erected in which two stations are to be made. If dF is the altitude
to be measured, let the
staff dA be erected, and
with the center of the
dioptra applied first at
a and then at A, let the
landmark G in the horizontal plane be sighted
by the rays aG, AG.
First, let umbrae rectae be cut both in H
and in E as in the
first figure from problem 3, which is repeated
here, rotated by 90 degrees. As we have said
in the previous problem,
Figure 59: [116]
in this orientation, DC
is the side of the umbrae
rectae and BC is the side of the umbrae versae. Therefore, as we have shown in Number
1 of problem 1, from the proportion
[117]
HI : Aa :: dH : AF ,
where HI is the difference of the umbrae rectae, Aa is the difference of stations, and
dH is the larger umbra recta, AF will become known. If the portion Ad of the staff that
the two squares occupy is removed, the difference will make the altitude dF known.
2. If in each station umbrae versae are intersected by the rays, as in the second
figure from problem 3, repeated here rotated by 90 degrees,128 the line AF will be
produced from the proportion
IE : Aa : BE : AF ,
where IE is the difference of the umbrae versae, and BE is the larger umbra versa.
If the portion Ad of the staff from the top of the upper square to the bottom of the
lower one is subtracted from AF , the difference will make the altitude known, just as
we have shown in problem 3, Number 3.
3. But if in one station the side of the umbrae rectae is cut and the side of the
umbrae versae is cut in the other, as in the third figure of problem 3, which is repeated
128

This is Figure 60 on the next page.
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Figure 60: [117]

here, rotated,129 the umbra recta will be reduced to an umbra versa, or the umbra versa
to an umbra recta. For as we have shown in problem 3, Number 5, AF is found from Put the label
d on the
lower left
corner of the
lower square.

Figure 61: [117]

the proportion
IN : Aa :: BN or dN : AF ,
where IN is the difference of the umbrae, either versae or rectae. If umbrae versae are
used in IN , then the larger umbra versa BN is used, and if umbrae rectae are used
IN , dN , the larger umbra recta, is used. If the portion Ad of the staff is subtracted,
the difference will make the altitude dF known.
4. If AF is a tower, and observations are made from two windows d, D, the height
of the tower will be determined in the same way, as is clear.
SCHOLIUM. We can also achieve what the previous two problems taught using two
stations made in a flat area at the summit of a tower or a mountain, or in an erect
staff,
129

See Figure 61.
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[118]
with a single station, and at the same time find the distance from the mountain130 or
from the tower to a given landmark in the horizontal plane.
To measure

Let DE be the height of the mountain or tower, and let the landmark seen the altitude
of a mountain
in the horizontal plane
or tower from
be F . From D let a
its summit
staff DA be erected and
with one
taking DA equal to the
station
side of the fixed square,
together with
let the square abcd be
the distance
placed at A so that the
from the
tower or
center of the dioptra
mountain
is higher and the lower
to a given
side points to F . With
landmark in
the eye placed at a, let
the horizontal
Figure 62: [118]
the dioptra be directed
plane.
toward F , and let the
number of parts in the
umbra versa be be noted. From the proportion
be : ba :: ad : AF ,
the hypotenuse AF will be found in terms of the side ad. Then again let the square
ABCD be placed so that the center of the dioptra A is higher, and the side CD is
parallel to the horizontal, that is, the side AD coincides with the erect staff. Placed
this way, the landmark F will be sighted along the hypotenuse AF found before. First
let this cut the side of the umbrae versae BC in G. Let the portion AG of the dioptra
be investigated as we have taught in Number 2 of the scholium to problem 7. a Then a Book VI,
Prop 4 &
AE will be ascertained in terms of the hypotenuse AF from the proportion
componendo.

AG : AF :: AL : AE,
where AF and AG have been found before, and AL is equal to the umbra versa BG
(with GL drawn parallel to EF ). And if AD, the side of the square, is subtracted, the
remainder will make the height of the mountain or tower, DE, known. Then from the
proportion
AG : AF :: EM : EF ,
where EM is equal to the side CD, producing BC to M , the distance EF will become
known, again in terms of the hypotenuse AF .
Here you see the distance from the eye at A to the landmark in the horizontal plane
is found by the same work.
But it will not be difficult to find DE or EF in some other units such as feet if
they were found originally in thousandths of the side AD or CD. Use the proportion
130

That is, from a point directly below the measurer within the mountain so that the line joining the
position of the measurer to that point would be perpendicular to the horizontal.
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AD = 1000 : AD in feet or cubits : DE or EF : an unknown.
And by the same process, all lengths found in thousandth parts of the side of the square
will be reduced to other units such as feet or cubits, as we have advised in the scholium
to problem 7.
2. Next, let the hypotenuse AI cut the square in C (the hypotenuse AI will be
found as AF was found).
[119]
Let the portion AC of the dioptra be investigated as we have stated in Number 2 of
the scholium to problem 7. a Next, the proportion
AC : AI :: AD : AE,

a

Book VI,
Prop 2 &
componendo.

will give AE in terms of the hypotenuse AI. The distance EI will contain the same
number of thousandths, b because AE and EI are equal and the angles EAI and EIA b Book I,
Prop. 6.
are equal 45-degree angles.
3. Finally, let the hypotenuse AK (found the same way AF was determined) cut
the side of the umbrae rectae in H. Let the portion AH of the dioptra be found as we
have taught in Number 2 of the scholium to problem 7. c Then AE will be known in c Book VI,
Prop 2 &
terms of the hypotenuse AK from the proportion
componendo.

AH : AK :: AD : AE.
Then, with HN drawn parallel to AE, the distance EK will be obtained from the
proportion
AH : AK :: EN = DH : EK
in terms of AK. And if the root of the mountain131 were visible from the vertex D, the
distance from the root to E would be found. If this is taken away from the distance F E,
the remaining distance from F to the root of the mountain, which might sometimes be
desired, will also be known.
PROBLEM X. From the summit of a tower, or from one if its windows,132 to determine
the distance from the base of the tower to a given landmark in the horizontal plane,
with the square.

Figure 63: [119]
131
132

That is, a point K right at the base of the mountain
Clavius will first assume the height is known, then indicate what to do if it is not.

106

1. Let the tower be AF , and the distance to be measured F G. Therefore, if the
height of the tower, or its portion between a window A and the base F is known, let
the landmark G be sighted by the pinnacidia of a square with plumb line. And if the
plumb line cuts the side of the umbrae rectae in E, or passes through in the point C,
from the proportion
AB : BE : AF : F G,
[120]
the distance F G sought will be known in terms of the height AF , which is assumed to
be known.
But if an umbra versa is cut in E, the proportion
DE : DA :: AF : F G
will also determine the same distance F G in terms of the known height of the tower.
2. You obtain the same distance also by means of the fixed square. For again let
DE be a tower, and the distance to be measured EG, EH or EF . Therefore let the
dioptra cut the side of the umbrae rectae in I. From the proportion
AD : DI :: AE : EG,
where DI is the umbra recta, and AE is the altitude DE plus the side AD, the distance
EG that is sought will emerge. But if the dioptra passes through C, the distance EH

Figure 64: [120]

will be equal to the altitude AE which is assumed known.
Finally, if the side of the umbrae versae is intersected in K, the distance EF will
be found in terms of the altitude AE by means of the proportion
BK : AB :: AE : EF .
All of this has been proved in Number 1 and 2 of problem 2.
3. Now if the height of the tower is not known, it will be investigated first by
problem 8 or problem 9, or instead by the scholium to problem 9, or even (if it can
be done conveniently) by dropping a rope with an attached weight. Then it will be
necessary to proceed as has been said in Number 1 and 2.
In truth, without thinking anything about a tower, we will achieve the same by
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the methods by which we investigated a given altitude in problem 6 or 7, even if the
distance to the altitude is unknown. For if in problem 6 the tower is df and the distance
to be measured is F G, we will achieve this if we make two stations of the eye in points
a, A in an erect staff dA. Only when an umbra versa is mentioned there, it is to be
understood as an umbra recta here, and vice versa.
By the same reasoning, if in problem 7 the tower is dF and the distance to be
measured is F G, we will find that distance if we make two stations of the eye at points
A, a in a flat area in the summit of the tower. Only when an umbra versa is mentioned
there, it is to be understood as an umbra recta here. and vice versa. If the figures
of problems 6 and 7, that is the figures of problems 3 and 4 are rotated so that the
altitudes are AF and AF , then the side DC will belong to the umbra recta and BC will
belong to the umbra versa as we explained at the beginning of this book in Number 4
of the section on the construction of the square.
But we find this distance much more easily with one station in the scholium to the
previous problem, as is manifest for the distance EF , etc.
[121]
PROBLEM XI. From some height, even if the height is that of the measurer, to measure
with the square the distance between two landmarks in the horizontal plane in which
the height stands, if this distance lies in a line containing the position of the measurer,
and both of its endpoints can be seen.
1. Let the distance to be measured be AB, located along a line through C and
let the eye of the measurer be at D at
the top of the altitude CD. By the previous problem, let the distance CB and
the distance CA be investigated from D.
For with the smaller subtracted from the
larger, the distance AB between the landmarks A and B will remain, known, to
whit, in terms of the altitude CD, in
terms of which the distances CB and CA
were found.
Figure 65: [121]
2. If the altitude CD is the height
of the measurer, the distance AB will be
found in the same way if the eye of the measurer at D can see both endpoints A, B,
as is clear.
PROBLEM XII. To measure a length in the horizontal plane by the square, when the
measurer, standing at one of its endpoints, cannot see the other one because of some
intervening elevation and there is no height available, but he or she can only move to
the left or the right along a perpendicular line to a location where the other endpoint
is visible.
1. Let the length to be measured be AE, whose endpoint E the measurer cannot
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see from A, and let no altitude be available.133 Yet if he or she moves to the left or
right to point a along the perpendicular line Aa, let it be possible to see E.
Let the fixed square be erected so that its plane contains the line AE. And it is
necessary to be certain which line contains A and E, the line that contains the given length. Then having
placed the square in the horizontal
plane so that the side AB does not
change position, let the line through
the side AD be extended to a, from
which the endpoint E is visible, and
so that the distance Aa is known
in some units. But erected at a, let
the square be turned around until
the endpoint E can be seen in its
plane.134
After this let the square
be placed in the horizontal plane so
that the side ad lies along the perpendicular line Aa. And let the dioptra
Figure 66: [121]
[122]
be rotated until its sighting line corresponds to the line aH, by which the endpoint E was sighted. Let the umbra versa
bF cut off be noted. The triangles abF and aAE will be similar because of the right
angles b, A and the alternate interior angles baF , AEa. a From the proportion
bF : ab :: Aa : AE,
the length AE will be known in terms of the distance Aa.
If by chance the dioptra intersects the side dc, of the umbrae rectae (which happens
rarely, since more commonly AE is greater than Aa), then b
ad : umbra recta cut off :: Aa : length

a

Book VI,
Prop. 4.

b

Book VI,
Prop. 4.

as is clear if a line is drawn from a cutting the side de, etc.
If finally the dioptra were to pass through c, c the distance Aa would be equal to c Book I,
Prop. 4.
the distance that is sought because then the dac and dca are both 45-degree angles.
2. The same distance or length AE will be known if stakes or rods are fixed at right
angles to the horizontal at both G and H so that from A and a, the visual rays are led
to E and the distance Aa is known, as was presented in problem 2, Number 6.
PROBLEM XIII. To make known a length in the horizontal plane lying in a line containing the position of the measurer, when the endpoints are inaccessible, the distance
cannot be measured from the position of the measurer, and no altitude is available,
but provided that it is possible for the measurer to go to the left or the right along a
perpendicular line to a position from which both endpoints are visible.
133

That is, it is not possible to use the methods from the previous problems.
Apparently the purpose of this step is to place a sighting marker at H for when the square is laid
flat in the horizontal plane next. But that would not be necessary in some cases.
134
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1. Let the length to be measured be ED where both endpoints lie on a line through
the position of the measurer at
F . Assume that the length is inaccessible from F , that it cannot
be measured from F , and that
there is no altitude available, but
that it is possible to move along
the perpendicular line F G to a
position G from which both endpoints D, E are visible. By the
Figure 67: [122]
preceding problem, let both of
the lengths F E, F D be investigated from G. With the latter
length subtracted from the former one, the proposed length DE will remain and be
known.
PROBLEM XIV. To infer the height of a mountain or tower from its summit with the
square, when from the direction of the measurer the interval between two landmarks,
or between a landmark and the tower is known.
[123]
1. Let the mountain or tower be DE, and first let there be a known interval F G
from the direction of the measurer in the
summit D. Let the fixed square be placed
in the summit at D so that the side AD is
perpendicular to the horizontal and CD
is parallel to the horizontal. Therefore,
having inspected both endpoints F , G
with the dioptra, let umbrae rectae be cut
in H, I. a Therefore since IH is to HD a Schol. Book
as GF is to F E, and b also, by similar VI, Prop. 4.
triangles, HD is to DA as F E is to EA, b Book VI,
Figure 68: [123]
ex aequo, it will also be true that IH is Prop. 4.
to DA as GF is to EA. Therefore, from
the proportion
IH : DA :: GF : EA,
where IH is the difference of the umbrae rectae, DA is the side of the square, and GF is
the known interval, EA will be known. And if the side DA of the square is subtracted
(which must be made known in terms of the interval GF ), the remainder will make the
altitude DE known in terms of the interval GF .
2. Next, let the whole distance EG be known. Therefore only the endpoint G needs
to be sighted. c Then EA will be found from the proportion
ID : DA :: GE : EA.
3. When an umbra versa is cut, as when the known distance is LN , each umbra
110

c

Book VI,
Prop. 4.

versa is to be reduced to an umbra recta, DK, DM . For again, the difference KM of
the umbrae rectae will be to the side DA as the known length LN is to EA.
Likewise, when one ray cuts an umbra recta and the other cuts an umbra versa, as
happens in the interval LG, the umbra versa must be converted to the umbra recta
DK, so that once again KI, the difference of the umbrae rectae is to the side DA, as
the known length LG is to EA.
4. Finally, if a ray passes through C, the whole side CD will be taken as an umbra
recta or as an umbra versa, depending on the other umbra.
PROBLEM XV. To investigate the distance from the eye or the foot of the measurer
(wherever he or she stands) to some point at some altitude with the square.
1. Let the distance to be explored extend to the point F in some wall or roof,
either perpendicular to the horizontal or inclined, from the eye A or the foot E (where
AE is the height of the measurer). And first let point F be higher than A, the eye.
Consider a perpendicular F G dropped from F , and let another perpendicular AH be
drawn from A to that line. Therefore with the square located so that the side AD is
parallel to the horizontal, let F be sighted, and the ray AF or the dioptra cut
[124]
the umbra versa DI.
By problem 3 or 4, or instead by the scholium to
problem 7, let the distance AH be diligently
investigated, even if the point H is not visible. Also let the number of thousandth parts
of the side that are contained in the segment
AI of the dioptra be determined with care.
Now we will accomplish this in several ways,
as we taught in Number 2 of the scholium to
problem 7. First, because the two sides AD,
DI in the right triangle ADI are given, a,135
a
Figure 69: [124]
the hypotenuse AI must be known in terms
Rectil.
Triang. 6.
of the side. Then, since by problem 1, from
the umbra DI, the angle DAI is known, b
the hypotenuse will again be known. Third, c the sum of the squares on AD, DI is b Rectil.
equal to the square on AI, so if the square root of the sum of the squares is extracted, Triang. 5.
that root will show the hypotenuse AI, and it will be known. With this done, d from c Book I,
Prop. 47.
the proportion
d

AD : AI : AH : AF
the distance sought, AF , will be known in terms of the computed distance AH.
But we will obtain the distance EF , from the foot to the given point F in this way.
Since in the triangle AEF , two sides AF , AE are known (since the first was just found
and the other is equal to the height of the measurer), and they contain the angle EAF ,
which is also known (since it is the sum of the right angle EAH and the angle EAI
found in problem 1 from the umbra versa DI), e the side EF will also be known, and
135

Clavius means here that AD is given, while DI is known from the measurement of the umbra.

111

Book VI,
Prop. 4.

e

Rectil.
Triang. 12.

that is what was sought.
2. Now if an umbra recta is cut in L, as in the other square, where the height of the
measurer is AK, then with the portion AL of the dioptra found in thousandth parts
of the side of the square from the angle BAL, etc. the distance AH will also be found
from problem 3 or 4, or from the scholium to problem 7. f From the proportion
BL : LA :: AH : AF ,

f

Book VI,
Prop. 4.

the distance AF will emerge, in terms of the computed distance AH.
You will proceed in the same way if the dioptra passes through C, g since then AD g Book VI,
Prop. 4.
is to AC, the part of the dioptra found, as AH is to the distance sought AF .
But the distance KF , from the foot K to F , h will be found as in the first case.
The two sides AF , AK are known, and they contain the angle F AK, which is also h Rectil.
known (since it is the sum of the right angle A and the complement of the angle BAL, Triang. 12.
which is determined by the umbra recta BL as in problem 1.).
3. But now let the point F be lower than the eye A, and let the height of the
measurer be AE. Consider a line F K drawn from F parallel to the horizontal, or
perpendicular to AE, and also a line GH, parallel to AE, through F . With the square
placed so the side AD is perpendicular to, and DC is parallel to, the horizontal, consider
the side DC produced to H, the endpoint of the perpendicular GH. And so first the
altitude AK will be found by problem 8 or 9 with two stations made in the line DH,
or in a staff DA, or instead by the scholium to problem 9. For although the height of
the measurer AE is known,
[125]
its part AK cut by the parallel F K (drawn with the imagination) is not, and so it is

Figure 70: [125]

entirely necessary to determine it. Now we will easily accomplish this by problem 8 if,
in both stations, umbrae versae are cut in I, N (which happens for the most part) and
both BI and bN are converted to the umbrae rectae DM , dO. From the proportion
LM : Dd :: AD : AK,
where LM is the difference of the umbrae rectae and Dd is the difference of stations,
the altitude AK will be found, with the eye placed in its summit, as we said in the
aforesaid problem 8, etc. Yet the altitude may be found more easily using the scholium
to problem 9.
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In this way the umbra BI makes the angle BAI known, hence also the complement
F AK, by problem 1. The angle BAI is equal to the alternate interior angle AF K.
Hence in the right triangle AKF , there will be two known acute angles, together with
the known side AK, just found. a Therefore, from the proportion

a

Rectil.
Triang. 5.

total sine : AK :: AF , secant of angle F AK : AF ,
AF will be known in terms of the side AK just found. Or, having found the part AI of
the dioptra in thousandths of the side of the square, as was said above near the start
of this problem, from the proportion b

b

Book VI,
Prop. 4

BI : IA :: AK : AF ,
the distance AF will again be made known in terms of the length AK found before.
Next, c we will find the distance EF from the foot of the measurer to the point F c Rectil.
as above: in the triangle AEF , two sides AE, AF are known (one is the height of the Triang. 12.
measurer and the other was just found) and they contain the known angle F AK as we
said just above.
4. Both distances will be known will be known similarly if a point F in the horizontal
plane is given, and the line F K is understood to be horizontal, so that the height of
the measurer, or some other known height is AK. For knowing the portion AI of the
d
dioptra, as given above, d from the proportion
Book VI,
Prop. 4.

BI : IA :: AK : AF ,
where BI is the umbra cut off,
[126]
the distance AF will be known in terms of the height of the measurer, or known altitude,
AK. a And again from the proportion

a

Book VI,
Prop. 4.

BI : AB :: AK : KF ,
the distance KF from the foot of the measurer to the point F will become known, in
terms of the same height of the measurer, or the known altitude, AK. Here you see
that both distances are known by one station when the given point is in the horizontal
plane.
5. But wherever point F is located, whether in the horizontal plane, or above or
below the eye, we will nevertheless find the distance sought with one station, in the
this way. When the point F is in an elevated position, as in the first figure,136 let the
square be placed so that the center a of the dioptra is higher and the side dc is directed
toward the point F . With the point F sighted by the dioptra, let the umbra versa eb
be noted. b The proportion
eb : ba :: ad : AF
will produce the distance AF in terms of the side of the square. You will obtain the
distance KF from the foot of the measurer in the same way, if you apply the square at
136

That is, the figure on page [124].
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b

Book VI,
Prop. 4.

the point K, as is clear.
But when the point F is below the eye, as in the second figure, a staff ad, shorter
than the height of the measurer is to be erected, and the square is to be applied at a,
so that again the center A of the dioptra is higher and the side ac is closer to the point
F . For having sighted F from A by the dioptra, and noted the umbra versa eB, from
the proportion
eB : BA :: Aa : aF
the distance aF will emerge, known in terms of the side Aa. Then the distance EF
from the foot of the measurer will be inferred if the square is applied at E, as in the
first figure. Finally, when the point F is located in the horizontal plane, both distances
will be found as we have laid out in Number 4.
PROBLEM XVI. To measure the distance between two landmarks or points in a plane,
either perpendicular to or inclined to the horizontal, with the square.
1. Suppose the distance CD between points in the plane AB is to be investigated
from the plane BE. With the eye placed at G, so the height of the measurer is GE, let
the distances GC, GD be investigated in terms of GE by the previous problem. Then,
let the fixed square be applied with the eye at G, so that its plane passes through the
points C and D, and one of its sides points directly to D (this will be done if, with
the sighting line of the dioptra placed along that side, the point D is seen through the
openings of the pinnacidia).
[127]
Let the dioptra be turned until the point C is visible and let the umbra cut off be
noted. By problem 1, the measure of angle CGD will also be learned. Now if the other
side of the square lies beyond GC, the angle CGD will be acute, but if GC lies outside
the square, that angle will be obtuse. We will know its measure if the remaining angle
between the side and the line GC is added to a right angle. We will determine the
remaining angle as we said before, if for instance we mentally note the point of the line

Figure 71: [127]
CD in which that other side of the square produced would intersect that line. Now if
the square is moved so that the side coincides with GC, and the dioptra is directed to
the point noted above, the umbra will indicate the remaining angle between that side
and the sighting line, as was said in problem 1. Finally, if the other side of the square
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coincides precisely with the line GC, the angle CGD will be a right angle. With all
this done, since in the triangle CGD, the known sides GC, GD, contain the angle G,
a
also known, a the third side CD will also be known and this is what was sought.
Rectil.
Triang.
12.
2. However, having found the distances GC, GD in any units, together with the
angle G, we will know the distance CD in an easier but less accurate way as follows.
Having described the angle G separately,137 in the side [corresponding to] GC, let a
portion be taken equal to any number of parts of the side of the square, for instance,
500 parts, or half the side. From the proportion
GC : GD :: 500 : the unknown
the value produced for the unknown will give the fourth proportional for the same
number of parts of the square. If those numbers of parts are laid off along GC, GD in
the figure, b the line joining the endpoints of the segments taken along the two lines will b Book VI,
be parallel to CD, since in those points the lines GC and GD are cut proportionally. Prop. 2.
Hence if the distance between those endpoints is measured in the same thousandth
parts of the side of the square using the compass, the interval CD will contain the
same number of parts of the actual line GC, divided into 500 equal pieces, as there are
thousandths of the side of the square contained in the line between the two endpoints
of the segments constructed above. The number of parts in CD will be converted to a
length in the same units used to measure GC and GD from the proportion
GC = 500 : GC in actual units :: CD in parts of GC : the unknown.
However, since this distance between the endpoints of the proportional line segments
can be accurately obtained only with difficulty with the compass, the proposed interval
will be found more accurately, although more laboriously, by Proposition 12 of the
Rectilinear Triangles.
PROBLEM XVII. To measure a transverse distance in the horizontal plane, both of
whose endpoints are visible, with the square.
[128]
1. In the horizontal plane, let the interval CD be transverse to the feet
of the measurer in E, so that the line CD produced
in either direction does not pass through the point
E (when the line CD, produced, does contain E
the distance CD will be investigated by problem
11). For a transverse distance CD to be known,
first the distances from the feet E of the measurer
to the endpoints C, D are to be investigated with
a single station of the square, by the method given
in Number 4 of problem 15. Then the angle CED
is to be determined, which will be accomplished if
Figure 72: [128]
one side of the square coincides with the line EC
137

That is, having constructed a diagram containing an angle equal to the angle G determined above.
The idea is to construct a scale model of the triangle CGD and measure the side corresponding to CD
in the model.
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and the dioptra points along ED. For the umbra
between that side and the dioptra shows the measure of the angle CED, as has been
said in problem 1, and this angle will be acute if the other side of the square lies beyond
ED, a right angle if that side coincides exactly with ED, and finally obtuse if ED falls
outside the square. In this last case, the angle will be known if we add a right angle to
the remaining acute angle, which is determined as we taught in the previous problem.
Therefore since we have a triangle CED whose two sides EC, ED are known, together
with the included angle E, a the third side CD will also be known in terms of the sides a Rectil.
Triang. 12.
EC, ED.
The same line CD will be known if the technique described in Number 2 of the
previous proposition is applied [and a scale model of the triangle CED is constructed].
PROBLEM XVIII. To find the distance to a given landmark in the horizontal plane
from the summit of a tower or a wall, with the square, even if the landmark is not
accessible, and from any location of the measurer.
1. Let us seek to measure the distance AD from the point A in the horizontal plane
to the point D. Wherever the
eye of the measurer is located,
for instance at B, let the distances from the points A and
D to the eye at B be investigated by problem 15. Then, let
the angle ABD be explored as
we taught in problem 16. For
thus we will have the triangle
ABD whose two sides BA and
BD are known, together with
b
the included angle B. b ThereRectil.
Figure 73: [128]
Triang.
12.
fore, the third side AD will also
be known.
This will also be found, as we have taught in Number 2 of problem 16, if a scale
model of the triangle is constructed using sides proportional to BA and BD and an
angle equal to B, etc.
PROBLEM XIX. To measure an inaccessible height, whose base is not visible, and
such that the measurer is not able to move forward or backward along a straight line
to make two stations, but only to the right or left
[129]
to a location from which the base is visible, using the square.
1. Let the height to be measured be AB, which is inaccessible, and suppose the
measurer at C is not able to advance or recede along a straight line, but is only able
to move to the right or the left to D, from which the base A is visible. By problem 17,
let the transverse distance AC be investigated from D. For then by problem 5, it is
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Figure 74: [129]

clear that the altitude AB that we are seeking will be known in terms of the distance
CA that was found first.
Also, by the scholium to problem 7, both the altitude AB and the distance AC,
together with the hypotenuse BC, will be investigated more easily with one station at
C.
PROBLEM XX. To measure a greater height from a known smaller height with the
square, even if only the summit of the larger height is visible.
1. It is proposed to measure the greater height AN from the smaller tower
CO, whose height is known, and
from whose summit, the apex
A of the larger height, but not
the base N , is visible. Let two
stations be made in C and D
if the area of the summit permits it. Let the height of the
measurer be CG or DE, and
let it be understood that GEF
is drawn perpendicular to AN .
By problem 6, the altitude AF
will be obtained. If the smaller
height DO, together with the
height of the measurer CG, that
Figure 75: [129]
is, the line F N , is added to this,
the whole greater height AN becomes known.
2. But if there is not enough open space on the summit for two stations to be made,
then a staff should be erected perpendicular to the horizontal (unless by chance there
is some building available), where two stations are to be made. For then by problem
7, the vertical distance between the summit of the greater altitude and a line through
the lower station parallel to the horizontal will be found. If the altitude of the lower
station above the base of the smaller height is added to this, the whole greater altitude
will be put together. As in the figure from problem 4,138 if the greater altitude is GL
and the smaller is AK, making two stations in A, a, one lower and the other higher, the
138

See the figures on pages [103] or [105] of the original above.
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altitude GF will be obtained by problem 7. If the height AK, from the lower station
to the base of the smaller height is added to GF , the whole greater height GL. will be
made up.
[130]
Furthermore, we will find the altitude AF more easily from the scholium to problem
7, if the square is placed twice at G, as we said in that scholium. If in the figure in
that scholium, the larger altitude is IF and the smaller known one is AH, then GF
will be found as is shown there, etc.
PROBLEM XXI. To find a greater height from an unknown smaller one if the base of
the larger height is visible, by the square.
1. In the figure from problem 17 of Book II, the altitude AE will be learned
either by problem 6 or problem 7,
or instead by the scholium to problem 7, if C is the summit of the
smaller height CD. Then, since the
base B of the larger height is assumed to be visible from C, the
smaller height CD will be investigated by problem 8 or 9, or instead by the scholium to problem 9,
if C is the summit of the smaller
height CD.
For this height added
to the height AE found above will
Figure 76: [130]
make up the whole greater altitude
AB, which is what we wanted to
find.

PROBLEM XXII. To find a smaller height from a known larger one, even if the base
of the smaller one is not visible, using the square.
1. It is proposed to measure the smaller altitude AB from the larger one CD, which
is known. Let it be understood that the line AE is drawn parallel to the horizontal
BD, so that ED is equal to the smaller altitude AB. Therefore, let the altitude CE be
investigated from the summit C by problem 8 or problem 9, or instead by the scholium
to problem 9, evidently as though the summit A was a landmark in the horizontal
plane AE seen from C. And then if the vertical distance CE is subtracted from the
height CD, which is assumed to be known, the difference will be the smaller altitude
AB that we are seeking.
PROBLEM XXIII. To find a smaller height from an unknown larger one, provided that
the base of the smaller one is visible, with the square.
[131]
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Figure 77: [130]

Let the figure of the previous problem be repeated. Since the base B of the smaller
height, a landmark located in the horizontal plane, is visible by hypothesis, the larger
altitude CD will be made known by problem 8 or problem 9, or instead the scholium
to problem 9. Hence, as was said in the previous problem, the smaller altitude AB will
be known from the larger one CD just found, and this is what was to be determined.
PROBLEM XXIV. To measure a portion of a larger height from a smaller one and a
portion of a smaller height from a larger one, with the square.
1. Suppose the portion AC of the larger altitude AB is to be determined
from the smaller altitude DE, and the portion GF
of the smaller altitude F B is to be determined
from the larger altitude DE. If the altitude DE
is smaller than the remaining portion CB,139 then
both larger altitudes AB, CB will be determined
from the smaller altitude DE by problem 20 or
problem 21 depending on whether DE is known
or not. Then with CB removed from AB, the
proposed portion AC will remain. But if DE is
larger than the remaining portion F B, for example if it is proposed to measure the portion AF ,
then the larger altitude AB is to be measured from
the smaller one DE by problem 20 or 21, or the
Figure 78: [130]
smaller altitude F B is to be found from the larger
DE by problem 22 or 23, depending on whether
DE is known or unknown. Then again if F B is
subtracted from AB, the remainder will be the proposed portion AF .
2. In the same way, by problem 22 or 23, both smaller altitudes F B and GB will
be determined from the larger altitude DE if it is their difference F G that is to be
found.
PROBLEM XXV. To investigate a height, from a valley or from the horizontal plane,
139

That is, when AC is removed.
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whose base is superposed on a mountain, or some other altitude, when both of the
extremities of the height to be measured are visible, even if the lowest point of the
other height on which it is superposed is not, and the distance to that lowest point
from the position of the measurer is not known, using the square.
1. An altitude of this kind is the height of a tower located on a mountain, or the
height of a portion of a building between two windows, or two other features, one of
which is higher than the other. Therefore if it is proposed to measure the height of the
tower AB on top of the mountain BF , from some location E in a plain or valley from
which both extremities of the tower can be seen,
[132]
let both the heights AF and BF be investigated using problem 6 or problem 7, depending on whether two stations are made in the plane or in some erect staff. Yet

Figure 79: [132]

both heights AF and BF will be found more easily by the scholium to problem 7 if the
square is placed twice at E, as was done in that scholium. With both of those heights
found and the height of the mountain BF subtracted from the total height AF , the
desired height AB will remain.
SCHOLIUM. Therefore, if AB, the higher portion of a total altitude AF , is desired,
the whole altitude AF and the portion BF are to be investigated by problem 6 or
problem 7, or instead by the scholium to problem 7. Then their difference will make
known the upper portion AB that is desired. But if a middle portion IB is to be made
known, again by problem 6 or problem 7, or instead by the scholium to problem 7,
both heights IF and BF are to be inferred so that their difference IB will be made
known. Finally, if it is proposed to find the lower portion BF , it will be explored by
problem 6 or problem 7, or instead by the scholium to problem 7.
PROBLEM XXVI. To make known with the help of the square, approximately, the
sloping distance up a mountain from the location of the measurer to the base of an
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Measuring
a higher,
a middle,
or a lower
part of an
altitude.

altitude superposed on the mountain, even if the base is not visible, together with that
altitude, when the measurer is standing ascending the mountain.
1. Let the tower AB be superposed on a mountain on whose slope or side the
measurer is standing at point C. Assume that B is not visible from this position. Let
a staff CG be erected perpendicular to the horizontal plane, and not to the side of
the mountain, and let CE be the height of the measurer. Consider a line EK drawn
perpendicular to the altitude or
[133]
parallel to the horizontal. With the fixed square applied to the staff in the point E (or
if a square with plumb line is to be employed, the eye is to be placed at E), let the In the figure,
dioptra be directed toward the summit at A, and by the umbra cut off, let the angle draw a line
AEK be found as we discussed in problem 1. Then make another, higher station at F from F to A.

Figure 80: [133]
in the staff; consider a line F I perpendicular to the altitude, let the dioptra be directed
again toward A, and in the same way let the angle AF I be found. a And since angle
AF G is equal to the sum of the two angles F EA, F AE, if AEF , the complement of
the first angle AEK at the lower station E, is taken away from AF G, the complement
of the angle at the higher station F , the remainder will make the angle EAF known.
Therefore, since in the triangle AEF , the two angles A, E are known, together with
the side EF (that is, the difference of stations), b the other two sides AE, AF will
become known.
2. After this, let another staff DH, assumed equal to the height CE of the measurer,
be erected perpendicular to the horizontal. Consider a line HL perpendicular to the
altitude, let the square be applied at H, and let the dioptra be directed toward E.
Again by problem 1, from the umbra cut off, the angle EHL will be found. Let the
visual ray HE, c which will be parallel to the side of the mountain BCD, intersect the
altitude at M . As a matter of fact, it must be assumed that the three points B, C, D lie
in one straight line so that DC, produced, intersects the base of the tower. d Since the
interior angle EHL is equal to the corresponding exterior angle M EK, if angle EHL
(that is M EK) is subtracted from the angle AEN observed at the first station E, the
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Book I,
Prop. 32.
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Rectil.
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Book I,
Prop. 33.
d

Book I,
Prop. 29.

remaining angle AEM will be known. But the angle EAM is also known because it is
the complement of the angle AEN observed in the first station E. Therefore, AM E,
which is equal to the difference between two right angles and EAM will be known,
and this will equal the angle obtained by subtracting N M H, the complement of the
angle M HL in the second station at H, from two right angles. Therefore, since in the
triangle AEM , all three angles are known, together with the side AE that we found
just above, e the remaining two sides M E and AM will also be known. And because e Rectil.
of this the distance EM , or CB will be found. And if the height of the measurer M B Triang. 10.
is added to the line AM , the whole height of the tower will be known.
But it is exceedingly necessary to take care that the three points B, C, D are
collinear, as we have warned the reader in problem 22 in Book II.
3. Now if the base of the altitude can be seen from the side of the mountain,
we will solve the problem with hardly any labor with a single station. For if the
square is situated in D so that the center of the dioptra is above and the lower side is
directed toward B, the dioptra should be directed toward the same point B. f From f Book VI,
Prop. 4.
the proportion
umbra versa : side of square :: side of square : the unknown,
the distance DB will be found in terms of the side of the square, as is certain from
what we have written in Number 5 of problem 15. This is also clear in the figure of
that problem, if
[134]
AF in the second square is taken as the slope of the mountain and F is the base of the
altitude superposed on the mountain.
Then if the same square at D is placed so that the center of the dioptra is again
in the superior position, the lower side is directed toward the summit A, and the same
point is sighted with the dioptra, by the same method the distance from D to A will
be found from the proportion
umbra versa : side of square :: side of square : the unknown.
Finally, with the square placed so that one side coincides with the line DB, and the
dioptra directed toward A, the angle formed by the lines DB, DA will be found, as we
have taught in Number 1 of problem 16. If this angle is constructed separately, and in
the lines DB, DA two portions are taken in the same ratio as the wholes, the altitude
BA will be found from the distance between the endpoints of those two portions as we
found the interval CD in the same problem 16, Number 2.
PROBLEM XXVII. To make known with the square the depth of a well or the height
of an erect building when a corner of the bottom or some landmark located on the
bottom is visible.
1. This is no different from measuring the height of a tower when a landmark in the
horizontal plane is visible using two stations of the square made in a staff, as was done
in problem 9. Hence, we will repeat the demonstration briefly here. Let the well or the
erect building be ABCM , and let the bottom corner C, or some landmark C placed in
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Figure 81: [134]

the bottom, be visible. With a staff AE erected by the opening of the well, or in the
summit of the building, let two stations of the eye of the measurer be made at D and
E, and with the square applied twice so that the center of the dioptra is placed once
at D, and then at E, let the dioptra be directed toward C. Therefore if the dioptra
intersects an umbra recta both times, which usually happens in the measurement of
wells, from the proportion
difference of umbrae rectae : DE :: larger umbra recta : EB
the line EB will emerge, known in terms of DE, the difference of stations. Therefore if
the length EA, made up of the difference of stations and the portion DA of the staff,
which is often equal to the height of the measurer (or which can certainly be measured
easily), is subtracted from EB, the height AB that is sought will remain.
2. Now if an umbra versa is intersected in each station, the proportion
[135]
difference of umbrae versae : DE :: larger umbra versa : EB
will again make the line EB known, etc.
3. Finally, if the side of the umbrae rectae is intersected in one station
and the side of the umbrae versae is intersected in the
other one, then the umbra recta will need to be reduced
to an umbra versa or vice versa. Then again from the
proportion
difference of umbrae : DE :: larger umbra : EB,
where the umbrae are both either versae or rectae, the line
EB will be produced in terms of the difference of stations
DE. We will also obtain the depth of a well with one station just as we measured the altitude of a mountain from
its summit in the scholium to problem 9. To whit, let the
square first be placed at A so that the center a of the dioptra is on the upper side and the lower side Ac points from
A to the point C in order to determine the distance or hypotenuse AC, etc. as was done in that scholium and as in
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Figure 82: [135]

the accompanying figure. Second, let the square be located so that the center of the
dioptra is at A, and the side AD lies along the side AB of the well, so that the visual
ray to C is the same as the hypotenuse AC.140
Then from the proportion
eb : ba :: aA : unknown
the hypotenuse AC will be found. With the portion of the dioptra AE in the second
square found as we have taught in the scholium to problem 7, a from the proportion
AE : AC :: AD : unknown
the altitude or depth AB will emerge.
4. Then, if the width AM of the mouth, or the width of the bottom BC should
be known (and this is easy using any units), we will infer the depth AB more easily in
this case with only a single station made in D and one application of the square. If an
umbra recta is cut off, then the proportion
umbra recta : side of the square :: BC : AB
will produce AB in terms of the known width BC. Or if an umbra versa is cut off,
then
side of the square :: umbra versa :: BC : AB
will do the same.
And if the dioptra passes through the point C in the square, the width BC will
equal the height AB.
All of these ways of proceeding were proved in the aforesaid problem 9, with the
exception of this last Number 4, which we established in problem 8, Number 4.
PROBLEM XXVIII. To find the depth of a valley, and its oblique slant height, if the
slope is not too uneven, and if its endpoint or some other landmark is visible, using
the square.
[136]
1. This is the same as measuring an altitude from its summit using two stations in
an erect staff, as was done in problem 9, and repeated in the preceding problem. For
let the valley be located between two mountains AB, N G, and let the endpoint C be
visible from the mountain AB. With the staff AE erected, in which two stations of the
eye of the measurer can be made at D, E, the rest is constructed as in problem 24 of
Book II, whose figure we have repeated here. Let the line EB be investigated as EB in
the first figure in the previous problem was found. And if the portion AE of the staff
140
The letter a on the upper side of the square in the first orientation in the figure on page [135] is
cut off in the original. There is also a confusion between the point C in the bottom of the well and
the corner c of the square in that first orientation. The description of the side AD actually says lateri
pueri adhaereat (literally “clings to the side of the boy”) instead of lateri putei adhaereat (“clings to
the side of the well”). Was this a Freudian slip or an attempt at humor by a typesetter? It does not
appear in the first (1604) edition of the Geometria Practica or in Clavius’s Opera Mathematica.
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Figure 83: [163] [sic]

is subtracted, the remaining height of the mountain AB or the depth of the valley HC
will be made known.
2. Moreover, the oblique slant height IC will be obtained as follows. From the
umbra cut off by the dioptra directed toward C, the angle BDC will be found from
problem 1. a By equal internal and exterior angles, this is the same as angle CIM . a Book I,
Hence the other angle ICM will also be known, since it is the complement of CIM . Prop. 29.
From this, since in the triangle CIM the acute angles are known, together with the
b
side IM just found, b the hypotenuse IC is also known.
Rectil.
But all these quantities will be more easily investigated with one station in the Triang. 5.
point D of the staff, if the square is applied twice, as was done in Number 2 of the
previous problem, and in the scholium to problem 9 (where the station was made in
the point called A).
3. And if the endpoint C is not visible, let some landmark K be chosen in the valley
which is visible from points D and E. Then by problem 9, or instead by its scholium,
the same altitude IM or HC will be found.
And indeed if station(s) can be made conveniently in the plane of the valley, the
same height IM will be determined by problem 6 or the scholium to problem 7. The
slant height IC, considered as the distance between the two landmarks I and C, will
be found by problem 16.
4. Finally, the same depth CH can be investigated from the taller mountain N G,
provided that the endpoint C of the shorter mountain is visible from the summit N ,
in the same way that we found a smaller height from a larger one in problem 22 or 23.
[137]
For the smaller height to be found is CH and the larger is N G, from whose vertex N ,
we have assumed that the endpoint C is visible.
PROBLEM XXIX. To measure the distance between the feet of the measurer and some
landmark in the horizontal plane with a staff, when the far endpoint of the distance is
visible.
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1. Having solved measurement problems that are usually done with the quadrant
or the geometric square, let us add a few other methods, so that we can use them when
neither a quadrant or a square is available. But of the many ways that are possible,
we will select only those that are easier to use.
Let the distance to be measured be DB, and at D let a staff DE be erected,
shorter than the distance AC between the eye
and the feet of the measurer, and perpendicular to the horizontal plane. (This will be true
if the plumb line falls right along the staff or
a small stone dropped from point E falls at
D.) Then let the measurer step back until at
the point A, the visual ray from C through E
passes through point B. And let it be understood that the line EF is drawn parallel to
AB. Therefore the triangles CF E and EDB
are similar, because angles F and D are right
Figure 84: [137]
angles and a ECF and BED are equal in- a Book I,
terior and exterior angles. Hence b from the Prop. 29.
b
proportion
Book VI,
CF : F E :: ED : DB,

Prop. 4.

where CF is the difference between the staff DE and the height of the measurer AC,
F E is the distance between the measurer and the staff, and ED is the known height of
the staff, the distance DB will emerge in terms of DE or AC. To be sure, the height
of the staff and the height of the measurer need to be known according to one and the
same unit of measure.
PROBLEM XXX. To measure the height of a tower or some other erect object using
a staff.
1. In the figure of the previous problem,141 let the height to be measured be AC,
let a staff GH be fixed in the earth, perpendicular to the horizontal, and taller by
some amount than the height IK of the measurer from the eye to the feet. Next, let
the measurer step back to point I, so that with his or her eye at K, the summit C is
seen.142 And let it be understood that the line KL is drawn parallel to the horizontal
AB, and intersecting the staff at M . a Therefore, since the triangles KM H and KLC a Cor. Book
VI, Prop, 4.
are similar because of the parallels M H, LC, from the proportion
[138]
KM : M H :: KL : LC,
where KM is the distance between the measurer and the staff, M H is the difference
between the heights of the staff and the measurer, and the distance KL is to be made
known in some units, the height LC will be produced. If the height of the measurer
141

This figure is repeated on the following page [138] in the original, but we have omitted it here.
Clavius does not say this explicitly here, but clearly the measurer should be sighting along the line
from K to H at the top of the staff.
142
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AL is added to this, the whole proposed altitude AC will be known in terms of the
height of the measurer or the distance KL.
2. And if access to the altitude AC is not possible, so that the distance IA cannot
be measured directly, let the staff be fixed again closer to the altitude at N O, or let
another staff equal to the first be placed at O. Then let the measurer step back to P
so that his or her eye at Q again sights the summit C through the top of the staff at
O. And let the staff N O be cut by the line KL in point R. a And since KM is to
M H as KL is to LC and QR is to RO as QL is to LC, b but the ratio of KL to LC
is greater than the ratio of QL to the same LC, the ratio of KM to M H will also be
greater than the ratio of QR to RO. Moreover, RO is equal to M H because the whole
GH is equal to the whole N O, and the parts GM and N R are also equal. c Therefore
KM will be greater than QR. With KT equal to QR cut off, d since KM is to M H
as KL is to LC, permutando, it will also be true that the whole KM is to the whole
KL as M H is to LC. By the same reasoning, QR, that is, the part KT cut off from
KM , is to QL, cut off from KL, as RO is to LC, that is as M H is to LC. Therefore
also the remaining T M will be to the remaining KQ as the whole KM is to the whole
KL. But as we showed a bit before, KM is to KL as M H is to LC. For this reason,
the proportion
T M : KQ :: M H : LC,
where T M is the difference between KM and QR (or KT ), KQ is the difference of
positions of the measurer, and M H is the difference between the height of the staff and
the height of the measurer, will make LC known. If the height of the measurer AL is
added to this, the altitude AL that is sought will also become known.
3. Now if the first position of the measurer is at Q and the second is in K, stepping
farther away from the altitude, the method and the proof are not changed, as is clear.
PROBLEM XXXI. To measure the distance between the measurer and some landmark
in the horizontal plane, using a carpenter’s square.143
1. Let the distance to be measured be AB. At A, the position of the measurer,
let a staff AC be fixed at right angles to the horizontal. Let the staff be slightly shorter than the
measurer, and let its height be known in the same
units as those in which the height of the measurer
is known. Then let the carpenter’s square be applied at C, the summit of the staff
[139]
and let its side CE be gradually raised or lowered
until the visual ray along the inside edge of CE is
led to the endpoint B. Also let the point F , where
the visual ray along the inside edge of the other
side CD of the carpenter’s square intersects the
143

Figure 85: [139]

That is, a tool formed from two straight line portions joined at a right angle (DCE in the figure),
and used to measure or draw right angles.
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horizontal, be diligently noted. a And since AC is the mean proportional between AF a Cor. Book
(which will be known in terms of the height of the staff) and the distance AB, from VI, Prop. 8.
the proportion
AF : AC :: AC : AB,
that is, if the square of the length of the staff is divided by the length of AF , the
quotient will yield the distance AB, known in terms of the height of the staff.
2. It would not be out of place if two claviculae 144 were affixed to the interiors of
the sides of the carpenter’s square so that the visual rays directed along them would
be led straighter to B and F .
PROBLEM XXXII. To investigate the height of a tower or other erect object with the
carpenter’s square.
1. In the figure of the previous problem, let GH be the height to be measured.
Again let a staff AC be fixed at A, the position of the measurer, and let the right angle
of the carpenter’s square be applied to the top at C. Let the side CE be gradually
raised or lowered until the summit at H is sighted along its inside edge, and let the
point F in which the other side CD meets the horizontal be noted. And since with
the line CI drawn parallel to the horizontal the triangles ACF and HCI are similar
(since A and I are right angles and ACF and HCI are the remaining angles when the
common angle DCI is removed from the right angles ACI and HCD), b the height b Book VI,
Prop 4.
IH will be produced from the proportion
AC : AF :: CI or AG : IH,
where AC is the height of the staff, AF is the distance between F and the staff, and
the distance CI or AG would be measured separately. If the height of the staff, AC or
GI, is added to IH the whole height that is sought will be known.
PROBLEM XXXIII. To measure a distance in the horizontal plane, which is not exceedingly large, in another very easy way.
1. Consider a short length in a horizontal plane that still cannot be measured
because of some impediment. Examples of this kind are the widths of rivers, lakes, or
marshes, that we now take as lengths, and which cannot be measured directly because
of the intervening water. Among other ways, we can use this method. Near the bank
of the river, the lake, or any other thing to be measured, let a staff AB be fixed at right
angles to the horizontal, to which a small rod or stick, CD, is attached at the point B.
[140]
Let this be done so that around B, the rod can be lowered or elevated until the visual ray
144

That is, bars or blades something like simple gun sights(?) Of course, the word clavicula is also
a diminutive form of clavis, so Clavius may be trying for a subtle sort of humorous connection with
his own name in Latin. It is unclear to the translator why Clavius actually says claviculi, though.
The standard nominative plural is claviculae, not claviculi, since clavis and clavicula are both feminine
nouns.
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Figure 86: [139]

directed along the rod passes through the endpoint E of the distance to be measured,
AE. Then, keeping the rod CD fixed so that the angle DBA is not changed, let the
staff AC be turned, always standing at a right angle to the horizontal, until the visual
ray along the same rod CD meets the horizontal at F near the river where the measurer
is standing, and so that the distance AF can be measured. Since the two angles A and
B of the triangles ABE and ABF are equal and the side AB is common to both, a the a Book I,
sides AE and AF will be equal, and because of this if AF is known in some units, the Prop. 26.
distance AE will also be known.
2. Others do the same thing without the staff, in this way. They stand at right
angles with the horizontal, and lower a small cap until the visual ray through the
extreme point of the cap passes through the endpoint E of the distance to be measured.
Then, keeping the cap immobile, they turn themselves toward some measurable area,
noting the point F in which the visual ray now meets the horizontal plane. For again
the length AF , which is to be measured in some units, is equal to the distance AE that
is to be measured because the height of the measurer clearly performs the role of the
staff AB, and the lowered cap takes the place of the rod CD.
PROBLEM XXXIV. To find the altitude of any erect object from the length of the
shadow it casts with the sun shining, if that is known, using the square.
1. This problem does not differ from problem 5, except that here we use the sun’s
ray in place of the visual ray, and the length of the shadow plays the role of the distance
from the measurer to the altitude. Therefore, let the altitude be F G, or F I, or F M ,
and let its projected shadow be F A. Let the square be directed toward the sun (as long
is it is not directly overhead), and with the ray of the sun passing through the opening
of the pinnacidia, let it be noted how much of the side of the umbrae rectae or umbrae
versae is cut off by the dioptra or the plumb line in the square. For the umbra recta
HB in the square will be to the side AB as the projected shadow AF is to the altitude
F G. Then the ratio of the side AD to the umbra versa DE in the square, is the same
as the ratio of the projected shadow to the height F I. Finally, with the dioptra or the
plumb line passing through C, the projected shadow AF and the height F M will be
the same. All of this was shown in problem 5.
[141]
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Figure 87: [140]

That is, from the proportion
HB : AB :: AF : F G,
or from
AD : DE :: AF : F I,
where HB is an umbra recta, DE is an umbra versa, and AF is the length of the
projected shadow, the desired height F G or F I will arise.
PROBLEM XXXV. To find the length of the shadow cast by an object of a known
height with the sun shining, with the help of the square.

Figure 88: [141]

1. This problem is not different from problem 2, only here we take the length of
the shadow thrown by the object of known height in place of the distance. Therefore
let the altitude be AF , and its projected shadow be F G. Let the square be directed
toward the sun, wherever the measurer is standing outside the shadow,145 and with
the sun’s ray passing through the opening of the pinnacidia, let the umbra the plumb
145
It is possible to do this at any location, of course, because all of the sun’s rays incident with the
Earth near F are essentially parallel.
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line or the dioptra cuts, either an umbra recta or an umbra versa, be observed. Then
in the first case the side of the square AB will be to its umbra recta BE cut off, as the
altitude AF is to the projected shadow F G. Then similarly an umbra versa DE in the
square will be to the side AD as AF is to the projected shadow F G. Finally, with the
dioptra or the plumb line going through C, the altitude AF is equal to the length of
the projected shadow F G. All of this was shown in problem 2. Hence the length F G
of the projected shadow will become known in terms of the known height AF from the
proportion
AB : umbra recta BE :: AF : F G,
in the case of an umbra recta, or from
DE : AD :: AF : F G
in the case of an umbra versa.
PROBLEM XXXVI. To measure the horizontal distance between the measurer and
some visible landmark, with the help of a certain most simple instrument.
[142]
1. Let the instrument be constructed in this way. Let a straight staff or stick AB
be taken, a bit shorter than the stature of the measurer, and let it be divided into 5 equal parts (or
more and smaller parts). In its first part C, or
in any other part, let another staff or stick CD
be attached at a right angle, assumed to be some
number of palms or feet in length. And at the endpoint B, let another staff or stick BE be attached
at a right angle.146 In this way, an instrument will
Figure 89: [142]
be constructed that allows various lengths to be
measured, as will become clear. First suppose the
distance BF is to be measured, where the other
endpoint F is visible from A if the measurer is standing at B, even if there are valleys or other impedimenta between B and F . Let the instrument be set up so that
AB is perpendicular to the horizontal and BE is parallel to the horizontal. With F
sighted from A, and with the utmost care and diligence, let the point D in the staff
CD be noted, through which the visual ray passes. a Since the triangles ACD, ABF a Cor. Book
VI, Prop. 4.
are similar, b from the proportion
AC : AB :: CD : BF ,
the distance BF will be found in terms of CD. Hence if AC is one fifth, for instance,
of the staff AB, then CD will be one fifth of the distance BF . And if CD contains 2
feet and we mulitply by 5, then BF will contain 10 feet.
2. But it will be necessary to take care so that when the visual ray does not go
through any whole number of feet in the staff CD, the number of tenths or hundredths
146

This figure is not especially clear. The point A should be at the top end of the vertical line, and
AB should be a solid line all the way.
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of one foot contained in the part cut off is diligently investigated by the things we have
written in Number 14 of Chaper 2 in Book I, where we took a line divided into 10 equal
parts. The same is to be understood if CD is marked in some other units rather than
in feet.
3. We have, of course, provided similarly easy solutions using the square, either
with plumb line or fixed.
PROBLEM XXXVII. To infer the distance between the summits of two mountains or
towers with the help of the aforesaid instrument.
1. Let F and G be the summits of the two mountains. Having placed point B of
the aforesaid instrument in the summit of the
shorter mountain, let the staff AB be lowered, until the staff BE points straight to
the summit G.
(This will be done easily
using sights fixed at B and E as we have
said in Number 2 of problem 31.)
Keeping the instrument in this position, let the
summit G be sighted from A, and let the
point of intersection D of the ray AG and
Figure 90: [142]
c
the staff attached at C be noted.
c
Since the triangles ACD, ABG are simiCor. Book
VI, Prop. 4.
lar,

[143]
the distance BG will be known in terms of CD from the proportion
AC : AB :: CD : BG,
where AC is known in parts of AB, and CD is known in some units. So if AC is one
fifth of AB and CD contains 1 32 feet, if 1 23 is taken five times, the distance BG will
be 8 31 feet.147
2. The distance bF will be investigated from the summit G of the taller mountain
in the same way, as the figure shows.
You will proceed in the same way if the points F and G are the summits of two
towers, or if one is the summit of a tower and the other is the top of a mountain, as is
certain.148
3. The same will be done with the square in this way. Let abf g be the square, let
the corner b be placed at the summit G, and let the side bf be lowered until it points
directly toward F , if it is understood to be produced. Let the umbra versa gh cut off
by the visual ray be observed. Since the triangles agh and Bba are similar, a from the a Book VI,
Prop. 4.
proportion
gb, the umbra versa : ga, the side of the square :: ab : Bb,
147
148

Not very realistic distances for mountains(!)
It certainly is! Father Clavius has a tendency to harp on the obvious at times.
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that is if the square of the number of parts in a side, for instance 1000000 is divided
by the umbra versa, the distance Bb will be produced in the quotient.
The same distance would be produced if the angle of the square were placed at B
and the lower side tended from B to the summit G.
PROBLEM XXXVIII. To determine the length of the slope of a mountain if its summit
is visible by an eye placed at the base, with the help of the same instrument.
1. Let the aforesaid instrument be placed so that point B is located at the base
of the mountain and the staff BE
points straight to the summit F (with
the help of two sights fixed on the
staff as we have said in Number 2
of problem 31). Let the intersection
D of the visual ray with the staff
CD be noted, with the summit F
b
sighted from A. b Again, the trianCor. Book
VI, Prop. 4.
gles ACD and ABF will be similar.
c For this reason, from the proporc
Figure 91: [143]
Book VI,
Prop. 4.
tion
AC : AB :: CD : BF ,
where AC is known in parts of AB, and CD is known in some given units, the oblique
slant height from B to F will be known in terms of CD.
2. By the same method, if F is the summit of some tower, you will investigate the
distance from the point B at ground level, or placed somewhere else, to F , that is, the
hypotenuse BF , as is clear. And many other measuring problems will be solvable with
this instrument, as the wise reader will easily perceive.
3. We will achieve the same with the square ABGH if its corner B is placed at
the base of the mountain and the side BG is elevated so that it points straight to the
summit F . For having observed
[144]
the umbra versa HI that the dioptra, directed toward the summit, cuts off, the triangles
AHI and F BA are similar. a For that reason, from the proportion
HI : AH, the side :: AB, the side : BF ,
that is, if the square of the number of parts in the side, or 1000000, is divided by the
umbra versa, the quotient will give the length of the oblique slant height BF .
PROBLEM XXXIX. To find an altitude whose base is accessible, by means of a planar
mirror, together with the distance to the mirror from the summit of the altitude.
1. Let the height to be measured be AB, and let the measurer step back by some
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number of paces or feet to point C at
which a plane mirror is to be placed.
Then let the measurer step back along the
line BC until his or her eye located at E
can see the summit A by the reflected ray
ECA, and so that DE is the stature of
the measurer, from the eye, to the plane.
And since the angle of incidence DCE is
equal to the angle of reflection ACB, as
Figure 92: [144]
149
practitioners of perspective teach,
and
the angles D, B are right angles, the triangles DCE and BCA are similar. b From this, as CD is to DE, so CB is to BA and b Book VI,
Prop. 4.
from the proportion
CD : DE :: CB : BA,
where CD is the distance from the measurer to the mirror at C, DE is the height of
the measurer, and CB is the distance to the mirror from the altitude, the altitude BA
that we seek will be produced, known in terms of the stature of the measurer.
2. Alternatively, let the angle DCE or BCA be measured by the geometric square.
(This will be done if a right angle F GH is constructed and the line F G contains as
many equal parts as there are paces or feet contained in the distance CD, while the
line GH contains as many of the same parts as there are paces or feet making up the
stature DE of the measurer. And with the line F H joined, c,150 the angle F will equal c Book VI,
the angle C. The angle F can be measured by a quadrant divided into degrees without Prop. 4.
difficulty.) Then taking CB as the total sine, the altitude BA, known in terms of CB,
will come from the proportion
total sine CB : BA :: CB : BA,
where the first BA is the tangent of the angle BCA or DCE that we just found, and
CB is a known distance. And again the distance CA from the mirror to the summit
A, known in terms of CB, will come from the proportion
total sine CB : CA :: CB : CA,
where the first CA is the secant of the same angle BCA or DCE.
[145]
3. Alternatively, we will proceed using only sines if desired.

a

The proportion

sine angle A : CB :: sine angle C :: BA,
149

Note that Clavius uses the angle the visual ray makes with the surface of the mirror rather than
the angle between the normal to the surface and the ray; he also uses the reverse of the present naming
convention because he apparently thinks of the visual ray as being emitted from the eye. A geometric
justification for the equality of the angles of incidence and reflection, stemming ultimately from a work
of Heron of Alexandria, will be given in Book VIII.
150
Clavius says Book I, Proposition 4, but that is the SAS criterion for triangle congruence.
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where angle A is the complement of the angle C of incidence or reflection, will give the
altitude BA known in terms of the distance CB. And then b the proportion

b
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sine angle A : CB :: sine angle B : CA
will give the hypotenuse CA, known in terms of the distance CB.
PROBLEM XL. To determine an inaccessible height using a planar mirror, together
with the distance to the mirror from the base (even if it is not visible) and the distance
to the summit.
1. Let the altitude AB in the previous figure151 be a tower erected on the plane BD.
Having placed the planar mirror at C, let the measurer step back from the altitude to
D until the summit A can be seen by the reflected ray ECA. Let the angle ECD and
hence also the angle ACB be observed with the quadrant as said in Number 2 of the
previous problem. Then with the mirror located at point K, some number of paces
from C, let the reflected ray LKA be inspected again, and let the angles IKL, hence
also AKB be investigated. And since with AB taken as the total sine, the lines BK
and BC are the tangents of the angles BAK, BAC, which are the complements of the
angles K, C measured with the quadrant just now, KC, the difference of the tangents
will be known. Then the proportion
KC, the difference of tangents : AB, the total sine :: KC : AB,
where the second KC is the actual difference of positions of the mirror (which is known),
will produce the height AB in terns of KC, the difference of positions of the mirror.
Again, from the proportion
KC : CB :: KC : CB,
where the first KC is the difference of the tangents,152 and the first CB is the larger
tangent, while the second KC is the difference of positions of the mirror, the larger
distance from the altitude, CB, will be obtained.
[146]
And if KC, the difference in the positions of the mirror, is taken away, KB will remain,
the smaller distance to the same altitude. This will also be found from a proportion as
above, but using the smaller tangent rather than the larger one, as is clear.
a Then since the angle AKB in the closer position of the mirror is equal to the sum a Book I,
of the two angles ACK, CAK, if the angle ACK in the more remote position of the Prop. 22.
mirror is subtracted, the remaining angle CAK will be known. b From the proportion b Rectil.
sine angle CAK : KC :: sine angle AKC : CA,
where again CAK is the difference of the angles of incidence and AKC is 180 degrees
minus the angle AKB as above, CA, the hypotenuse for the farther position of the
151

Clavius repeats the figure from the previous problem, but we have omitted it.
Clavius, or maybe the printer, forgets to include the tangentium this time and says just differentia
angulorum, the “difference of the angles.” But that is not correct. This happens again several lines
later in the text.
152
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mirror will be produced in terms of the difference of positions of the mirror, KC.
And again from the proportion

c
c
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sine angle CAK : KC :: sine angle ACK : KA,
the hypotenuse for the closer position of the mirror will be produced in terms of the
same difference of positions of the mirror, KC.
2. Alternatively, we will achieve the same using only sines, in this way. Having
found the hypotenuse CA using sines as we have just said, d from the proportion
total sine angle B : CA :: sine angle ACB : AB,
where ACB is the angle in the more remote station of the mirror, the height will emerge
in terms of the hypotenuse CA found before. e Again, from the proportion
total sine angle B : CA :: sine angle BAC : CB,
where BAC is the complement of angle ACB, the larger distance CB from the mirror
to the altitude will be produced. If KC is subtracted from this, the remaining distance
will be KB. The distance KB will also be found from a proportion as above, but using
the hypotenuse KA153 in place of CA.
[147]
PROBLEM XLI. To make known an altitude superposed on a mountain when the base
of the altitude is visible, or the height of the upper portion of a tower, with the help
of a planar mirror.
1. If access to the base of the tower is open, so that its distance from the measurer
may be known, and the altitude from the summit of the proposed portion to the base
of the tower, together with the altitude from the lowest point of the proposed portion
to the base of the tower, is investigated by problem 39, then with the smaller altitude
subtracted from the larger one, the remainder will give the part that is sought.
2. But if the altitude is superposed on a mountain and the base of the altitude
is visible, or if access to the tower is not open, then both of the aforesaid altitudes
are to be determined by the preceding problem. Then again, with the smaller altitude
subtracted from the larger one, the difference will make the altitude or portion that is
desired.
PROBLEM XLII. To describe the layout of a field, or a hall, or a temple, or a city, or
any plane region, if, from two locations in the site, stakes or staffs at all the corners
of the field, or building, or city, or region, or those corners themselves are visible. To
determine the lengths of the sides of the field, or building, and the distances between the
corners and any of the identified locations in given units. And if two locations within
the site cannot be chosen, to do the same provided that we can move completely around
the site.154
153

Clavius says KB, but that is incorrect.
That is, the problem is to produce an accurate planimetric diagram of the field, or building, or
city, or region at some scale.
154
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Figure 93: [148]

1. Although this problem is properly geographical or architectural in nature, nevertheless, since it cannot be solved without measuring lengths of lines, I would like to
explain a bit about it here. Therefore, let the site be bounded by five sides AB, BC,
CD, DE, EA. In the five corners A, B, C, D, E, let five stakes be fixed at right
angles to the horizontal, and near the middle of the area, let a level flat area at some
small altitude be prepared, in which there are two points F , G, any distance apart (for
instance 100 feet), from which all five of the stakes are visible. Through F , G, let the
line F G be drawn and extended in both directions; the segment F G will contain 100
feet by hypothesis. With a rotating dioptra with pinnacidia stationed in each of the
points F , G, let circles be described with centers at those points, so that by means of
their circumferences, magnitudes of angles with a vertex at F or G can be measured.
From F and G, through openings of the pinnacidia, let the stakes erected at the corners
A, B, C, D, E be sighted (rotating the dioptra). Let the angles between the sighting
lines and the line HI 155 , or the angles between the sighting lines be transferred in order
to the points K, L, whatever the distance between them is
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[148]
in the chart,156 and let the lines that make those angles at K and L be extended as
in the second figure. Therefore, if the points where those lines from K and L intersect
are joined by straight lines, the figure OP QRS will be described, completely similar to
the shape of the area ABCDE. And I show this in this way.
The triangles AGF , OLK are similar since the angles AGF , AF G are equal to the
angles OLK, OKL, respectively, by construction. a Therefore AG will be to GF as OL a Book VI,
is to LK. By the same reasoning, from the similarity of the triangles F GE and KLS, Prop. 4.
GF will be to GE as LK is to LS. And hence ex aequo AG will be to GE as OI is to LS.
Therefore since the angles AGE and OLS are equal (these were made equal by construction), and the sides containing those angles are proportional, b the triangles AGE and b Book VI,
Prop. 6.

155

These points do not appear in the first figure, but from the context it seems clear that this is
supposed to represent the extended line through F and G.
156
That is, the planimetric diagram that is being constructed–see the second figure below.
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OLS are similar, that is equiangular. By the same reasoning, because triangles F GD
c
and KLR are similar, c GD will be to GF
Book VI,
Prop. 4.
as LR is to LK. Next, because of the similarity of F GE and KLS, F G will be to
GE as KL is to LS. Therefore, ex aequo, GD will be to GE as LR is to LS.
And hence since the angles DGE, RLS
d
are equal by construction, d,157 the trianBook VI,
Prop. 6.
gles DGE and RLS will also be similar.
In the same way, we will show that triangles CGD, BGC, AGB are similar to
triangles QLR, P LQ, OLP , respectively.
Figure 94: [148]
Moreover, with the same arguments, we
will conclude (although it is not necessary) that the triangles that contain F in the area are similar to the triangles in the
figure OP QRS that contain K. From this, all the angles that are put together from
these angles, for instance angle AED, equal to AEG plus GED, are equal to the corresponding angles in second figure. For instance the angle AED is equal to the angle
OSR, which is angle OSL plus angle LSR since AEG equals OSL and GED equals
LSR, and so forth. It follows that the sides about equal angles of each figure are
e
proportional. For by similarity of triangles, e AE is to EG as OS is to SL,
Book VI,
Prop. 4.

[149]
and EG is to ED as SL is to SR. Hence, ex aequo, AE is to ED as OS is to SR, and
similarly for the others. Therefore the figures ABCDE and OP QRS are similar.
2. Now in fact, to find the lengths of the sides AB, BC, CD, DE, EA and the
lines drawn from F and G to the corners in the first figure, we must divide the interval
KL in the second, constructed, figure into some number of equal parts. Then we must
ask how many of those parts are contained in each of the sides and the lines in that
figure drawn from K and L. This may be done with a compass, repeatedly marking
off one part in those sides, or in the following way, which I strongly recommend. Let
the whole KL be repeated in any side or line as many times as possible, and in the
remaining segment, let one of the parts of KL be repeated with the compass, as many
times as possible. For as many times as KL was repeated, that number times the
number of parts of KL will be contained in the side, together with as many parts were
found with the compass in the remaining segment. Or, by what we have written at
the end of Number 2 of Chapter 1 in Book I, let the number of the parts of KL that
are contained in the side in question be investigated with the instrumentum partium.
Then set up the proportion: as the number of parts in the interval KL in the second
figure is to the number of feet between F and G in the first figure, so the number of
parts found in a side or line in the second figure is to the unknown. For the quotient
will indicate how many feet are contained in the side or line in question. The reason
is that KL has the same ratio to any side or line in the second figure that F G has to
157

The reference here should be to Book VI, Prop. 6 of Euclid, as in the parallel series of deductions
before. This has been corrected.
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the corresponding side or line in the first figure because the figures are similar. Hence,
permutando, as KL is to F G, so the side is to the side, etc. For example, in the second
figure, the interval KL is divided into 5 parts, and OP is found to contain 17 of those
parts. And since the distance F G in the first figure was assumed to be 100 feet, from
the proportion
KL = 5 parts : F G = 100 feet :: OP = 17 parts : AB,
by the golden rule 100 times 17 is 1700, and that divided by 5 gives the quotient 340,
the number of feet contained in AB, and so forth.
3. Now we will sketch out a plan of the same proposed area ABCDE from just one
such location,158 in the following way. Let the dioptra be directed to each of the stakes
erected at the corners and let the angles that the designated lines make with each other
be noted. Moreover, let the distances from F to each of the corners be investigated in
some units, either with an iron chain159 that cannot be stretched or relaxed, or by a
rope extended from F to each of the corners, or certainly if those distances are large,
by problem 2 or problem 36 with the use of the square or the other instrument. For
in a chart, starting at any point K, if the same angles are constructed and in lines
making those angles as many parts are taken as the corresponding measured distances,
in the lines out from F , and finally the endpoints of those segments are joined by
straight lines, a figure OP QRS will be described that is completely similar to the area
ABCDE, a because the triangles around F are similar to the corresponding triangles
around K because of the equality of the angles at F and K and because sides around
those angles are proportional by construction.
4. But the lengths of the sides in the area ABCDE will be known as follows.
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Using the same parts that were used to construct the lines out from K, let the number
of parts contained in the sides of the figure OP QRS be investigated with a compass.
For the the same numbers of units will be contained in the corresponding sides of the
area, as is clear from the similarity of the figures.
5. The same method as before is to be used for exploring the plan of any hall, or
temple, or city, or region. Only in describing a city, two high towers are to be used
for the points F , G, from which all the corners of the city are visible, and such that
distance from one to the other is known, or investigated by the previous problems. In
describing a region, for the same points F , G, two towns are to be chosen, and from
the highest tower, surrounding towns are to be inspected, so that the lines from the eye
of the measurer to each of those towns furnish equivalents of the lines to the corners
as before. But these will be more easily observed, if in place of a dioptra (since the
location is too high), a plane is stood upright at F , G so that it (understood to be
produced) will pass through the surrounding towns when it is turned. In this way that
plane will designate lines which contain the aforesaid angles. And this is to be done in
investigating the plan of a city as well. Then if the corners of a city or the towns of a
region are A, B, C, D, E, and the two towers are at F , G, all will be done as has been
said above for the plan of a field. For the figure OP QRS will show the plan or layout
158
159

That is, using one point F rather than both F and G.
That is, of the type used by surveyors.
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of the city or the region, and the distances from one of the locations A, B, C, D, E to
another will be known, as has been said for the sides of a field.
6. And if inside the proposed area there are not two locations, or even one, from
which all the corners can be seen, as happens in all buildings,160 it will be necessary
to move around the area and investigate the angles. In a field,
this can be done by lines that are conducted from stake to stake
by iron chains or ropes, or certainly by erecting planes that are
seen to pass through two stakes. But in buildings and temples,
the exterior walls form angles whose magnitudes are usually measured by craftsmen by means of a certain instrument indicated
in this figure, composed of two rulers, one of which can be moved
under the other (called a squadra zoppa by Italians). With the
instrument opened, if the legs coincide with two walls making a
corner, the interior sides of the legs will give the desired angle
Figure 95: [150]
where the walls come together. And if the same instrument is
applied to interior corners of buildings, the same interior sides of
the legs will give the angles which are made by the walls.
Having found the angles and noted them, the distances between stakes in the open
or between corners of buildings are to be explored in some units (such as cubits) by
an iron chain or a rope, or certainly if the distances are long (as in open fields), by
problem 2 or 36. Hence in the chart let the line OP be drawn containing as many
equal parts as, for instance, cubits have been found in the interval AB. Let the angle
P OS be made equal to the measured angle BAE. In the line OS, let there be taken as
many of the previous equal parts from O to S as cubits have been found in the distance
AE. And again let the angle OSR be equal to the angle AED, and so forth. Then the
layout of the field or other area will be represented by the figure OP QRS. And it is
to be understood that the same will be true for the exteriors or interiors of buildings
if the angles and the distances are observed diligently.
[151]
PROBLEM XLIII. To measure with the square the length of a beam or timber inclined
to the horizontal, of which only the upper portion can be seen, together with the angle
of inclination, the distance from the measurer to the base, and the height of the highest
point above the horizontal.
[Translator’s note: The figure provided in this edition (see the next page) is quite confusing and as a result the text of Clavius’s solution is a bit cryptic. The figure in the
first edition is actually much clearer in this case. We have made a rather free translation with some added explanation (in italics and in footnotes). Comparing the figure
with the Latin text, we find that the point C is not indicated but it is only relevant as
part of the description of the wall at the lower left of the figure containing D. There is
a lower case c on the right side, but that is the upper right corner of the square when it
is resting on the side EL in the horizontal plane and that point is not relevant either.
Second, the point G is not indicated in this figure. From the context later it is clear
160

That is, taking both the interior and exterior walls into account.
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that the point of intersection of the vertical line through H with AB is to be taken as
G, and this is shown in the edited figure for this problem contained in the version of
the Geometria Practica in the collected works. Finally, there are two points marked
I. I have renamed the one lying in the line AF to M for clarity in the English text.
When all the missing information is sorted out, Clavius’s argument is seen to be an
application of the techniques used earlier in the Scholium to problem 7 of this book.]
1. Let the inclined beam be AB and suppose it is resting on the wall at D.
Let the measurer be located at E, and assume that
the square and the beam lie in the same plane. It
is required to measure the length AB, the angle
of inclination ABE, the distance BE, and the altitude AF , even if only the upper portion AG is
visible with the wall at D obscuring the base.161
Let the square be applied at E, first inclined so
that the side through E would pass through A
when produced,162 and second lowered so that the
dioptra is located at E, and the side EL rests on
the horizontal plane. In the first orientation, let
Figure 96: [150]
the point A be sighted from a. By similar triangles a the umbra versa eb is to the side ba as the
side aE is to the distance EA, and hence EA is known. Then, rotating to the second
orientation with the side of the square along the line EB and again sighting the point
A, but from E along the hypotenuse EA, let the portion EI of the new dioptra be
determined as in Number 2 of the Scholium to problem 7. With the perpendicular If
dropped, b EI is to If as EA is to AF . Since If equals the side of the square, this
means the height AF is also determined, and that was the fourth piece of information
that was sought. By similar triangles again, c EI is to EA, as Ef (which is equal to
cI) is to EF , so EF is also known.
2. In the same way, if any other visible point G on the line AB is sighted from a,
and then from E, with the square in two positions as in Number 1, the hypotenuse EG,
the height GH, and the distance EH will be known as in the Scholium to problem
7.163
3. Now if the known EF is subtracted from the known EH, the remainder F H is
also known. This is equal to the line segment GM drawn parallel to the horizontal from
G to the intersection M with the line AF .164 In the same way, if GH, or the known
equal line F M , is subtracted from AF , the remaining AM is also known. Therefore,
161
“Only” from the Latin tantum. It would be more accurate to say that AG is a visible portion of
the beam, instead of saying that only that portion is visible.
162
Note that this position is not shown accurately in the figure.
163
In particular, this applies when G would be found by rotating the square so that one side produced
met AB in a right angle, or when G is the intersection point of the diagonal Ed and AB as the figure
seems to show (provided those points are visible). However, those are only special cases; the reasoning
is the same for any such point G. The division into paragraphs has been altered to make the structure
of the argument clearer.
164
This is the second point labeled I in the figure; the first is one endpoint of the umbra when A is
sighted from E in the second orientation of the square.
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since in the right triangle AGM , the two sides AM and GM containing the right angle
are known, d the hypotenuse AG and the angle AGM are also known. e Angle AGM
is is equal to the angle of inclination ABE. This was the second piece of information
that was sought.
4. Next, since in the right triangle ABF the side AF has been determined, together
with the angle B, and hence its complementary angle BAF , f the other side BF is
also known. If the known distance EF determined above is added to this, the whole
distance EB is made known. This was the third piece of information that was sought.
5. Finally, in the same right triangle ABF , since the side AF and the angle B,
hence also its complement BAF , are known, g the hypotenuse AB, namely the length
of the beam is also known h from the proportion AM : AF :: AG : AB. Here AM is
the difference of the known altitudes AF and GH, AF is the larger of those altitudes,
and AG was found shortly before in Number 3. The length AB was the first piece of
information we wanted.

d

Rectil.
Triang. 6.
e
Book I,
Prop. 29.
f

Rectil.
Triang. 4.

g

Rectil.
Triang. 4.
h

Book VI,
Prop. 2 &
componendo.

PROBLEM XLIV. With the summits of two towers visible, even if their bases are
obscured by intervening buildings, to learn the distance between their bases and their
summits, together with their heights and their distances from the measurer.
[152]

Figure 97: [152]

1. Let the two towers be AF , GH, of which only the summits A, G are visible
from the location B in the horizontal plane. It is required to investigate the distance
F H, the interval AG, and the altitude of each tower. First let the shorter tower AF
lie between the taller one and the measurer, who is standing in one plane with the
towers, so that the shorter tower does not occlude the summit of the taller one. By
the scholium to problem 7, both distances BF , BH and both altitudes AF , GH are
found, if for instance the square is located at B so one of its sides coincides with the
hypotenuse BA, then with the hypotenuse BG, etc. These are the third and fourth
items that are sought. And since the three points B, F , H are taken in the same
line, the difference of the distances, F H, that is the distance between the bases of the
towers is known, which is the first item. Again the difference of the altitudes, GC will
be known, a and because of this, in the right triangle ACG, from the two known sides a Rectil.
Triang. 6.
AC, GC, the hypotenuse AG will be made known as well. That is the second item.
2. Then, let the measurer be located at D, so that his or her position and the
two bases F , H do not lie in one straight line. By the scholium to problem 7, again,
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both altitudes AF , GH and distances DF , DH will be made known if in particular
one side of the square lies [in the plane of the triangle DF A, then again in the plane
of the triangle DHG]. These are the third and fourth items. But having investigated
the hypotenuses DA, DG, as was laid out in that same scholium, by problem 16 and
in particular by what we have written in Number 2 of that problem, the distance AG
will be known, for instance if portions DI and DE of those hypotenuses are taken that
are proportional to the wholes, as we said in that Number 2, etc. That is the second
item. And since the distances AF , GH have been made known, their difference GC
will also be known. Therefore, from the fact that the hypotenuse AG and the side GC
in the right triangle ACG are known, the side AC, that is, the distance F H between
the bases will also be known, which is the first item.
If the towers AF , GH are equal, the distance AC between their summits is equal
to F H, the distance between their bases.
SCHOLIUM.
1. From everything that has been shown in this third book, a general rule for
measuring all lengths can be inferred, whether they lie in the horizontal plane, or are
altitudes, or depths, or hypotenuses, that is, distances from the eye to any point, or
distances between two points, wherever they are, provided that both endpoints of the
length to be measured are visible to the measurer. For if by problem 15, in particular
by what we wrote in Number 5 of that problem, the distances from the measurer to
the two endpoints of the length are explored, having first investigated the angle that
those two distances or hypotenuses make, as we taught in Number 2 of the scholium
to problem 7, then what was required will have been done. Therefore if what we have
written in problems 15 and 16

Single rule
for measuring
all lines when
their endpoints
are visible.

[153]
has been diligently learned, the process of measuring lines will always be the same if
both endpoints of the given line are visible, as we have said.
2. But neither should this be omitted, I think: When the two distances from the
location of the measurer to the two endpoints of the line to be measured, together with
the angle contained between those lines are known, the distance between those two
endpoints will be found more accurately (although more laboriously) from Proposition
12 of the Rectilinear Triangles than by using two proportional portions of those distances. This is true because the distance between the endpoints of those proportional
segments can not be measured very accurately by the compass, as we warned at the
end of Number 2 in problem 16.
PROBLEM XLV. To ascertain whether an extent of land can be used for constructing
an aqueduct, or if desired, to make the land level and parallel to the horizontal.
1. When the given extent is not too large, Johannes Ferrerius, a celebrated Spanish
architect and mathematician165 contrived a most useful instrument for librations,166 of Construction
165

Very little is known about Ferrerius, except that he appears in references like this one in Clavius.
166
That is, ascertaining the fall of water for aqueducts or other water channels.
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Figure 98: [153]

this sort. Let two equal legs or rulers AB, AC of some hard, solid wood be fastened
together, of sufficient length that the distance between their endpoints B and C contains
10 palms precisely, or even more. Then, having drawn the line AG perpendicular to
BC, let a semicircle IDK however great be described, whose semidiameter AD is
divided in as many equal parts as there are palms contained in the length BC. Having
also described a hidden semicircle AED, starting from D, for each point on the line
AD imagine a line drawn intersecting the semicircle AED.167 Then from A, through
each point of the semicircle AED let hidden lines be drawn, and let their intersections
with the periphery DI be noted, and carried over to the other periphery DK.
[154]
Then if a plumb line is attached at the point A and all parts except the legs AB, AC
of the instrument together with the periphery of the semicircle IDK are taken away,
a most useful instrument for librations will have been constructed.
2. For in a field or garden, with the points B, C placed on the ground, if the plumb How an area
line passes through D, then B, C will be at the same level, so that if the segment BC is leveled.
between them is leveled off, that part of the field or garden is parallel to the horizontal.
But if the plumb line AH cuts some number of parts from the quadrant DI, say
3 parts, then the point C will be three palms higher than the point B, and that area
will need to be excavated to a depth of 3 palms so that the space between B and the
lowest point dug out will be parallel to the horizontal. And if the plumb line should
cut some number of parts from the other quadrant DK, say 5 parts, then C will be
5 palms lower than B and then C would need to be covered with earth to a depth of
167
That is, line segments of length 1, 2, 3, . . . , 10 of the parts of AD are drawn from D to points on
that semicircle. Then those points are joined with A by lines, which are extended to intersect the
larger semicircle DIK. The outer unequal numerical scale indicates those intersections. For example,
the point marked 3 in the outer scale comes from E with DE = 3. Note that the line AE extended to
BC meets that line in H with BH = 3. Clavius will give a proof for this shortly. The inner unequal
numerical scale is constructed similarly, but with the roles of A and D reversed.
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5 palms to make the area between B and the highest point of the superimposed earth
parallel to the horizontal. With the area between B and a nearby point C leveled (and
the height either reduced or raised), the same operation will be repeated, with the leg
AB placed in the point just considered, etc. The process is to be repeated up to a
given final landmark in the garden or field. This is proved as follows. Consider the
line BC and a line CF drawn parallel to the plumb line AH. The plumb line will
be perpendicular to the horizontal, so BF will be perpendicular to CF . And since in
the triangles AGH and BF C, the right angles are equal, a as are the alternate interior
angles C and H, b all the corresponding angles are equal and those triangles are similar.
But triangle AGH is also similar to triangle ADE because the right angles G and E 168
are equal and the angle A is common. Therefore the triangles ADE and BCF will also
be similar. c From this, AD (10 parts) will be to DE (3 parts) as BC (10 palms) is
to CE, and hence CE will contain 3 palms, the same number of parts that the plumb
line cuts from the semicircle IDK. And if the square of CF , for instance 9 in the
example (since the side is 3 palms), is subtracted from 100, that is, from the square of
BC (BC has length 10 palms), the remaining part is 91 is the square of the horizontal
10
will give the horizontal distance BF from point B to
line BF . The square root 9 19
the perpendicular.169
This same horizontal distance BF will also be known without numerical calculation,
in this way.170 From A, let another semicircle be described, and in the semicircle AED,
let all the intervals between A and points of the line AD be transferred. Then, with
hidden lines drawn from A to each point of the semicircle and their intersections with
the semicircle noted, let those be transferred to the other quadrant toward K. Now the
number of parts cut by the plumb line AH from this last semicircle will be the same
as the number of palms contained in the horizontal length BF , d because, since the
triangles DAE and CBF have been shown to be similar, DA is to AE as CB is BF .
Therefore, since by construction the line AE is composed of the same number of parts
of the line AD as there are in the semicircle from A to where the plumb line intersects
the semicircle (as in our example about 9 21 parts), the same number of palms of the
line BC will be contained in the line BF . But it is worthy of consideration that the
parts of the second semicircle are similar, but in contrary order to the parts of the first
semicircle IDK. For if, for example, if starting from the point A, AL is taken from
three parts of the line AD, while
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b
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the line DE which is also from the three parts of the line DA is taken starting from the
point D, and the line AL drawn, then the angle IAL will equal the angle DAE. For
since the arcs DE and AL are equal, the remaining arcs AE, DL will also be equal.
a Therefore the angles ADE, DAL will be equal. Since angles ADE, DAE sum to a a Book III,
right angle (the other angle E in the triangle ADE is inscribed in a semicircle) and the Prop. 27.
angles IAL and DAL also sum to a right angle, the angles DAE and IAL will also be
equal. From this it follows that the lines AI and AL cut off an arc of the semicircle
that is equal to the arc cut off by AD and AE. The reasoning is the same for all other
168

The triangle DEA is inscribed in the semicircle, hence the angle E is a right angle.
The value 9 10
is approximate, of course.
19
170
Now, Clavius describes the construction of the inner unequal scale.

169
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cases.
When the instrument has been applied several times, but the difference in elevation
between the first and the last points is sought, this will be known from the intermediate
differences in elevation. So if the first location is higher than the second by 5 palms,
and the second is higher than the third location by 2 palms, but the third location is 3
palms lower than the fourth location, and that fourth location finally is higher than the
fifth location by 1 palm, we deduce that the first location will be higher than the last
one by 5 palms. For the first location will be higher than the third by 7 palms (since
the first is 5 palms higher than the second, and the second location is 2 palms higher
than the third). And since the fourth location is 3 palms higher than the third, the
first location will still be 4 palms higher than the fourth. Therefore, since the fourth
location is one palm higher than the final, fifth position, the first will be 5 palms higher
than the last. And so forth for other cases.

Figure 99: [156]

3. But when two locations are far apart, we will explore how much one is higher
or lower than the other in elevation by means of the geometer’s square, in this way.
Let the first location be A and the second be B in the first figure. With a staff AD
erected equal to the height of the measurer, let BC be perpendicular to the location
A of the higher altitude. (Using the square, you will easily be able to determine which
of the locations is higher: If B is visible from A when the upper side of the square
is parallel to the horizontal, then A and B are at the same altitude. If that square
must be lowered in order for B to be visible, then location A will be higher. Finally,
if that same side must be raised, then location B will be higher.) Now if the altitude
DC is investigated by the procedure of the scholium to problem 9, and the height of
the measurer is subtracted, the difference will be the altitude AC, or how much higher
A is than B. And on the contrary, if in the lower location a staff BF equal to the
height of the measurer is erected, and by the procedure of the scholium to problem 7,
the altitude AE is investigated, from the line F E (considered drawn perpendicular to
AC) and the stature of the measurer is BF is added, then the total altitude AC will
be known. And the location B will be that much lower than location A. And thus it
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will be possible for water to be moved from A to B, but not vice versa.
4. Then, if a mountain is interposed between the first location A and the second
B, so that B is not visible from A, as in the second figure, we will proceed as follows.
From A, by the scholium to problem 9, we will explore the altitude CD. Then, from C,
by the scholium to problem 9, we will explore the altitude CE, with the perpendiculars
AD and BE drawn to CE. For by this reasoning, you will conclude that location
A is higher than location B by the amount DE. And hence by digging through the
mountain C, or building an aqueduct around it, it will be possible to move water from
A to B and not vice versa.
5. Finally, if on some mountain, or on its side, there is water either in some well
or in a ditch or pit, of some depth CD, and you want to know whether water can
be moved from D to B by an aqueduct, this will be the way. First if CD is a well,
investigate its depth CD by problem 27. If the water is in some sort of ditch or pit,
[156]
use problem 28. Then from B consider a perpendicular BE drawn to the perpendicular
CE, and by the scholium to problem 7 let the altitude CE be investigated from B.
Then if this should be found equal to the observed depth CD, the bottom of the water
will have the same altitude as the location B and hence water will not be able to flow
from D to B by an aqueduct. If the height CE should be found to be greater than the
depth CD, then water can be moved from D to B. Finally, if the altitude CE should
be found to be less than the depth CD, the location B will be higher than the water
at D, and for that reason the water will not be able to flow to B.
From these considerations, you will clearly understand where it is useful to construct
aqueducts and where it is not.
END OF THE THIRD BOOK.
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[157]
FOURTH BOOK OF THE
PRACTICAL GEOMETRY
Investigating areas of plane figures.
Just as straight lines are measured with a straight line, geometers are accustomed
to measure plane areas by the area of a square, and solids by the volume of a cube. For
as a straight line in which 100 lines of one palm are contained is said to be 100 palms
in length, so a plane area that contains 100 squares whose sides are equal to one palm
is said to be 100 square palms in area, and a solid made up of 100 cubes each of which
has a side of one palm, is said to be 100 cubic palms in volume.171 The same must be
understood for other measures such as the foot, the cubit, the pace, the mile, and so
forth. Since in fact for any plane area, as many squares of whatever measure are said
to be contained as in a rectangle which is equal to it in area, first it must be explained
in which way the area of any such rectangle is known. Then we will treat the areas of
triangles, nonrectangular quadrilaterals, and other figures of many sides. Finally, we
will measure the area of the circle and its parts.

Concerning
how the measures of straight
lines, plane
areas, and
solids are
obtained.

CHAPTER I. ON THE AREA OF RECTANGLES
How to de-

Since Definition 1 in Book II of Euclid teaches that a rectangle is contained between termine the
two straight lines that meet at a right angle, it is clear that the area of any such rectangle area of a
square or other
is produced by multiplying the lengths of the two sides about one right
rectangle.

[158]
angle, one times the other. Thus for a square, it is enough to multiply one side by
itself to find the area, since certainly the two sides
about one right angle are equal. So in a square
ABCD, each of whose sides contains 5 palms, if
the side AB, 5 palms, is multiplied by itself, 25
squares are produced, each of which has a side of
one palm, and the area of the square ABCD is
said to contain that many square palms. And the
area of the rectangle EF GH with one side longer
than the other, whose one side about the right
angle contains 5 feet and the other 3 feet, is said
Figure 100: [158]
to contain 15 square feet because multiplication of
the sides 5 and 3 produces the number 15.
2. And so if we are commanded to measure
any rectangular field or some other rectangular area, we must measure the two sides What must be
about the right angle according to any known measure, such as palms, or feet, etc. done to mea171

In the first case here, Clavius says the area is “100 palms,” not “100 square palms,” and similarly
for volumes. We have used the modern terminology to avoid possible confusion.
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sure a rectangular
field.

Then, having multiplied one by the other, the area of the field or rectangle will be
produced, as we have said.
CHAPTER II. ON THE AREA OF TRIANGLES
1. When all three sides of a triangle are known, the area can be found in two ways.
The first, which is the most accurate, is as follows.
Let all the sides be added together in one sum; let each of the sides be subtracted
from half of this sum, so that three differences between the semiperimeter and the sides
are obtained; finally, let these three differences and the semiperimeter be multiplied
together. The square root of the number produced will be the area of the triangle which
is sought.172
For example, if the sides are 10, 17, 21, their sum will be 48 and the semiperimeter
will be 24. The differences between this and the three sides will be 14, 7, 3. These
three numbers multiplied together (multiplying 14 by 7 first, and then the product by
3) make 294, which multiplied by the semiperimeter produces 7056, whose square root
84 will be the area of the said triangle, whose sides are 10, 17, 21. Again, if the sides of
some other triangle are 13, 14, 15, we will find the same area. For the sum of sides is 42,
and half of this is 21. The differences between this semiperimeter and the sides are 8, 7,
6, which multiplied together make 336, which multiplied by the aforesaid semiperimeter
yields 7056, whose square root 84 will give the area of the triangle contained by the
sides 13, 14, 15. Finally, if a triangle ABC is given, in which the side AB is 7, BC
is 10, and AC 11, the sum of all the sides is 28, and the semiperimeter is 14. This
exceeds the sides by 7, 4, 3, which multiplied together yield 84, which multiplied by
20
14 yields the number 1176, whose square root 34 69
will give the area of the triangle
ABC, approximately. From this you see that the area of a triangle is not always a
rational number [i.e. even if the sides are integers] because the final number produced
is not always a square, as happens in this last example.
[159]
Now we will prove this most excellent rule or procedure for the triangle ABC. Having
bisected the angles ABC, ACB by lines BD, CD meeting in D, drop perpendiculars
DE, DF , DG from D to each of the sides, and draw AD. Then since the two angles E
and DBE in the triangle DEB are equal to the two angles G and DBG in the triangle
DBG, and the side DB is common, a the pairs of sides DE, DG and BE, BG will be a Book I,
equal. In the same way DF and DG will be equal in the triangles DF C and DGC. Prop. 26.
And hence DE and DF will be equal to one another (since each has been shown to be
equal to the same DG). And therefore all three perpendiculars DE, DF , DG will be
equal.
b

Next, since the square on AD is equal to the sum of the squares on AE and ED, b Book I,
and also to the sum of the squares on AF and F D, the sum of the squares on AE and Prop. 47.
172

This is the result usually known as Heron’s formula today, after the Alexandrian mathematician
and engineer Heron, ca. 10–ca. 70 CE, who included this result in his Metrica. However, Clavius does
not identify a source for this discussion. See the accompanying essay, On the Eclectic Content and
Sources of Clavius’s Geometria Practica.
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ED is equal to the sum of the squares on AF and F D. Hence having taken away the
equal squares on ED and F D, the remaining squares on AE and AF will be equal,
and because of this, the lines AE and AF themselves will be equal. Therefore, since
the sides AE and AD of the triangle ADE are equal to the sides AF and AD of the
triangle ADF , and the base ED is equal to the base F D, c the angle DAE will be c Book I,
Prop. 8.
equal to the angle DAF .
Now, since AE and AF , and EB and BG have been shown to be equal,
the whole side AB will be equal to sum of the
two lines AF and BG. With the equals CG, CF
added, the sum of the two lines AB and CG equals
the sum of the two lines AC, BG. Thus, both the
sum of AB and CG and the sum of AC and GB
constitute half of the sum of the three sides AB,
BC, AC. For this reason, CG or CF will be the
difference between the semiperimeter and the side
AB. Similarly, BG or BE is the difference between the same semiperimeter and the side AC.
Finally, since the sum of AB and CG equals the
semiperimeter, and BG and BE are equal, as we
have shown, the sum of BC and AE also constitute the semiperimeter, and AE will be the difference between the semiperimeter and the side
BC. Therefore the sum of the three lines AE,
Figure 101: [159]
EB, CG constitutes the semiperimeter and individually they give the three differences between
the semiperimeter and the three sides of the triangle.
Having produced AB and AC, let BH and CG be equal and CI and BG be equal,
so that AH (equal to the sum of AB and CG) and AI (equal to the sum of AC and
BG) are both equal to the semiperimeter, and both consist of the three differences as
said before. With HK drawn perpendicular to AH and meeting AD, produced, in
K, let the lines KI, KB, KC be connected. And since two sides AH and AK of the
triangle AHK are equal to two sides AI and AK of the triangle AIK and they contain
equal angles at A, as we showed above, d the bases HK and IK will also be equal, as d Book I,
will the angles H and I. Since H was a right angle by construction, I will also be a Prop. 4
right angle.
In addition, let BL be cut off [from BC] equal to CG or BH, so that the rest,
CL, is equal to BG, or to CI, and let the line KL be joined. Having produced BH,
let HM be taken equal to the same CI, and connect the line KM . And since the
two sides KH, HM of the triangle HM K, are equal to the two sides KI, IC of the
triangle KIC, and they contain equal angles H, I (since they are right angles), e the e Book I,
bases KM , KC will also be equal. And therefore, since the two sides BM , BK of the Prop. 8.
triangle BM K, are equal to the two sides BC and BK of the triangle BCK (namely,
BM and BC are equal because the parts BH, HM are equal to the parts BL, LC
respectively) and the base
[160]
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KM has been proved equal to the base KC, a the angles KBM , KBC will also be
equal. And since the two sides BH, BK of the triangle BHK are equal to the two
sides BL, BK of the triangle BLK, and they contain equal angles at B as we have
shown, b the bases HK, KL and the angles H, L will be equal. Therefore, since H is a
right angle by construction, L will also be a right angle. From this, since the sides KH
and KB of the triangle KBH are equal to the sides KL, KB of the triangle KBL,
and the base BH is equal to the base BL, c the angles BKH and BKL will also be
equal.
By what we showed at Proposition 32 in Book I of Euclid, the four angles of the
quadrilateral BHKL are equal to four right angles, and with the two right angles H, L
taken away, the two angles HBL and HKL together equal two right angles. d Therefore
they equal the two angles HBL, EBL together. With the common angle HBL taken
away, the remainder HKL will be equal to the remainder EBL. And for this reason
HKB will be equal to EBD (the half to the half). Since the right angle H is also equal
to the right angle E, e the remaining angle HBK in the triangle HBK will be equal
to the remaining angle EDB in the triangle EDB. Therefore the triangles BHK and
DEB are equiangular.173 f For this reason, DE will be to EB as BH is to HK, and
the same will be true if the lines are represented as numbers: g the number obtained
as the product of DE and HK will equal the product of EB and BH. h Therefore,
the square of DE has the same ratio to the product of DE and HK as it has to the
product of EB and BH. i But the square of DE is to the product of DE and HK as
DE is to HK (because multiplying DE and HK times DE gives the square on DE
and the product of DE and HK). Therefore also the square of DE is to the product
of EB and BH as DE is to HK. And DE is to HK as AE is to AH. k Thus, since
DE and HK are parallel, the triangles AED and AHK will be equiangular by the
corollary to Proposition 4 of Book VI of Euclid. l Hence as AE is to ED, so AH is to
HK, and permutando, as AE is to AH, so ED is to HK. Therefore also the square
of DE is to the product of EB and BH as AE is to AH. m This makes the square of
DE times AH equal to AE times the product of EB and BH. Hence also the number
which is produced by multiplying the product of the square of DE times AH by AH
will be equal to the number produced by multiplying the product AE times EB by the
product BH times AH. [ ... ]174 That is, the number obtained by multiplying AH by
AH, that is the square of the same AH, multiplied by the square of DE, (for by the
scholium to Proposition 19 in Book 8 of Euclid, however three numbers are multiplied
into one another, the same product will be produced) will be equal to AE times the
product of EB and BH (that is, the product of the three differences AE, EB, BH)
multiplied by AH (the semiperimeter). And from the square of AH times the square
of DE is produced the square of the area of the triangle ABC, as we will soon show.
Therefore since from the product of the three excesses AE, EB, BH multiplied by AH
(the semiperimeter) is produced the square of the number representing the area of the
triangle ABC,
173

That is, similar.
A sentence reiterating and explaining this last statement with a reference to Book VII, Proposition
18 has not been translated. Clavius is being very careful to say he is working with numbers in this
part of the argument since, in the strict Euclidean tradition, products of four lengths or products of
two areas would not have immediate geometric meanings.
174
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[161]
the square root of this number will be the area of the said triangle: which is what was
to be proved.
And moreover I show that from the product of the square of DE times the square of
AH is produced the square of the area of the triangle ABC, by the following method.
As we will show in Number 2, from DE times half the side AB is produced the area
of the triangle ADB. And from the same DE, that is, from DG times half the side
BC is produced the area of the triangle BDC. In the same way, from the same DE,
that is from DF , times half the side AC is produced the area of the triangle ADC.
Moreover, the product of DE times the halves of the sides AB, BC, AC, a is equal a Book II,
to the product of DE and AH (the sum of those halves taken together). Because of Prop. 1.
this, the area of the triangle is the product of DE and AH, and hence (with the lines
represented by numbers), the square of the number representing the area of the triangle
ABC is produced by the product of the square of DE and the square of AH. For when
two numbers multiplying each other make something, multiplying their squares will
produce the square of their product, as will be made clear.
Let two numbers A and B multiplying each other make D, and each multiplied
by itself make C and E. Finally let these squares multiplying each other make F . I
say that F is the square of the same D. Since A multiplying itself makes C and A
multiplying B makes D, b as A is to B, so C will be to D. By the same reasoning, as b Book VII,
A is to B, so D will be to E, and from this C, D, E will be in continued proportion. Prop. 17.
c From this, the product of C and E, say a number F , will be equal to the product of c Book VII,
D with itself. Hence F will be the square of D.175 Hence since the area of the triangle Prop. 20.
ABC is the product of DE and AH, as we have shown, the square of DE times the
square of AH is the square of the number representing the area of the same triangle
ABC. This is what was to be shown.
2. Another way by which the area of a triangle is reckoned from the given sides is Another way
to find the
this:
area of a triFrom any angle, let a perpendicular be dropped to the opposite side, extended if angle from
necessary. For this perpendicular (if its length is known), multiplied by half of the base given sides.

(that is, the aforesaid side), or half the perpendicular times the whole base, will produce
the area of the triangle. Or if you prefer, the whole perpendicular, multiplied by the
whole base, will produce a number whose half will give the area of the triangle.
For as we have shown in Proposition 1 of Book VII,176 the area of the triangle
is the area of the rectangle contained by the perpendicular and half of the base, or
by half of the perpendicular and the whole base. The triangle also equals half the
rectangle contained by the perpendicular and the whole base, by multiplication of one
side about the right angle by the other, that is, from multiplication of the perpendicular
( d which is equal to one side of the rectangle) by half the base of the triangle, or from d Book I,
multiplication of half of the perpendicular ( e which is equal to half the side of the Prop. 34.
e
175

A dot diagram on page [161] illustrating an example of the algebraic identity (ab)2 = a2 b2 that
underlies this discussion has been omitted. It is perhaps worthy of comment that the results from
Book VII of the Elements that Clavius is using apply only to integers, but Clavius is evidently not
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Book I,
Prop. 34.

rectangle) by the whole base. Finally the rectangle contained by the perpendicular and
the whole base is twice the triangle–what was proposed is established.
In measuring fields, the lengths of the said perpendicular and the base are to be
determined with an iron chain which is neither stretched nor slack, or indeed, if all the
sides are known, geometrically in this fashion. Let ABC be a triangle whose side AB
is 10, whose side BC is 21, and whose side AC is 17. First the segments
[162]
BD, CD on either side of the perpendicular must be determined, by what we have
written in Book I, Chapter 3, Number 9. Make the ratio of the side BC, on which
the perpendicular AD falls (the perpendicular falling on
the longest side should be measured so that the intersection falls within the triangle), to the sum of the other two
sides AB, AC, that is 21 to 27 equal to the ratio of the
difference of these other two sides, that is 7, to a some
number. The value 9 will be produced. (Since this is less
than the side BC, it is evidence that the perpendicular falls
within the triangle. For if it was larger, the perpendicular
Figure 102: [162]
would fall outside, as we have shown in Proposition 9 of our
Rectilinear Triangles.) Taking away the 9 from the length
of BC, which is 21, leaves 12. Half of this, namely 6, will give the smaller segment
BD adjacent to the smaller side AB. The difference 21 − 6 = 15 will make the larger
segment CD adjacent to the larger side AC.
Again, consider the triangle ABD, whose sides are AB, 12, AD, 11, and BD, 20.
Let it be required to measure the perpendicular from D to AB. Make the ratio of side
AB to the sum of the other two sides equal to the ratio of the
difference of those sides to some number, that is make the
ratio 12 to 31 equal to the ratio 9 to some number. The
number value 23 14 will be produced. (Since this larger than
the side AB, it is evidence that the perpendicular falls outside the triangle and the angle A is obtuse.) Subtracting
the length of AB from this leaves 11 41 , and half of this number, 5 58 , will yield the exterior segment AC between the
perpendicular and the obtuse angle. The same 5 58 added
Figure 103: [162]
to the side AB will make the segment BC between the perpendicular and the acute angle at B, equal to 17 85 . And
this procedure is easiest.
Alternatively, let it be required to drop a perpendicular to the longest side BC in
the first triangle ABC (which necessarily falls within the triangle), a since angle A is a Book I,
larger than either angle B or C; it follows that both of these angles are acute. b Since Prop. 18.
the square of the side AB is the sum of the squares on AC and BC, minus twice the b Book II,
rectangle contained by BC and the segment CD between C and the perpendicular,177 Prop. 13.
restricting the magnitudes A, B, C, D, E, F here in that way.
176
That is, Book VII of this Practical Geometry.
177
This is a geometric form of the Law of Cosines. See the note from page [47] in Book I.

153

if the square of the side AB, 100, is subtracted from the sum of the squares of AC and
BC, that is 730, the difference makes twice the area of the rectangle contained by BC
and the segment CD between C and the perpendicular, namely 630. From this, if half
of 630 is taken away, 315 will be the area of the rectangle itself. And hence the 315
divided by the side BC, namely 21, will give the quotient 15 equal to the segment CD
closer to the acute angle C opposite the side AB whose square was subtracted from the
sum of the squares of the other two sides. With this segment CD of length 15 taken
away from the side BC of length 21, there will remain the other segment BD, of length
6. In the same way, c since the square of AC is less than the sum of the squares of c Book II,
AB and BC by twice the area of the rectangle contained by BC and the segment BD Prop. 13.
between B and the perpendicular, if the square of the side AC, 289, is subtracted from
the sum of the squares of the sides AB and BC, namely 541, the difference 252 makes
twice the area of the rectangle contained by BC and the segment BD between B and
the perpendicular. From this, if half is taken away, 126 is the area of of the rectangle
itself. And hence 126 divided by the side CB, namely 21, gives the quotient 6, the
length of the segment BD, next to the angle B, to which the side AC is opposite, from
whose square the other two squares were subtracted.
[163]
With this segment of length 6 taken away from the side BC, of length 21, the other
segment CD of length 15 will remain.
Next, in the second triangle ABC, let it be required to find the perpendicular to
the side AB, not the longest. Since the side DB is longer than AD, a angle A will be
greater than angle B. b Because both angles are together less than two right angles, the
smaller angle B will be acute. c Hence the square of AD will be smaller than the sum
of the squares of AB and BD by twice the area of the rectangle contained by AB and
the segment between B and the perpendicular. If therefore the square of AD, namely
121, is subtracted from the sum of the squares of AB and BD, that is from 544, the
difference 423 gives twice the area of that rectangle, and one half, namely 221 21 will
give the area of that rectangle. From this if 221 21 is divided by 12, the length of side
AB, the quotient 17 58 will give the segment between B and the perpendicular. Since
this is greater than AB, I claim the perpendicular falls outside the triangle, and hence
the angle A is obtuse. If from this segment of length 17 85 , the side AB of length 12 is
subtracted, the exterior segment of length 5 58 will remain.
When it is established that the angle A is obtuse, and because of this the perpendicular DC falls outside the triangle, we can obtain the segments BC, CA, also by
this method. d Since the square of the side BD exceeds the sum of the squares of
the sides AB, AD by twice the rectangle contained by the side AB and the exterior
segment AC, if the sum of the squares of AB and AD, namely 265, is subtracted from
the square of the side BD, namely 400, the difference, 135 will be twice the rectangle
contained by AB and AC. With half taken away, 67 12 will be the area of the rectangle
itself. Hence the area of this rectangle divided by the side AB, namely 12, will give
the quotient 5 58 equal to the length of the exterior segment CD, and if the side AB,
namely 12 is added, the sum 17 58 will be BC. But the previous method, which does
not rely on Book II of Euclid, is easier, and hence is to be preferred, even though other
authors often follow this second way.
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With the lengths of the segments made by the perpendicular determined, now we
will learn the length of the perpendicular.
Let the difference between either segment and the adjacent side be multiplied by the
sum of that segment and that side. The square root of the number produced will exhibit
the length of the perpendicular, as we have shown in Book I, Chapter 3, Number 17.
For example, in the previous triangle ABC, if the difference between the segment
BD and the side AB, that is between 6 and 10, namely 4, is multiplied by the sum,
namely 16, the number 64 is produced. The square root of this, namely 8, will give
the length of the perpendicular AD. By the same reasoning, if the difference between
the segment CD and the side AC, that is between 15 and 17, namely 2, is multiplied
by the sum, namely 32, the number 64 will be produced, whose square root 8 gives the
perpendicular AD, as before.
In the second triangle ABD, if the difference 5 38 between the segment AC (length
5 85 ) and the side AD (length 11) is multiplied by 16 85 (the sum of AC and AD), the
23
number 5719
64 , or 89 64 will be produced. The square root of this cannot be expressed as
a rational number, but is slightly larger than the compound fraction whose numerator
94
and whose denominator is 8,178 which if the numerator is
is 75 151
[164]
547
divided by the denominator is reduced to the number 9 1208
, and this is approximately
equal to the perpendicular DC. So also if the difference between the segment BC (of
length 17 58 ) and the side BD (of length 20), namely 2 83 , is multiplied by the sum of
the same BC and BD, namely 37 58 , the same number as before is produced, namely
23
547
5719
64 , that is, 89 64 . The square root is slightly larger than 9 1208 , as before. And this
process is easy enough.
Alternatively, a since the square of the side AB in the first triangle is equal to the
sum of the squares of AD, BD, if the square of BD, namely 36, is taken away from
the square of the adjacent side AB, namely 100, the square, 64, of the perpendicular
AD will remain. The square root 8 will be the magnitude of the perpendicular as
above. Similarly, if the square of the segment CD, namely 225, is taken away from the
square of the adjacent side AC, namely 289, the difference will make the square of the
perpendicular AD, namely 64. The square root 8 of this will be the length of AD, as
before.
In the latter triangle ABD, if the square of the segment AC (length 5 85 ), namely
31 41
64 , is subtracted from the square of the adjacent side AD, namely 121, the square of
23
the perpendicular DC, namely 89 64
, will remain, whose square root is slightly larger
547
than 9 1208 , as above. So also, if the square of the segment BC (length 17 58 ), namely
41
310 64
, is subtracted from the square of the adjacent side BD (of length 20), namely
400, the square 89 23
64 of the perpendicular DC will remain again. The square root of
547
this number is slightly larger than 9 1208
, as above. In truth, the first method seems
easier, although others teach this latter method.
Next, the perpendicular in an equilateral triangle may be found in this different
way. b Since the square of the side is 43 of the square of the perpendicular, if the ratio 4
178

A small figure showing this compound fraction has been omitted.
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to 3 is set equal to the ratio of the square of the side to some number, then the value of
the number will be the square of the perpendicular. The square root of this will exhibit
the perpendicular. So if the side is 10, let 4 be to 3 as the square of the side, namely
100, is to the unknown. The square of the perpendicular will be produced, namely 75,
11
whose square root, close to 8 17
, will be the perpendicular sought.
Finally, with the segments of the base of the perpendicular determined, the perpendicular itself can be found via sines. In the first triangle, the ratio of the side AB
(length 10) opposite the right angle D to the total sine of the right angle D is the
same as the ratio of the side BD (length 6) to a number equal to the sine of the angle
BAD. The value of the sine of BAD will be 60000. Therefore the angle BAD will be
36 degrees, 52 minutes, and therefore the complementary angle B will be 53 degrees, 8
minutes. Therefore, from the proportion
sine of D : AB :: sine of B : AD,
30
the length of AD will be produced, which is approximately 8 100000
, slightly larger than
the value 8 found above. This difference comes from the fact the needed sines are not
all given exactly in the table. Yet in measurements of fields this will not produce a
noticeable error.
Next, if in the first triangle ABC, the perpendicular AD (length 8) is multiplied by
half the base BC (length 10 12 ), or half the perpendicular AD (length 4) is multiplied
by the whole base (length 21), the area of the triangle ABC, 84, will be produced.
The same number will be found by multiplying the whole perpendicular and the whole
base, and then taking half of the product 168.
547
In the second triangle, if the perpendicular DC (length 9 1208
) is multiplied by half
the base AB (length 6) or half of the perpendicular (namely the number 11419
2416 , or

Area of the
first triangle
ABC

Area of the
latter triangle ABD

[165]
1755
4 2416
) is multiplied by the whole base (length 12), the area of the triangle ABD will
866
433
be computed, namely 56 1208
, or 56 604
. The same number is produced if the whole
perpendicular is multiplied by the whole base and one half of the product is taken.
So that fractions might be avoided as much as possible, when the perpendicular is an
even number and the base is an odd number, take half of the perpendicular and multiply
that by the whole base. When the perpendicular is an odd number and the base is an
even number, take half the base and multiply that by the whole perpendicular. When
both the perpendicular and the base are even numbers, there is no difference; you may
take half of either one.
Now when the perpendicular is a radical that cannot be expressed as a rational
number, as was the case for DC in the latter triangle ABD, you will have done well
if you multiply its square (not having extracted the square root of the number) by the
square of half the base. For the number produced will be the square of the number
giving the area of the triangle, so that its square root is the area of the triangle. For
by this process we will stray less from the true value. So in the latter triangle ABD,
if we multiply the square of the perpendicular DC, that is, 5719
64 by 36, the square of
half of the base, we will produce 205884
,
the
square
of
the
area,
whose square root is
64
2605
56 3628 . This is slightly larger than the value found before. By the same process, if in
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any triangle the square of the perpendicular was 72, and the base was 6, if we multiply
8
the square root of 72, that is 8 17
, which is the same as the perpendicular, by 6, we
14
will produce an area 50 17 . But if we multiply the same square 72 by the square of half
of the base, that is 36, then we will get 2592, the square of the area. The square root
92
of this number is slightly larger than 50 101
, which is also somewhat larger than the
14
179
value 50 17 found before.
The rationale for our rule is what we have shown shortly
before the end of Number 1: two numbers multiplied together give the square root of
the product of their squares.
3. Having set out two general rules by which the area of an arbitrary triangle can be
determined when the sides are known, we will now lay out certain particular principles
for a few particular triangles which will often be of great use, since the number giving
the area of such triangles is often found more easily with these than by using the general
rules. Therefore, the area of a right triangle will be produced if the two sides about
the right angle are multiplied and half the resulting number is taken. For from the
product of those sides, the area of the rectangle contained by the two sides about the
right angle is produced, as has been said in Chapter 1, and a the triangle is half of that
rectangle. In the same manner, if half of either side is multiplied by the whole of the
other, the area is obtained. So in the previous triangle ABC, divided into two right
triangles ADB, ADC, if AD (length 8) is multiplied by BD (length 6) the number 48
will be produced, whose half 24 will be the area of triangle ADB. And if AD (length
8) is multiplied by DC (length 15), this will make 120, whose half 60 will be the area
of triangle ADC. Here you see that the two triangles of areas 24 and 60 make up the
whole triangle ABC, of area 84, as we found above.
4. The area of an isosceles or equilateral triangle will be produced if the square
of half the base is subtracted from the square of the side,
the remaining number is multiplied by the same square of
half the base, and finally, the square root of this product is
extracted. So in isosceles triangle ABC whose equal sides
are AB, AC of length 32, and whose base is BC of length
24, if the square of half the base, namely 144, is subtracted
from the square of the side AC or AB, namely 1024,
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and the difference, namely 880, is multiplied by 144 (the
Figure 104: [165]
square of half the base), the product will be 126720. The
695
square root 355 711
(which is slightly smaller than the true
root) gives the area of the triangle ABC approximately.
For if the square of half of the base, DC is subtracted from
a
the square of the side AC, a the difference is the square of
Book I,
the perpendicular AD, which from the scholium to Proposition 26 in Book I of Euclid Prop. 47
bisects the base BC in D. From which it follows that, as we have shown around the
end of Number 2, the square of the perpendicular AD, multiplied by the square of DC
(half the base) will produce the square of the area of the triangle ABC. The process
√
√
92
And 50 101
is significantly closer to 6 72 = 36 2 than 50
√
approximation to 72 would accomplish the same thing.
179
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is. But of course a more accurate

is the same for an equilateral triangle since it also has two equal sides.
5. The following method for finding the area of an equilateral triangle is treated by
authors, although it has not (as far as I know) been proved by any of them. Multiply
the square of the side by 13 and divide the product by 30; the quotient will be the area
of the equilateral triangle, [approximately]. So if one side of an equilateral triangle is
10, the square of the side, namely 100, is multiplied by 13 to yield 1300, and this is
divided by 30. The quotient 43 13 will be the area of the triangle. I now show why this
rule is true. The area of an equilateral triangle all of whose sides equal 1 is the square
3
root of the number 16
. (For by the rule explained in the preceding Number 4, if the
square of half the side, namely 14 , is subtracted from the square of the side, namely 1,
and the difference 34 is multiplied by the same square of half the side, the square of the
3
area of the equilateral triangle will be produced, namely 16
.) This square root is close
13
to 30 . And therefore the square of the side 1 has the same ratio to the square of the
1
side 10, that is, 100
, as the ratio of the area of the triangle of side 1, namely 13
30 , to the
b
area of the square of side 10 since either ratio is the duplicate ratio of the side to the
1
. If 1 (the square of the side 1) is to 100 (the square of the side 10) as
side, that is 10
13
the area 30 is to an unknown, then the value of the unknown will equal the area of the
triangle of side 10. Multiply the 100 by 13
30 or (as holds by the rules for multiplying
fractions), multiply 100 times the numerator 13 and divide the product by 30. It is
not necessary to divide this number 43 31 by the first number 1, since multiplying or
dividing any number by 1 produces the same number. So then if the side of a triangle
is 6, we will multiply its square, 36, by 13
30 , that is, multiply by the numerator 13, with
product 468, and then divide by 30. The quotient 15 35 will be the area of the triangle
in question.
3
That 13
30 is approximately the square root of the number 16 is clear from the rule
by which the root of a fraction is extracted, which is the following. Let the numerator
be multiplied by the denominator, and let the square root of the product be found,
approximately. If we then divide the numerator by this root, or divide this root by
the denominator, the root of the fraction in question will be produced approximately.
If the approximate root of the product of the numerator and the denominator is less
than the true value, in the first case, the approximate value of the square root of the
quotient will be greater than the true value; in the second case it will be smaller than
the true value. This is clear: in the first case the numerator is divided by a number
smaller than the true value of the square root of the product, while in the second case
a number smaller than the true value of the square root of the product is divided by
the denominator. For example, suppose it is required to find the square root of the
3
fraction 16
(as we have said, this is the square of the area of an equilateral triangle with
side 1). The product of 3 and 16 makes 48, whose square root is approximately 6 12
13
(and this is less than the true value). If the numerator 3 is divided by this number, it
13
3
will produce the approximate root 30
of the fraction 16
, which is larger than the true
12
45
value. Or if this approximate root 6 13 is divided by 16, the approximate root 104
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3
of the same fraction 16
is found, which is smaller than the true value. The rationale
for this method of extracting roots is as follows. When the numerator 3 multiplies the
denominator 16, a the square root of the product 48 will be the mean proportional
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between these two magnitudes, because that root multiplied by itself is the same as
the product of the extremes 3 and 16. b Therefore, the ratio of 3 to 16 is also the
duplicate ratio of the root of 3 to the root of 16. The ratio of 3 to the square root of
48 and the ratio of the square root of 48 to 16 will be the same as this. Because of
3
will be the same as the fraction with numerator
this, the square root of the fraction 16
3 and denominator equal to the square root of 48, and also equal to the fraction with
numerator equal to the square root of 48 and denominator equal to 16. That is,
3 divided by an approximate square root of 48 and an approximate square root of 48
3
divided by 16 will both give approximate square roots of the fraction 16
. The reasoning
is the same in general.
Others give this rule for finding the area of an equilateral triangle: From the square
of the side, take the tenth part and a third part. The sum of these parts will be the
1
area of the triangle approximately. I show this as follows. These fractions 10
and 31
13
1
1
added together make 30 , and hence taking 10 plus 3 of the square of the side is the
13 180
same as taking 30
.
Hence, as was explained in Number 5, from the multiplication
13
is produced the area of the equilateral triangle, and it
of the square of the side by 30
clearly holds that the tenth part plus the third part of the square of the side makes
1
the same area. And if the side is 30, its square will be 900, of which 10
is 90 and of
1
which 3 is 300. These parts together make the number 390 the approximate area of
this equilateral triangle.
6. To this point, we have discussed rules that lead us to the knowledge of the area
of an arbitrary triangle if all the sides are known. Now, we will investigate areas of
triangles by trigonometry, using sines, tangents, and secants when perhaps not all the
sides are known, but at least one or two sides, together with two angles or one angle.
We will consider right triangles first.
When the side opposite the right angle in a right triangle is known, with one of the
acute angles, we will determine the area as follows. Having subtracted the given angle
from a right angle, that is, from 90 degrees, the other acute angle will remain, and
hence is also known. For example, consider triangle DCB,
having a right angle at C, and side BD known, together
with the acute angle B. c The two angles B and BDC
together are equal to a right angle, that is to 90 degrees; if
the angle B is subtracted from 90 degrees, the remaining
angle will equal BDC. Thus if ratio of the sine of angle
C to the opposite side BD (in whatever length units) is
set equal to the ratio of the sine of the angle B to some
Figure 105: [167]
number, and the ratio of the sine of angle BDC to another
unknown, d the sides DC and CB will be known in terms
of the side BD. And thus all three sides will be known. Therefore also the area will
be known either by Number 1 of this chapter or by Number 3.
And therefore if a triangular field is to be measured, having one right angle, it will
be easy if, with highest diligence, the side opposite the right angle is measured, and
besides one acute angle using the sort of quadrant divided into degrees
180
Clavius gives a reference here to Proposition 6 in an appendix to Book IX in his edition of Euclid
dealing with arithmetic of fractions.
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[168]
that we constructed in Chapter 2 of Book I. For with these things known, as we have
said just now, the whole area of the triangle will be known, even if we are not able to
find the other two sides.
When in the same right triangle BDC, either one of the sides about right angle
is given, together with the side opposite the right angle, for instance, if DC and DB
are known, a the other side BC will also be found in this way. Make the ratio of DB
opposite the right angle to the sine of C equal to the ratio of DC to some number. The
value of the unknown will equal the sine of the angle B, which having been found from
the table of sines, will also make the complement BDC known. If again the ratio of
the sine of C to the opposite side DB, is set equal to ratio of the sine of angle BDC to
some number, the side BC will be found. With the two sides DC, CB known, the area
of the triangle is made known by what we have written shortly before in Number 3.
And so in a field, if a triangular portion is given, having a right angle, it is enough,
if one side about the right angle is diligently measured, together with the side opposite
the right angle, even if the third side is not known. From these two sides the area will
be found, as has been said.
If in the same triangle BDC, one side about the right angle, for instance DC,
together with either one of the acute angles, and the right angle C are known, b the
other side BC will also be known. Let the ratio of the total sine to the given side
DC be equal to the ratio of the tangent of BDC to some number. (The angle BDC
opposite the side CB will also be known if B is subtracted from 90 degrees.) The value
of the unknown will give the side CB. Or, if the ratio of the sine of B to the given side
DC is set equal to the ratio of the sine of the other angle BDC to some number, the
value of the unknown will give the side BC that is sought. From the two sides CD,
CB, we will known the area as was said in Number 3.
Therefore in a field, if we have to find the area of a triangular portion containing a
right angle, it will be enough to measure one side about the right angle and one acute
angle in order to obtain the area of the triangle, even if the other two sides are not
accessible. And so for the right triangles; let us come now to non-right triangles.
7. In a non-right triangle ABD, suppose one side is known together with any two
angles. We will find the area as follows. From the two known angles, the third will be
known as well, since it is the supplementary angle of the sum of the two known angles
(i.e. the sum of all three is 180 degrees). c Therefore the two other sides will be known.
And hence, from the three known sides, the area is known from the things treated in
Number 1 and Number 2.
To find the area of a triangular field having no right angles, it will be enough, if
one side together with two angles are accurately measured. For from these the two
remaining sides are made known, etc. as has been said.
Again, if in the same non-right triangle ABD, two sides are known, together with
the angle they contain, d the third side will be found, and hence as before, from all
three sides, the area of the triangle will be made known.
8. This point should not seem to be omitted: If for instance one side of a triangle,
or of any rectilinear figure, is cut into any number of equal parts, the remaining sides
can be made known in the same parts, by use of the instrumentum partium as we have
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declared at the end of Number 1 of Chapter 1 of Book I.
[169]
To measure the sides more exactly, the partial last segment (if there is one) will be
measured in 1000ths by what we have taught in Number 14 of Chapter 2 in Book I.
For then we will stray less from the true values in dimensions of figures.
9. No one should be troubled that we have said lines are sometimes to be measured
mechanically with an iron chain, or by means of the instrumentum partium. For in this
business, especially for fields and farms, this mechanical way of making measurements is
wholly admissible, partly since this is the custom among all surveyors, partly because
the geometric way is not always possible, but mostly because for the dimensions of
farms or other areas it is sufficient to come close enough to the truth that no notable
error is made. If someone does not approve of this way of measuring lines, it assuredly
and necessarily takes away every possibility of measuring farms or other areas. For in
what way is it certain that a given field or figure has known sides, if these have not
been explored by some material measurement? If therefore mechanical measurement of
lines (not straying far from the truth, as it were) is used by everyone, I do not see why
we should think to reject it in measuring lines in figures. Yet I do not deny that the
geometric way should be employed when it is possible to do so. And in figures where
the sides are not excessively large, I think the method to be used is the instrumentum
partium that we have treated in Book I, Chapter 2, at the end of Number 2, yet not
neglecting what we have written in the same Book I, Chapter 2, Number 14 about
determining small parts of lines, even 1000ths of units. In this way one can scarcely
stray far from the truth.
In the same way it is understood that angles are to be measured mechanically by
the quadrant, especially if measurements in degrees and minutes are sought, as we have
taught in Book I, Chapter 2.
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CHAPTER III. ON THE AREA OF NONRECTANGULAR QUADRILATERALS
1. There are three sorts of quadrilateral figures which have either no right
angles, or definitely not all right angles: rhombi, rhomboids, and
trapezia.181 The first two figures have no right angles; the last may
have either one right angle, or two, or even none, and either two
opposite sides parallel or none parallel. The area of a rhombus
or rhomboid whose sides are known is produced by multiplying a
perpendicular times the side in which the perpendicular falls. The
Area of rhombi
and rhomboids.
length of the perpendicular should be accurately explored first either by the instrumentum partium constructed at the start of this
work, as we have reminded the reader in Chapter 2, Number 8 just
above, or in another way as I will say soon. For instance, in the Figure 106: [169]
rhombus and rhomboid ABCD, the area will be produced by mula
tiplying the perpendicular AE by the side BC. a For the rectangle
Book I,
181

In Clavius’s terminology, a rhombus is a non-rectangular parallelogram all of whose sides are equal;
a rhomboid is any other non-rectangular parallelogram. A trapezium is a quadrilateral with either one
pair of parallel sides or no parallel sides. In the following, I will use the usual U.S. convention that a
trapezium with two parallel sides is called a trapezoid.
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Prop. 35.

AF , contained by AD and AE is equal to the parallelogram BD, since these two
parallelograms are between the parallels
[170]
AD, BC, and on the same base AD. For no good reason, others teach that the diameter
AC should be drawn, and by means of the perpendicular AE, the area of the triangle
ABC should be found. That area multiplied by two will exhibit the area of the whole
parallelogram, a since triangle ABC is half of the parallelogram. I say they teach this
for no good reason because the area will be found more quickly if the perpendicular is
multiplied by the whole side BC, rather than by multiplying by half the side BC, then
doubling the product.
If the angle B is measured by the quadrant constructed in Chapter 2 of Book I, the
perpendicular will be found by sines, by this method. Let the ratio of the sine of the
right angle E to the opposite side AB be equal to the ratio of the sine of the angle B
to some number. b The number produced for the unknown will be the perpendicular
AE, in terms of the given side AB.
2. The area of a trapezoid in which two opposite sides AD, BC are parallel,
and all sides are known, is produced by multiplying the perpendicular AE between the two parallel sides and one half of the sum of
the two parallel sides. For having drawn the diameter AC, the area
of the triangle ABC is produced by multiplying the perpendicular
AE by half the base BC, as has been said in Chapter 2 Number 2.
Moreover, the area of the triangle ACD is produced by multiplying
the same perpendicular AE by one half of the base AD. These two
triangles together make the area of the whole trapezoid. c Therefore
since the same area is produced by multiplying AE times the sum
of half the base BC plus half the base AD, that is, times half the
sum of BC and AD together, as the product of AE times half of
BC added to the product of AE times half of AD, it clearly holds
Figure 107: [170] that the area of the trapezoid is the product of AE times one half
the sum of AD and BC. And the same reasoning will also apply in
a trapezoid having two right angles.182
The perpendicular AE will be found as we have said for rhombi and rhomboids: in
two ways, if the angle B is determined by the quadrant.
In a trapezium F GHI, in which no two sides are parallel, yet all the sides are
known, first the diameter IG must be measured using the instrumentum partium.
Then, the areas of both of the triangles F GI, GHI must be found as we have imparted
in Chapter 2. Number 1 and 2. The two areas taken together will give the area of the
whole trapezium.
If you should prefer to find the angle F or H by the quadrant, we will determine
the magnitude of GI by sines and tangents, d as we have taught in Book I, Chapter 3:
from the two sides F G, F I and the included angle F , or from the two sides HG, HI
and the angle H they contain.
3. We will obtain the area of any irregular quadrilateral in the same way as for
182

Clavius says one or two right angles. But it is not possible for a trapezoid (with two parallel sides)
to have exactly one right angle. That is possible in a trapezium in which no sides are parallel, though.
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the trapezium, even if it is not convex.183 If in the trapezium F GHI, two lines GK
and IK are drawn from G and I, an irregular quadrilateral GHIK will be constituted,
which has only three inward angles, GHI, HIK, HGK. For at K, the angle GKI
is not inward toward H, since it is greater than two right angles, but rather outward
towards F . We will find the area of this irregular quadrilateral figure, having drawn
the diameter KH, from the areas of the two triangles IKH and GKH, as was said for
the trapezium F GHI.
[171]
CHAPTER IV. ON THE AREA OF MULTI-SIDED IRREGULAR FIGURES.
Multi-sided figures, which namely have more than four sides, even if they are very Area of multiirregular (having unequal sides), will be measured as are the irregular trapezia: by sided figures.
resolving them into triangles and investigating the areas of each of those triangles.
For the sum of all of these areas is the area of the whole figure in question. So, if the
seven-sided figure ABCDEF G is resolved into five triangles ABG, GBD, DBC, DEF ,
F DG, in such a way that their sides do not cross, each of the areas must be found in
this way. When all the sides of the triangles can be made known according to some

Figure 108: [171]

measure, whether the figure represents a field, or it is only described on paper, let the
perpendiculars AH, DI, CK, DM , F L be dropped to each of the opposite sides in the
respective triangles. Then in triangle ABG, a from the three known sides the segments
BH, HG, and the perpendicular AH are determined as we have declared in Chapter 2
of this book at Number 2. Let the areas of the other triangles be determined in the
same way, and let all the areas be summed, so that the area of the whole figure will be
obtained. Or if you prefer, you may compute the areas of all the triangles from their
three known sides, by what we have written in Chapter 2, Number 1, even if neither
the perpendiculars are drawn, nor the segments BH, GH are found.
2. When it is not possible to measure, or indeed even to connect, the interior sides
of the triangles (as often happens for fields or farms for which, because of interposed
trees or marshes, it is not possible to trace out straight paths representing those sides)
we will arrive at the goal by another method. With the lengths of the exterior edges
known according to some measure, let the angles contained by them be measured using
a quadrant divided in degrees. In the figure in question, the angle CDE is not to
183

However, as usual for polygons, sides are only allowed to intersect at vertices.
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be investigated since it is exterior to the figure. Considering the figure resolved into
triangles, but mentally, as though the inner edges were drawn, first
[172]
a

in the triangle ABG, let the two angles B, G be investigated from the two sides
AB, AG, the angle contained by them, and in addition the side BG. For hence, b the
perpendicular AH can be computed by sines, and the area of ABG will be found by
what was laid out in Chapter 2 of this book, Number 1 and 2. In the same way, the
area of the triangle BCD will be made known from the two sides CB, CD and the
known angle C, c if first the angles B, D, together with the side BD are determined,
and from this d the perpendicular CK is found. After this, in the triangle BDG, if
the now-known angles ABG, CBG are subtracted from the known whole angle ABC,
the angle DBG will remain, and is also known. Since the sides BD, BG and the angle
included by them are now known, e in the same way the angles D, G and the side GD
and the perpendicular from D to BG is also known and the area of BDG is determined.
Similarly, in the triangle GDF , if the angles AGB, BGD are taken away, the angle
DGF will remain, and is known. Since GD is known, this gives the area of triangle
GDF by the same reasoning, since the length of the perpendicular F L can be found
using sines. Finally, the same is true in triangle DEF using the angle E and the known
side DE, since then the length of the perpendicular can be found by sines. From this
you will easily understand how you must proceed in other irregular figures.184
If you wish, you can also describe on paper a figure similar to a field, if for instance
you take a line AB containing as many units as are included in the measure of the
corresponding side of the field, and you make an angle ABC equal to that which you
have found in the boundary of the field. Then take as many units in the side BC as
are included in the corresponding side of the field, and then an angle BCD equal to
that you have found in the figure. Finally if you make the angle CDE, and likewise
the lines CD, DE, and the others, the figure so described will be similar to the field.
If this figure is resolved into triangles, whose interior edges are measured with a ruler,
its area will be obtained, as before, when the field could be resolved into triangles.
When a flat field presents no impediment, a similar figure will be described more
precisely by what we have written in Book III, Problem 42, Number 3. Let any point
be chosen inside the field, and let lines be drawn to all of the corners from that point.
Let the lines and the angles they make be measured. For if the angles are transferred to
any point on a sheet of paper, and segments are laid off along those lines proportional
to the lengths of the lines measured in the field, then the edges connecting the extreme
points of the lines will contain a figure similar to the field. Or if two points are chosen,
from which lines are drawn to the corners and the angles are measured, and the points
where those lines meet are noted, again a figure similar to the field will be described,
even though those lines are not measured, as we have declared in the same place, at
Number 1.
It is clear that a field containing a pond or a wood, and which cannot be resolved
into triangles for that reason, can be measured by the same method, provided that the
exterior edges with their angles can be determined. If some portion of the boundary of
184

This discussion has been somewhat streamlined from the original.

164

a

Rectil.
Triang. 12.
b

Rectil.
Triang. 2.
c

Rectil.
Triang. 12.
d

Rectil.
Triang. 2.
e
Rectil.
Triang. 12.
f

Rectil.
Triang. 2.

How a figure
similar to a
field in question can be
described.

How a field
containing a
pond or a
wood is measured.

a field is curved and not straight, it will be necessary to cut it into enough parts that
each differs little from a straight line and to take the parts as straight lines.
[173]
3. So they are not forced to walk around fields many times to drop perpendiculars in triangles and measure angles, land surveyors begin this way. In the field, or
figure, they set up a rectangle as large as possible, and they devise perpendiculars
dropped from the corners of the figure to the sides of that rectangle. They do this by applying one side of a carpenter’s square
to the side of the rectangle and directing the other toward the
opposite corner of the figure. In this way, the whole figure
will be resolved into this rectangle, trapezoids with two parallel sides, and right triangles. Then they measure the sides of
the rectangles and the perpendiculars. As I myself and others teach, this is carried out with an iron chain. The areas of
the triangles are measured as we have said in Chapter 2, Number 3 and the areas of the trapezoids are measured as we have
taught in Chapter 3, Number 2. Finally, they measure the area
of the rectangle by what we have written in Chapter 1. The
Figure 109: [170]
sum of all of these areas makes the area of the whole field or
figure. In the eight-sided area ABCDEF GH in the figure are
contained the rectangle IKLM , trapezia HST G, GT QF , OLRE, and triangles AN K,
AN I, ISH, F QM , M OE, DP R, CDP , BCV , BKV .
Others do not set up a rectangle within the field or figure, but draw a line as long
as possible, for instance from point A to the side EF , which they call the fundamental.
To this line, they drop perpendiculars from the corners, and they again divide up the
whole figure into trapezoids and right triangles. But the previous method seems more
convenient since indeed the perpendiculars from the corners are shorter, and because
of this more easily and accurately measured.
When the operations described above cannot be done within the field, surveyors
usually set up a rectangle surrounding a field containing woods, ponds, buildings, or
other impediments. Sides are drawn from the corners perpendicular to the sides of the
rectangle, then again trapezoids, or right triangles, or parallelograms are constructed
outside the field. If their areas are subtracted from the area of the whole rectangle, the
difference gives the area of the field.
4. But it seems to me that the following method, which I was accustomed to
explain to my pupils, is not to be disdained either. Suppose a square that has the
same area as the whole figure (the field having been reduced to a similar figure as I
have taught shortly before in Number 2) or at any rate the side of such a square is
constructed. For if the side of such a square is measured, and multiplied by itself, this
will produce the area of the figure. The side of the square is to be measured in units
that correspond to the measure of the sides of the field, which is easily accomplished
with the instrumentum partium.
I have taught how a square equal to any figure can be constructed without great
labor in the scholium to Proposition 14 in Book II of Euclid and I think that should be
repeated here, slightly improved. Therefore, let ABCDEF G be an irregular heptagon
165
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resolved into 5 triangles ABG, BCG, CDG, DEG, EF G.
[174]
Let perpendiculars AL and CH be drawn to BG, the common base of the triangles
with opposite angles A, C (note that CH falls on GH extended outside the triangle in
our figure). Then in any line OP , let OQ, QR be equal to AL, CH respectively, and let
RP be equal to BI which is half the base BG. Let a semicircle OT P be described with
center at the midpoint S of OP . And finally, from the point R, the end of the segment
equal to AL and CH together, erect a perpendicular to OP , intersecting the semicircle
in T . I say the square on RT is equal to the two triangles ABG, BCG together. The
rectangle contained by BI (half the base) and the perpendicular AL is equal to the
triangle ABG by Proposition 7 of Book VII of this work, and similarly the rectangle
contained by the same BI and the perpendicular CH is equal to the triangle BCG.
Then a the rectangle contained by OR and RP is equal to the sum of the two triangles a Book II,
ABG, BCG (since OR is equal to AL and CH together, and RP is equal to BI). Prop. 1.
By the scholium to Proposition 13 of Book VI of Euclid, RT is the mean proportional
between OR and RP . b Since the square on RT is equal to the rectangle contained by b Book VI,
OR and RP , the square on RT is also equal to the two triangles ABG, BCG, which Prop. 17.
is what we had to show. What is more, the square on RT will be shown to be equal to

Figure 110: [174]

the rectangle contained by OR, RP as follows, without the use of Book VI of Euclid.
c The rectangle contained by OR, RP together with the square on SR, is equal to the c Book II,
square on ST (ST having been joined), d that is, equal to the sum of the squares on Prop. 5.
SR and RT . With the common square on SR taken away, the remaining rectangle d Book I,
Prop. 47.
contained by OR, RP , will be equal to the square on RT .
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In the same way, we will obtain a square equal to the two triangles CDG and DEG
if perpendiculars CD and EM are drawn to the common base DG. (In our figure, the
first of these coincides with the side CD.) And so, one by one, we will obtain squares
each equal to two triangles. But since in our figure there is one additional triangle
DF G, we will find
[175]
a square equal to it, if with the perpendicular F N drawn, about the line F N , together
with EZ equal to half the base, a semicircle is drawn, &c.185 Let a, b, c, be the sides
of the squares equal to the trapezia ABCG, CDEG and the triangle EF G. We will
construct a single square equal to the sum of these squares in the following way. Let
def be a right angle and take the lines ed, eg equal to the sides a, b. a The square on
dg will equal the sum of the squares on ed, eg, that is, the squares on the sides a, b.
Again take ek equal to the line c, and eh equal to the line dg. b Again the square on
ke will be equal to the sum of the squares on ke and eh, that is on c and eh, hence
equal to the sum of the squares on a, b, c. If the side kh is measured and multiplied
by itself, the area of the figure ABCDEF G in question will be produced.
By the same construction, we will find a square equal to all the squares if there are
many sides. So if there is another side q, we will take a line ep equal to it, and ef equal
to the line kh. The square on pf will be equal to the sum of the squares on ep (that
is, on q) and on ef (that is, on kh, hence on a, b, c) and so on.
From these considerations, an easy procedure for measuring the area of an irregular trapezium is deduced–namely, what was done in the last figure for the trapezium
ABCG. For with the diameter BG having been drawn, if the two perpendiculars AL,
CG are drawn, and their sum is multiplied by the half of the diameter BG, the area
of the trapezium will be produced, as has been shown.
In Proposition 6 of Book VIII to come, we will also teach a method by which, given
any rectilinear figure, a rectangle with the same area is constructed. A square with the
same area will be produced by the last proposition in Book II of Euclid, without any
trouble or difficulty.

a

Book I,
Prop. 47.
b

Book I,
Prop. 47.

Easy procedure for measuring an
irregular
trapezium.

CHAPTER V. ON THE AREA OF MULTI-SIDED REGULAR FIGURES.
Regular figures, which are equilateral and equiangular, can also be measured as are
irregular figures in the preceding chapter, by resolving them into triangles, etc. Yet it
is customary to give a particular rule by which the area of a regular figure is found,
which is as follows:
Area of a
Let half the perimeter of the figure be multiplied by the perpendicular from the center regular
figure.
falling on one side; the number produced will be the area of the figure.
For as we will show in Proposition 2 of Book VII on isoperimetric problems, the area
of any regular figure is equal to the area of the rectangle contained by the perpendicular
drawn from the center to one side, and the semiperimeter of the same figure.
2. Next, the perpendicular from the center of the figure falling on one side, together How the perwith the semidiameter of the circle circumscribed about the figure will be found as pendicular
185

That is, the same construction of the mean proportional used before is carried out.
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and semiperimeter are found.

follows. Let the number of sides or angles be doubled, and 4 be subtracted from the
doubled number. The difference will indicate how many right angles are equivalent
to the sum of all the angles in the figure, by the results shown in the scholium to
Proposition 32 in Book I of Euclid. This same remaining number, the number of right
angles, divided by the number of angles, gives the magnitude of one angle of the figure.
In the
[176]
hexagon, for example, this is a right angle and its third part, that is, 120 degrees. And
since the semidiameter bisects the angle of the figure, as is clear from the demonstration
of Proposition 12 in Book IV of Euclid, if half of the side in which the perpendicular
falls is taken as the total sine, the perpendicular will be the tangent of half the angle
of the figure, and the semidiameter will be the secant. Hence from the proportion
total sine 100000 : half the side :: tangent or secant of half the angle : the unknown,
the unknown value will give the perpendicular (taking the tangent) or the semidiameter
(taking the secant) in terms of the side of the figure. For example, in the regular
hexagon whose side is 12, if 100000 (the total sine) is to half the side, namely 6, as the
tangent of half the angle of the hexagon, that is 173205 is to the unknown, then the
39230
3923
perpendicular is found to be 10 100000
, or 10 10000
. And if the total sine 100000 is to
half the side, namely 6, as the secant of half the angle of the hexagon, that is, 200000
is to the unknown, then the value produced will be the semidiameter, namely, 12.
3923
Then if the perpendicular 10 10000
is multiplied by half the perimeter of the hexagon
1228
307
(three sides together), the area of the hexagon 374 10000
, or 374 2500
will be produced,
approximately. The process is the same for other regular figures, in which half the
angle can be obtained in the tables of tangents and secants.
3. Since a circle can be circumscribed about any regular figure, as is clear from Book
IV of Euclid, we will give the sides of many regular figures in parts of the diameter
of a circumscribed circle equal to 20000000, or a total sine of 10000000, from reliable
authors, so that their areas can be much more precisely determined by the rule set
out in Number 1.186 For if we want to investigate the area from the length of the
side alone (known according to some measure), in the same way as was done for the
hexagon, many and great difficulties arise. This is true because the semidiameter
and the perpendiculars cannot be found by sines, tangents, and secants, unless the
half of the angle is exactly expressible in terms of degrees, or degrees and minutes,
or degrees, minutes, and seconds (although if seconds are present, it is necessary to
apply a proportional part187 ) as was done shortly before for the hexagon, where the
half of the angle is 60 degrees. For many figures, this does not happen. For example,
in the heptagon, by the scholium to Proposition 32 in Book I of Euclid, the 7 angles
together equal 10 right angles, and hence each is 1 73 right angles, that is, 128 degrees,
34 minutes, 17 seconds, 8 “thirds,” 34 “fourths,” etc. and half of this is 64 degrees, 17
minutes, 8 “seconds,” 34 “thirds,” 17 “fourths,” etc.188
186

See table from original page [177] later.
That is, use linear interpolation.
188
This means that 1 37 times 90 degrees is not exactly expressible with a terminating base-60 expan187
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From this, neither the tangent of half the angle (for the perpendicular), nor the
secant (for the semidiameter) can be selected exactly using the tables. For countless
other figures, you will learn that the same thing happens. If knowledge could be found
to construct all regular figures, then these difficulties could be overcome in a certain way,
since with the side known in whatever units, the perpendicular and the semidiameter
would also be known in the same units by means of the instrumentum partium as we
have taught in Book I, Chapter 1, and the end of Number 1. But since we know how
to construct only a very few regular figures in a circle, of necessity, the areas of many
are unknown.189 In this cause, a few geometers have explored the sides of these figures
with huge labor, whether they have been constructed or not. Among these, Ludolph
van Ceulen190 in particular has accomplished this strenuous work with zeal. However,
their angles have been worked out in degrees, minutes

sion. Clavius is saying that the angle is
128 +

34
17
8
34
+ 2 + 3 + 4 + ···
60
60
60
60

degrees.
189
Of course, Clavius
 is not using radian measure for angles and he wants more than just the symbolic
recipe A = n2 sin 2π
for the area of the regular n-gon inscribed in the unit circle. He is thinking of a
n
geometric (that is, straightedge and compass) construction of the n-gon as a first step toward obtaining
more concrete information, such as accurate approximations for the lengths of the sides, or the area.
But we know today from results proved by Gauss in his Disquisitiones Arithmeticae that the only n for
which the regular n-gon is constructible with straightedge and compass are the numbers n = 2k p1 · · · pm
where k ≥ 0 and the pi are distinct Fermat primes, that is prime numbers of the form
r

p = 22 + 1
for some r ≥ 0. Only 5 such primes are known, namely p = 3, 5, 17, 257, 65537, corresponding to
the values r = 0, 1, 2, 3, 4. For all other r where it has been determined whether the Fermat number
r
Fr = 22 + 1 is prime or composite, Fr has turned out to be composite. But since these numbers grow
so fast with r, only a few hundred cases have been decided as of this writing, even with the computing
power at our disposal today.
190
German mathematician, 1540–1610, who settled in the Netherlands, first in Delft and later at
Leiden. He did not have a university training and only earned a university post relatively late in
his life in a new engineering school at the University in Leiden. Before that, in addition to tutoring
students in mathematics, he ran fencing schools. He is known today mainly for his computation of π,
first to 20 decimal digits in his book Van den Circkel (published in 1596 and written in Dutch because
van Ceulen did not know Latin) and later even to 35 decimal digits. His methods were essentially the
same as those used by Archimedes, but with many more bisection iterations. The first 20 digits of that
expansion will be given by Clavius later in this book of the Practical Geometry. van Ceulen had his
own controversy with Joseph Justus Scaliger, who was also based in Leiden, over the contents of the
latter’s Cyclometrica Elementa. He pointed out several of Scaliger’s errors in Chapter 21 of the book
cited above. Also see the note on Scaliger on page [184] below.
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[177]

TABLE CONTAINING THE SIDES OF REGULAR FIGURES from the triangle to
the figure of 80 sides, taking the diameter to be 20000000 or the total sine as 10000000.
Number
of Sides
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Length of
Sides
17320508
14142135
11755705
10000000
8677674
7653668
6840402
6180339
5634651
5176380
4786313
4450418
4158233
3901806
3674990
3472963
3291891
3128689
2980845
2846296
2723332
2610523
2506664
2410733
2321858
2239289

Number
of Sides
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54

Length of
Sides
2162380
2090569
2023366
1960341
1901120
1845367
1792786
1743114
1696118
1651586
1609331
1569181
1530985
1494601
1459906
1426783
1395129
1364848
1335852
1308062
1281404
1255810
1231218
1207569
1184812
1162896
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Number
of Sides
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

Length of
Sides
1141776
1121408
1101755
1082778
1064443
1046719
1029575
1012983
996917
981353
966275
951638
937445
923669
910291
897296
884666
872387
860444
848824
837513
826499
815771
805318
795130
785196

[178]
and in addition, seconds, “thirds,” “fourths,” etc. so that we can pursue the areas of
these figures. For from the side of any regular figure known in parts of the diameter
of the circumscribed circle, or the total sine, by what we have written in Chapter 2,
Number 2 we will gain knowledge of the perpendicular drawn from the center to one
edge, and hence we will find the total area, as we have taught above in Number 1.
Therefore, you have the sides of several figures in the preceding table, which are all
slightly smaller than the true sides and such that if you add 1, a number slightly larger
than the true side is made. For example, the true side of the equilateral triangle is
between the two numbers 17320508 and 17320509.
4. If the semidiameter of a circle is known in terms of any measure, we will obtain
the side of the inscribed regular figure (with no more than 80 sides) in the same units
with the help of the previous table as well. If the ratio of the total sine 10000000 to the
side of the figure given in the previous table is set equal to the ratio of the semidiameter
of the given circle to some number, the value of the unknown produced will be the side.
For example, let the semidiameter of a circle be 12, and suppose it is required to find
the side of the inscribed decagon in the same units as the semidiameter. Let 10000000
(the total sine) be to 6180339 (the side of the decagon) as 12 (the given semidiameter)
is to the unknown. The value of the unknown will be the side that is sought, namely
4164068
1041017
7 10000000
, or in lowest terms 7 25000000
.
And if it seems troublesome to work with such large fractions, you will reduce them
to smaller, almost equivalent ones, in the following way. Choose for the numerator any
number, such as 10. And set the ratio of the numerator 164068191 to its denominator
10000000 equal to the ratio 10 to some number. You will obtain the value of the
82588
unknown to be 609 164068
. The denominator 609 is smaller than the true value and 610
10
164068
10
is larger, so 609 is greater than the fraction 10000000
and 610
is smaller. Between these
20
two fractions, you will produce the mediant 1219 , in which the numerators are added to
produce the numerator and the denominators are added to produce the denominator.
The fraction found this way will be almost equal to the larger of the two.
Later, in Book VIII, Proposition 10, we will show that the fraction whose numerator is the sum of the two numerators and whose denominator is the sum of the two
denominators is smaller than the larger and larger than the smaller of the two original
fractions.
On the other hand, if the side of any regular figure is given, we will know the
semidiameter of the circumscribed circle if we set the ratio of the side of the figure
from the preceding table to 10000000 equal to the ratio of the given side to some
number and solve for the unknown. So if the side of a regular pentagon is given as
1175505
is set equal to the ratio 12 to some number, the semidiameter of the
12 and 10000000
2442950
circumscribed circle will be found as 10 11755705
. And if the fractional part is set equal
to another ratio, for instance 1 to some number, the unknown denominator is found
2442950
1983905
, and 14 is greater than 11755705
, while 51 is less. From the addition of the
as 4 2442950
191

This is evidently not a misprint, even though this is the number obtained by dropping the millions
digit 4 from the numerator of the fraction in the previous paragraph.
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To find the
side of a
regular figure inscribed
in a circle,
from the known
semidiameter
of the circle.

To find the
mediant of
two fractions.

From the known
side of a
regular figure, to find
the semidiameter of the
circumscribed
circle.

numerators 1, 1 and the denominators 4, 5, you will make the fraction 29 , the mediant,
2442950
3
which is larger than 11755705
. The mediant of 15 and 92 is 14
, which differs but little
3
. And in this
from that number, so that the semidiameter sought can be taken as 10 14
way operations can be done with smaller numbers, although not entirely accurately,
since these fractions are not exact. But this error is tolerable for dimensions of fields.
5. Before I conclude the discussion of dimensions of rectilinear figures, it is good to
add a rule, by which from the known area of any figure having a known side,
[179]
we can determine the area of another figure similar to that one and similarly placed,
having a corresponding side of known length. This is the following:
The square of the ratio between the side of the figure whose area is unknown and the
side of the figure whose area is known, multiplied times the known area will produce the
unknown area. The figures must be similar, similarly placed, and the two sides must be
taken to be corresponding, as was said.

How the area
of a figure
is obtained
from the known
area of a
The square of the ratio of the two sides produces the duplicate ratio of those sides similar
as we have written at Definition 10 in Book V of Euclid. a Therefore since two similar figure.
and similarly placed figures have the duplicate ratio of their corresponding sides, the a Book VI,
claim follows. For example, the area of the triangle ABC, whose side AB has length Prop. 18 or 20.

10, AC, length 17, and BC, length 21 is 84. Therefore, if there is another triangle
similar to this one having the side corresponding to AB of length 70, and hence the
side corresponding to AC of length 119 and that corresponding to BC of length 147, the

Figure 111: [179]

70 is divided by 10, yielding the ratio 7. The square of this ratio, namely 49, multiplied
by 84 (the area of the triangle ABC), will yield the area of the latter triangle, 4116.
Again, since the area of an equilateral triangle of side 1 is close to 13
30 , as became clear
above, if another equilateral triangle is given, each of whose sides has length 70, we
will find its area as follows. The ratio of the lengths of the corresponding sides is 70.
We therefore multiply 4900 (the square of 70) by 13
30 (the known area). The number
produced for the area of the second triangle is then 2123 13 .
6. And this rule can also be stated in this way.
The above
rule stated

Set the ratio of the square of the side of the figure with known area to the square of in a different
the corresponding side of the figure with unknown area equal to the ratio of the known way.
area to some number. The number produced by solving for the unknown will be the area
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of the similar figure.
This follows because b the square of the ratio of the corresponding sides (the dupli- b Book VI,
cate ratio) is the same as the ratio of the squares of the corresponding sides. And since Prop. 19 or 20.
the square of 1 is 1, if the area of the regular figure with side 1 is known, it suffices
to multiply the square of the side of the figure by the area of the regular figure with
the same number of sides and side 1 to find the area sought, hence it is worthwhile to
investigate the areas of several regular figures, which have side 1, and from these to
derive without great labor the areas of other similar regular figures,
[180]
which have known sides. The areas of 10 regular figures whose sides have length 1 are
given below, so that with them, the areas of other figures whose sides are greater than Ease of the
1 can be determined by the rule from Number 5. or 6. (although this is not necessary aforesaid
rule when
for the square, since the known side multiplied by itself yields the square).
Regular figures

Areas of these figures

whose sides are 1

are approximately:
1875000
4330127

Triangle

or

Square

1

Pentagon

8469719
1 11775706

Hexagon

2 2990381
5000000

Heptagon

3 5507221
8677674

Octagon

4 1585127
1913417

Enneagon

6 1243755
6840402

Decagon

858089
7 1236068

Undecagon

517050
9 1408663

Dodecagon

84614
11 431365

13
30

These fractions can be replaced by almost equal smaller ones [i.e. ones with fewer digits
in the numerator and denominator], if desired, as we have shown in Number 4 above.
7. These areas are computed by the rule written before in Number 1. Having found
the perpendiculars from the center falling on the sides, it can happen for some figures
that the angles include, besides degrees and minutes, seconds and “thirds” as well. For
the heptagon, for example, from the previous table, half the side is 4338837 (when the
length of the side is odd, 1 is to be added to make it even), and then half of the number
is obtained since this is less than the true side, as we have said. Then, since the angle
is sought in the table of sines (proportional parts192 are used as we have taught at
192

That is, linear interpolation.
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the side of the
figure is 1.

How the areas
of regular figures are found
with the help
of the side
in the above
table.

the end of Lemma 53 our our Astrolabe so the angle is found in degrees, minutes, and
seconds), the value 25 degrees, 42 minutes, 51 seconds is found.
[181]
After this, a the perpendicular is found from the sine of the complement of the angle,
that is from the sine of 64 degrees, 17 minutes, 9 seconds (with proportional parts used
because of the seconds), namely 9011398. Therefore the perpendicular is 9011398
8677678 , which
7
finally multiplied by half the perimeter of the heptagon, or 2 , produces the area of the
11014442
5507221
heptagon as 3 17355348
, or in lowest terms, 3 8677674
. And by the same reasoning, you
will find the area of any regular figure with side of length 1 provided it has at most 80
sides. Then, from that, you will find the area of a similar figure having side greater
than 1 by the process treated in Number 5 or 6.
By the same method of this Number 7 (if desired) the area of a regular figure can
be found even if the side is greater than 1, although the area of a similar figure whose
side is equal to 1 is not found first. Namely, in place of 12 of the side 1, use 12 half of
the given side, as is clear.
8. Knowing the area of a regular figure, whose number of sides is not greater than
12, the side will be found in the following way. Make the ratio of the area of the figure
of side 1 from the preceding table to the known area of the figure in question equal
to ratio of the square of the side 1 to some number. Solving for the unknown, the
number produced will be the square of the side of the figure that is sought. Therefore,
its square root will be the side that is sought. For the area is to the area as the square
of the side is to the square of the side, b since both ratios are the duplicate ratio of the
sides.
So if the area of a regular figure having more than 12 sides, but no more than 80
sides, is known, then the area of the similar figure having side 1 must be found first
by means of the table of sides above, as we have taught in Number 7. Then the side
is to be determined as in this Number 8. And if the first table were to be extended to
more than 80 sides, the side of regular figures with more than 80 sides would be found
in the same way from their area. For example, let the area of an equilateral triangle be
15 53 . And since the area of an equilateral triangle whose side is 1 was found before to
13
3
be 13
30 , if 30 is to 15 5 (the area in question), as 1 (the square of the side 1) is to some
number, the unknown will equal 36, and this is the square of the side that is sought.
Its square root 6 will give the side that is sought.
CHAPTER VI. On the measurement of the circle, after Archimedes.
1. In order to be able to measure a given circle and its parts, it is necessary to be
well versed in the topics presented by Archimedes in his Measurement of the Circle. It
will not be a digression, therefore, if I include his truly most acute and precise book,
partly because it is very brief (indeed, it consists of only three propositions), partly so
that the student, in order to understand something so useful and so widely applied in
the works of all authors, should not be forced to go to Archimedes himself, and finally
mostly because the writings of Archimedes, as a result of their brevity, are somewhat
obscure, and we hope to bring some light to them. Nor do we
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a

Rectil.
Triang. 4.

From the
known area,
how the side
is extracted.

b

Book VI,
Prop. 10 or 20.

[182]
doubt that these things will be welcome and enjoyable for a studious reader.193
PROPOSITION I. The area of any circle is equal to the area of a right triangle, one of
whose sides about the right angle is equal to the semidiameter of the circle, while the
other is equal to the circumference of the same circle.
Let the ABCD be the circle, whose center is E, and whose semidiameter is EA. Let
F GH be a right triangle having a right angle at G, the side
F G equal to the semidiameter EA of the circle, and the
side GH equal to the circumference of the same circle. I say
that the circle ABCD is equal to the triangle F GH in area.
For if they are said not to be equal, first (if this is possible)
let the circle be larger than the triangle, by a magnitude
z, in such a way that the circle is equal to the triangle and
the magnitude z together, and hence the circle is greater
than z. If, therefore, an area at least half the area of the
circle is taken away from the circle, and from the residual
area again an area at least half of that remaining area is
Figure 112: [182]
a
taken away, and so on, a there will eventually remain an
Book X,
Prop.
1.
area less than z.
This sort of continual subtraction of areas will be done, if in the first place the
inscribed square ABCD is removed from the circle. For this is half of the square
IKLM , circumscribed about the circle, as we have shown in the scholium to Proposition
9 in Book IV of Euclid. Since the circle is a portion of this square IKLM , the inscribed
square will be more than one half of the circle. Then let four isosceles triangles AOB,
BP C, CQD, DN A, with sides drawn from the midpoints of the arcs, be removed from
the four segments. These together are greater than the halves of the segments together,
since any one of them is greater than half of the segment in which it lies. For having
completed the rectangle AR, b its half will be the triangle AN D, and therefore the b Book I,
triangle will be greater than half of the segment AN D. The same reasoning applies to Prop. 41.
the other segments. By the same reasoning, if from the eight remaining segments eight
other isosceles triangles are removed, constructed in them, and so forth.
Suppose therefore the eight segments AO, OB, BP , P C, CQ, QD, DN , N A left
are less than the magnitude z.194 Therefore since the circle was assumed equal to the
triangle F GH together with the magnitude z, if the segments and the magnitude z are
taken away from the aggregate of the triangle with z, the remainder will have the same
193

Perhaps because of its brevity and its minimal prerequisites, this was by far the best known work of
Archimedes throughout the medieval period in the Islamic world and in Europe. The many translations
from Greek to Arabic, Arabic to Latin, and Greek directly to Latin, plus the relationship of the texts
we have to a hypothetical original Archimedean source have been extensively studied, for instance in
Volume 1 of M. Clagett, Archimedes in the Middle Ages, Madison: University of Wisconsin Press, 1964,
and Part III of W. Knorr, Textual Studies in Ancient and Medieval Geometry, Boston: Birkhäuser,
1989. Clavius’s adaptation indeed supplies many additional details not fully worked out in most other
texts. He also reverses the order of Propositions 2 and 3 to preserve the chain of logical dependencies.
194
The same reasoning would apply to the remaining portion of the circle left after any number of
steps of the repeated construction above. Clavius is using this as a definite example for concreteness.
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Figure 113: [182]

area as a figure inscribed in the circle, for instance an octagon, that is greater than the
triangle F GH. But this is absurd, because the figure is in fact definitely smaller. If a
perpendicular ET is drawn from the center E to the side BO, and in the triangle, Gk
is taken equal to ET and the line Gi is equal to the perimeter of the
[183]
octagon, then the point k will fall between G and F and i will fall between G and
H, since ET is smaller than the semidiameter of the circle, and the perimeter of the
octagon is smaller than the circumference of the circle.195 Therefore, having joined the
line ki, the triangle kGi will be smaller than the triangle F GH (the part to the whole).
The triangle kGi is also equal to the octagon, since by the scholium to Proposition
41 in Book I of Euclid, it is equal to the rectangle contained by Gk and half of Gi,
which, by Proposition 2 in Book VII of this work on isoperimetric problems, is equal
to the octagon. The octagon is therefore less than the triangle F GH. Therefore it is
not greater and hence the circle cannot be larger than the triangle.
Next (if this is possible) suppose the circle ABCD is smaller than the triangle F GH,
by some magnitude z. Let a square IKLM be circumscribed about the circle, whose
sides are tangent to the circle at the points A, B, C, D. We
claim that this square is larger than triangle F GH. For its
perimeter is larger than the circumference of the circle (as
we will prove in Book VIII, Proposition 1), that is, the line
GH. Moreover, the perpendicular EA, is equal to F G. A
right triangle having one side equal to F G and the other
greater than GH – equal, for instance, to the perimeter of
the square IKLM – will be greater than F GH. Since that
triangle (by the scholium to Proposition 45 in Book I of
Euclid) is equal to the rectangle contained by F G and half
the perimeter of the square IKLM , and that rectangle
Figure 114: [183]
is equal to the square IKLM by Proposition 2 of Book
VII of this work on isoperimetric problems, the claim is
established. And since the triangle F GH is taken to be equal to the circle and the
magnitude z together, and hence is greater than z, the square IKLM (which is also
195
There are unfortunate inconsistencies within the text, and between the text and the lower triangle
in Figure 113 from page [182]. As the paragraph continues, it is clear that Clavius means for the point
I to be denoted by the lower case letter i and the point between G and F on the vertical side to be
denoted by the lower case letter k. I have corrected the text to use the lower case letters only.
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greater than the triangle F GH as we have shown) is also greater than z. If therefore
half or more of the square is removed, and half of the residual is removed from it, and
so on, a there will eventually remain a magnitude less than z.
This sort of continued subtraction will be done, if at first, the circle ABCD is
removed: this is more than half of the square IKLM since the inscribed square (which
is less than the circle, the part to the whole) is half of the circumscribed square, from the
scholium to Proposition 9 in Book IV of Euclid.196 If the line EK is drawn, crossing
the circle at O, and a perpendicular V X to EK is drawn through O, b which is tangent
to the circle at O, and the same is done with the lines EL, EM , EI &c. an equilateral
and equiangular octagon V XY abcdeV will be described, as follows from the construction
and the proof of Proposition 12 in Book IV of Euclid, since certainly perpendiculars
V e, V X are drawn to EA, EO, and the other semidiameters of the inscribed octagon.
By Corollary 2 to Proposition 36 in Book III of Euclid, V A, V O, etc. are equal, so c
since KV is greater than V O, KV will also be greater than V A. From this the triangle
KV O will be greater than the triangle V AO d since two triangles with equal altitudes
are to one another as their bases. Therefore the triangle KV O will be greater than one
half of the triangle
[184]
KAO and therefore certainly greater than half of the “mixed” triangle,197 one of whose
sides is the arc AO. By the same reasoning, KOX will be larger than half of the
“mixed” triangle, one of whose sides is the arc OB. Therefore removing the triangle
KV X from the “mixed” linear figure KAB, in which one side is the arc AOB, more
than half will be taken away. Hence having subtracted four of these triangles KV X,
LY a, M bc, Ide, more than half will be taken away from the residual area outside the
circle, and so forth.

Figure 115: [183]

Therefore next suppose, for instance, that these eight remaining “mixed” triangles,
whose bases are the arcs AO, OB, BP , etc. have magnitude less than z. Since the
circle together with z was set equal to the triangle F GH, the circle together with
these residual areas, that is, the octagonal figure V XY abcdeV , will be less than the
triangle F GH. But this is absurd, because it is greater. For indeed the perpendicular
EO is equal to the side F G, and the perimeter of the octagon is greater than the
circumference of the circle, which is the side GH. From this it follows that the right
196

The argument continues now by bisecting the angles and removing triangular regions lying outside
tangent lines to the circle.
197
That is, a figure bounded by two straight line segments and an arc of a circle.
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a

Book X,
Prop. 1.

b

Book III,
Prop. 16.

c

Book I,
Prop. 19.
d

Book VI,
Prop. 1.

triangle with side F G equal to the perpendicular EO, and the other side equal to the
perimeter of the octagon (greater than GH) is greater than the triangle F GH. Since
that triangle is (by the scholium to Proposition 41 in Book I of Euclid) equal to the
rectangle contained by F G and half the perimeter of the octagon, and that rectangle
is equal to the octagon (by Proposition 2 in Book VII on isoperimetric problems in
this work), the octagon must be greater than the triangle F GH. Therefore the circle
cannot be smaller than the triangle F GH. But neither is it larger, as we have shown.
Therefore it is equal, which is what was to be shown.
SCHOLIUM. Joseph Justus Scaliger,198 either because he does not carefully examine
the force of this proof, or because he has seen that it is contrary to his own method for
the quadrature of the circle, is not correct when he argues that this proof of Archimedes
is false. He has tried to show that this argument does not establish that the circle is
equal to the right triangle whose one side is equal to the semidiameter, and whose other
side is the circumference of the circle. For, he says, if Archimedes’ proof is good, then
it will also be shown by the same method that the circle is equal to a right triangle
where one side is the semidiameter and the other is greater than the circumference of
the circle. For let lmn be a triangle in which the side lm is equal to the semidiameter
of the circle, but mn is larger than the circumference of the circle. Scaliger has granted
that it was correctly proved by Archimedes that the circle is not larger than the triangle
F GH, whose side GH is equal to the circumference of the circle, that is, that F GH is
not less than the circle in area, and hence neither is the triangle lmn, whose side mn
is greater than the circumference, less than the circle. He also has conceded that it
has been correctly proved that the circle is not smaller than the triangle F GH if the
side GH is equal to the circumference, that is, the triangle F GH is not greater than
the circle. But he denies that it follows from this that the triangle F GH is equal to
the circle. Why? Since, he says, in the same way, if the base mn is greater than the
circumference, but less than the perimeter of circumscribed polygon (that can happen,
198

Eminent French Protestant classical philologist and historian, 1540–1609. Scaliger also fancied
himself a mathematician and managed to convince himself both that the area of a circle is 65 times
√
the area of the inscribed regular hexagon, a statement that is equivalent to π = 9 5 3 , and also that
the area of a square with side equal to the circumference
√ of a unit circle is ten times the area of the
square on the diameter, a statement equivalent to π = 10. These are not consistent with each other
and neither is consistent with the Archimedean estimates 3 10
< π < 3 17 to be established in the next
71
proposition. Moreover, either one would imply that the circle can be squared with straightedge and
compass, which we know today is impossible. Clavius returns to this at the end of Book VII at the
beginning of his discussion of the quadratrix curve and squaring the circle. Clavius also suggests these
misunderstandings as one possible reason for Scaliger’s claim that the Archimedean argument cannot
be correct. These and other incorrect statements about the measurement of circles were included in
Scaliger’s mathematical magnum opus, grandly titled Cyclometrica Elementa, published in 1594 in a
lavish edition with statements of theorems in both Latin and ancient Greek. Clavius later published an
84-page pamphlet Refutatio Cyclometriae Iosephi Scaligeri (Refutation of the Cyclometrica of Joseph
Scaliger) in 1609, giving a blow-by-blow analysis of all of the errors in Scaliger’s work. Scaliger had
another “run-in” with Clavius over the Gregorian calendar reform that Clavius had taken a leading
role in, as well as ongoing controversies with other Jesuits on various subjects, so there was ample
bad blood in their relationship. Some of that is manifest in the scathing polemical tone of Clavius’s
comments. In public Scaliger said something superficially gracious to the effect that he would rather
be criticized by Clavius than praised by other men. But Scaliger also privately lampooned Clavius for
his well-known weakness for food and drink, characterizing Clavius as “une bête ayant un gros ventre
d’Allemand.”
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he says; nothing prohibits it) the polygon will be greater than the triangle lmn, since
the perimeter of the polygon will be greater than mn, and the semidiameter EA is
equal to the line lm. But subdivided, it will follow that the polygon is is smaller than
the triangle lmn. But this is absurd. Why is this not true, my dear Scaliger? Don’t
you see that you are fighting with the hypotheses? For having assumed the side mn
is greater than the circumference, when it happens that the polygon is less than the
triangle lmn (for instance, if the remaining portions are less than the magnitude z) it
follows
[185]
necessarily that the perimeter of the polygon is less than the side mn. The right
triangle whose altitude is the semidiameter of the polygon, and whose base is equal to
the perimeter, is equal (by the scholium to Proposition 41 in Book I of Euclid), to the
rectangle contained by the same semidiameter, and half the perimeter of the polygon.
And this is equal to the polygon by Proposition 2 of Book VII on isoperimetric problems
in this work. And this triangle will be less than the triangle lmn. Since these triangles
have equal altitudes, a this triangle will be to lmn as its base is to the base mn. And a Book VI,
it follows that this base, that is, the perimeter of the polygon, will be smaller than Prop. 1.
the base mn. Therefore you cannot take the base of the triangle lmn to be less than
the perimeter of the polygon, if it is greater than the circumference of the circle. In
the proof of Archimedes, it holds that the perimeter of the polygon is greater than the
base of the triangle F GH if GH is equal to the circumference of the circle, because
the perimeter is greater than the circumference. And because of this, Archimedes has
concluded correctly that the polygon is greater than the triangle F GH, although from
the opposite hypothesis it was shown that it was less. And Archimedes could also have
proved what he wanted this way. The polygon is less than the triangle F GH, because
the remaining sections are less than the magnitude z. Therefore, its perimeter is less
than the base GH (as we have shown above), that is, less than the circumference of the
circle. You cannot show this is absurd in your triangle lmn, most learned Scaliger, since
you decided the base mn was greater than the circumference. And I am astonished that
you, Mathematicus that you are, deny that some quantity is equal to another when it
is neither greater nor less. For if it is not equal to the other, then it will be unequal
to the other, therefore either greater or less, against that hypothesis. Or don’t you see
that not only Archimedes but also Euclid used this way of arguing most frequently in
Book XII of the Elements?
PROPOSITION II. The circumference of any circle is three times the diameter, plus an
10
additional part that is less than 17 of the diameter and greater than 71
of the diameter.
This is Proposition 3 of Archimedes, which we do second to maintain the order of the
presentation. Our Proposition II will be used in the proof of the following Proposition
III.
Let the circle be ABCD, whose center is E, and whose diameter is AB. Let AB
cut the semidiameter Ec at a right angle, and let ecF , perpendicular to Ec, be drawn,
b which is tangent to the circle at c. Let the side AD of an inscribed regular hexagon be b Book III,
drawn, c which will equal the semidiameter. The arc AD will be 60 degrees. From this, Prop. 16.
c

Book IV,
Prop. 15.
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the arc Dc is 30 degrees. Therefore, having drawn the line EDe, the angle eEc will
be a third of a right angle, since the right angle contains 90 degrees. And make angle
cEF equal to angle cEe. The angles e and F will be equal to one another, since the
complement of each is one third of a right angle, and hence each is 32 of a right angle.
d Therefore since the three angles in the triangle contain 6 of a right angle, eEF will d Book I,
3
contain 23 of a right angle, the triangle eEF will be equiangular, and (by the corollary Prop. 32.
to Proposition 6 in Book I of Euclid), equilateral. Because of this, the perpendicular
Ec bisects the base eF , by the scholium to Proposition 26 in Book I of Euclid, and
from that, Ee will equal two times ec. Therefore take ce to have length
[186]
153 and Ee will equal 306. If the square of this ce, 23409, is subtracted from 93636,
the square of Ee, a the difference will make the square of Ec, 70227, whose square root a Book I,
is slightly larger than 265. b From this, the ratio of Ec to ce will be greater than 265 Prop. 47.
b
to 153.
Book V,
Prop. 8.

Figure 116: [186]

Having bisected the angle eEc by the line Ed, c eE is to Ec as ed is to dc. Componendo, eE and Ec together are to Ec as ec is to dc. Permutando, eE and Ec together
are to ec as Ec is to cd. Since eE and Ec together are more than 571 (since indeed eE
is 306 and Ec slightly larger than 265), and ec is taken to be 153, d the ratio of eE and
Ec together to ec will be greater than 571 to 153, hence the ratio of Ec to cd will be
greater than 571 to 153, and it follows that if cd is set equal to 153, e then Ec will be
slightly larger than 571. Therefore the square of Ec will be slightly larger than 326041,
and since the square of cd is 23049, the square of Ed, f which is equal to the sum of
the squares of Ec, cd, will be slightly greater than 349450. The square root of this is
49 g
greater than 591 18 , for indeed the square of this number is only 349438 64
. Therefore
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c

Book VI,
Prop. 3.
d

Book V,
Prop. 8.
e

Book V,
Prop. 10.
f

Book I,
Prop. 47.
g
Book V,
Prop. 8.

the ratio Ed to dc will be greater than 591 18 to 153.
[187]

Figure 117: [187]

[Translator’s Note: At this point, Archimedes and Clavius repeat the same bisection
construction three more times, introducing Eb bisecting dEc, then Ea bisecting bEc,
and finally Eo bisecting aEc. Only the first step has been translated since the process
is exactly the same in each step. (Clavius’s whole text is included in the Latin version.)
As historically significant as this argument is, in Clavius’s version, it makes for rather
tedious reading. This is one place where Clavius has added more details than are found
in other sources.199 The numbers work out like this:
• The ratio of Eb to bc is greater than 1172 18 to 153.
• The ratio of Ea to ac is greater than 2334 14 to 153.
• The ratio of Ec to co is greater than 4673 21 to 153.
Picking up again with the paragraph at the bottom of page [187]:]
Since the angle eEc is one third of a right angle, its half dEc is one sixth of a right
1
1
angle, half of that, bEc, is 12
of a right angle, half of that, aEc, is 24
of a right angle,
1
1
k
k
and finally half of that, oEc, will be 48 of a right angle. Hence the arc co will be 192
Book VI,
Prop.
33.
of the whole circumference of the circle. If the angle cEi is made equal to the angle
1
1
l
l
cEo, the whole angle oEi will be 96 of four right angles, and the arc oi will be 96
Book VI,
Prop. 33.

199

The various medieval Latin translations of the Measurement of the Circle included in Clagett, op.
cit., do not give the repetitive details of each step and essentially just report the results as we will do.
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of the whole circumference. By the results of Proposition 12 in Book IV of Euclid,
therefore, the line oi,
[188]
will be the side of a polygon with 96 equal sides circumscribed about the circle. And
since it was shown that the ratio of Ec to co is greater than 4673 12 to 153, a the diameter a Book V,
AB (equal to Ec doubled), will have the same ratio to oi (equal to co doubled), namely Prop. 15.
greater than 4673 12 to 153. Therefore, if the side of the polygon is set equal to 153,
b the diameter will be greater than 4673 1 . Multiplying 153 times 96 (to produce the b Book V,
2
perimeter of the polygon) yields 14688. c Therefore the ratio of the perimeter of the Prop. 10.
polygon to the diameter is less than 14688 to 4673 12 . d This ratio is less than 3 71 to 1, c Book V,
14688
1
5
1
e Therefore also Prop. 8.
since 4673
5 gives exactly 3 7 (and 4673 11 is slightly less than 4673 2 ).
11

the ratio of the perimeter of the polygon to the diameter AB is less than 3 17 . f And
since the circumference of the circle is less than the perimeter of the polygon (as we
will prove in Book VIII, Proposition 1), the ratio of the circumference to the diameter
in the circle is also less than 3 71 . [...]200
Now in the same circle, let BG be the side of a hexagon, equal to the semidiameter
by Corollary 2 to Proposition 15 in Book II of Euclid, and let the lines AG, EG be
joined. And since the triangle EBG is equilateral, having three sides equal to the
semidiameter, g the angle BEG will be 23 of a right angle, and hence h its half BAG
will be 13 of a right angle. And since the diameter AB is twice the semidiameter BG,
if BG is set equal to 780, AB will be 1560. k Because the angle AGB inscribed is in
a semicircle it is a right angle. i Hence the square of AB is equal to the squares on
BG and GA. If the square 608400 of BG is subtracted from 2433600, the square of
AB, the difference will make the square of AG 1825200. The square root of this is
slightly smaller than 1351 (because the square of 1351, which is 1825201, is larger than
1825200). l Therefore, the ratio of AG to GB is smaller than 1351 to 780, and since
BG was taken to be 780, m AG will be smaller than 1351.
Now, having bisected the angle BAG by the line AH, cutting BG in M , and having
drawn HB, the triangles BHM and AN B will be equiangular n (since the right angle
H is common to the two triangles and the angle HBM is equal to HBG, which is
equal to HAG, because they have the same base chord GH on the circle). o Therefore,
AH will be to HB as HB is to HM . Also, AB is to BH as BM is to M H, and
permutando, AB is to BM as BH is to HM . And from this the three ratios AH to
HB, HB to HM , and AB to BM are all equal. But AB to BM is also equal to BA
and AG together to BG. p For AG is to AB as GM is to M B, and componendo, AG
and AB together are to AB as GM and M B together (that is the whole GB) is to
M B. Permutando, AG and AB together are to GB as AB is to M B. Therefore it is
also true that AG and AB together are to GB as AH is to HB. But AG was shown
to be less than 1351, AB was taken to be 1560, and GB is 780. Therefore AG and AB
together (since they make less than 2911) q will have a smaller ratio to GB than 2911
200

One sentence reiterating that the ratio of the circumference to the diameter is 3 and an additional
part less than 17 has not been translated. This concludes the proof of the first part of the Proposition;
Clavius and Archimedes now continue to show that the ratio of the circumference to the diameter is
greater than 3 10
.
71
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to 780, from which it also follows that the ratio of AH to HB is less than 2911 to 780.
Hence if HB is taken to be 780, then r AH will be less than 2911, and from this its r Book V,
square will be less than 8473921. If the square of BH, namely 608400 is added to this, Prop. 10.
the square of AB ( s which is equal to the sum of the squares on AH, HB) will be less s Book I,
than 9082321. Its square root, the side AB, will be less than 3013 43 (since the square Prop. 47.
of this number is
[189]
1
9082689 16
, which is greater than 9082321). Therefore the ratio of AB to BH will be
less than 3013 43 to 780, and if BH is taken to be 780, a AB will be less than 3013 34 .

Figure 118: [189]

[Translator’s Note: At this point, Archimedes and Clavius repeat this second bisection
construction (which is somewhat different from the first series of bisections since all
the triangles are inscribed in a semicircle, whereas all the triangles in the proof of the
first part of the proposition extended outside the circle and contained a side tangent to
the circle) three more times, introducing AI bisecting HAB, then AK bisecting IAB,
and finally AL bisecting KAB. Again, Clavius works out the details in full, but again
this makes for tedious reading, since the process is exactly the same each time. Only
the first step is translated again. The numbers work out like this:
9
to 240.
• The ratio of AB to BI is less than 1838 11

• The ratio of AB to BK is less than 1009 16 to 66.
• The ratio of AB to BL is less than 2017 14 to 66.
Picking up again with the paragraph immediately before the figure on page [190]:]
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a

Book V,
Prop. 10.

Therefore since the angle GAH is equal to the angle HAB, k the arc GH will be k Book III,
equal to the arc HB, and by the same reasoning the arc HI is equal to the arc IB, Prop. 26.
the arc IK is equal to the arc KB, and arc KL is equal to arc LB. Therefore, since
GB is 16 of the whole circumference, HB will be
[191]
1
12 ,

1
1
1
IB will be 24
, KB will be 48
, and LB will be 96
of the circumference. And hence
BL will be the side of an inscribed polygon of 96 equal sides. BL has been assumed to
be 66, so if 66 is multiplied by 96, the product 6336 is the perimeter of the polygon. a
From this, the ratio of the perimeter of the polygon to the diameter AB will be greater a Book V,
than 6336 to 2017 41 , since the diameter has been shown to be smaller than 2017 14 . b But Prop. 8.
10
b
the proportion of 6336 to 2017 14 is greater than 3 10
Book V,
71 , since 3 71 is equal to 6336 divided
65
1
65
Prop.
8.
by 2017 223 , and 2017 223 is greater than 2017 4 . Therefore the ratio of the perimeter
10
of the polygon to the diameter is greater than 3 71 . Since the circumference of the
circle is greater than the perimeter of the polygon, c the ratio of the circumference of c Book V,
10
. [...]201 And since 18 is less than Prop. 8.
the circle to the diameter will also be greater than 3 71
10
71 , the second part of the statement is clear: the circumference contains the diameter
3 times and, in addition, more than 81 of the diameter. Since by the first part of the
proof, it is established that the circumference is less than 3 17 of the diameter, it is clear
that the true ratio of the circumference to the diameter lies between 3 71 and 3 18 .

COROLLARY. If the diameter is multiplied by 3 17 , a number larger than the cir10
cumference will be produced. If it is multiplied by 3 71
, a number smaller than the
circumference will be produced. On the contrary, if the circumference is divided by
10
3 71 , a number smaller than the diameter will be produced, and if it is divided by 3 71
,
a number greater than the diameter will be produced.
PROPOSITION III. The ratio of the area of a circle to the square of its diameter is
close to 11 to 14.
Let the circle be ABCD, and let the square EGHI on the diameter BD, be cir-

Figure 119: [191]

cumscribed about the circle. I say the circle is to the square approximately as 11 is to
14. For with the side EG extended, let EK be three times EG and 71 of the diameter
BD, or the side EG, and let the lines GB and BF be joined.
201

10
Two sentences relating the 3 71
to the actual statement of the proposition have been omitted here
since the idea is clear. The ratio is 3 plus an additional part greater than 10
.
71
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[192]
Since, by the construction, the line EF is 3 17 times the diameter, by the preceding, EF
will be nearly equal to the circumference of the circle. Therefore, since BE is equal
to the semidiameter, by the first proposition, the triangle BEF is nearly equal to the
circle. The triangle BEG is 41 of the square EH. Hence with the side EG set equal
to 7, the line EF is 22. a Therefore the triangle BEF , that is the circle ABCD, is to a Book VI,
the triangle BEG as 22 is to 7. But with BEG set equal to 7, the square EGHI, is Prop. 1.
its quadruple, or 28. Therefore the circle is to the square approximately as 22 is to 28,
that is as 11 is to 14. This is what we had to show.
CHAPTER VII. ON THE AREA OF THE CIRCLE, AND FINDING the circumference
from the diameter, and the diameter from the circumference.
1. Since a right triangle having one side about the right angle equal to the semidi- b Measurement
ameter of a circle, and the other equal to the circumference of the same circle, b is equal of the Circle 1.
to the circle in area, and the area of the triangle is also produced by multiplying the
perpendicular times one half the base (as we have written in Chapter 2, Number 2 of
this book): To find the area of a circle, multiply the semidiameter by half the perimeter Area of a
circle in three
ways, from
known diameter or circumference.

Figure 120: [191]

(for instance if the base of the triangle is taken as the side equal to the circumference),
or multiply the whole circumference by half of the semidiameter (that is by 14 of the
diameter), or finally multiply the whole diameter by 41 of the circumference, as we will
now make clear.
Let the figure of the previous proposition be considered once more, and let EF ,
which is equal to the perimeter, be bisected in L, so that EL is equal to the semiperimeter. Then let EL be bisected in M , so that EM is 41 of the circumference. And finally,
also let BE be cut in N , so that EN is half of the semidiameter BE, that is, 14 of the
whole diameter. c Since the triangle BEF is equal to the circle ABCD, the rectangle c Measurement
contained by the semidiameter BE and the semicircumference EL (which is equal to of the Circle 1.
the triangle by Proposition 1 of Book VII of this work) is equal to the same circle. This
is the first statement.
In the same way, the rectangle contained by the whole circumference EF and EN ,
the fourth part of the diameter (which is equal to the triangle by Proposition 1 of Book
VII of this work) will be equal to the same circle, which is the second statement.
[193]
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Finally, since EI is two times EB, and EL is two times EM , a the rectangle contained
by EI (the diameter) and EM ( 41 of the circumference) and the rectangle contained
by EB (the semidiameter) and EL (the semicircumference) will be equal. Therefore,
since this was shown to be equal to the circle in the first part, the other rectangle will
also equal the circle. This is the third statement.
So that fractions might sometimes be avoided, the whole diameter should be multiplied by the whole circumference. For 14 of the number produced will be the area
of the circle, since the product is 4 times the product of the semidiameter and the
semicircumference, as is clear.
It follows from the first part that the area of a semicircle is produced by multiplying
the semidiameter by 14 of the circumference (since, for instance, the number produced
is one half of the semidiameter times 12 of the circumference). Similarly, the area of a
quadrant is produced by multiplying the semidiameter times 18 of the circumference,
1
the area of 81 of a circle is produced by multiplying the semidiameter by 16
of the cir1
1
cumference, the area of 16 of a circle is the semidiameter times 32 of the circumference,
and so forth. This follows since each is produced by 12 of the previous product and the
parts of the circle are each 12 of the previous part. For example, the quadrant is 12 of a
1
semicircle, 18 of a circle is 12 of a quadrant, and 16
of a circle is 12 of 18 , and so forth.
2. To determine the area of a circle as here, it is necessary that both its diameter and
its circumference are known. Therefore, we will present here a few rules by which from
the known diameter, the circumference can be found approximately (either greater or
less than the true value) from Proposition 2 of the Measurement of the Circle. Then we
will give other rules by which the area of the circle can be determined approximately
(either greater or less than the true value) when either the diameter alone or the
circumference alone is known.

a

Book VI,
Prop. 16.

Area of a
semicircle,
quadrant,
eighth part,
etc.

I. From the given diameter of a circle, to find an approximate circumference greater
than the true value.
Let 7 be to 22 as the given diameter, for example 28, is to some number. This will
produce the circumference 88, which is greater than the true value. b For since the ratio b Measurement
of the circumference to the diameter is less than 3 17 , the ratio 88 to 28, which is the of the Circle, 2.
same as 3 17 to 1, shows that c the number 88 will be greater than the circumference of c Book V,
Prop. 10.
a circle whose diameter is 28.
II. From the given diameter of a circle, to find an approximate circumference less than
the true value.
Let 71 be to 223 as the given diameter 28 is to some number. This will produce
d For since the ratio of the d Measurement
the circumference 87 67
71 , which is less than the true value.
10
of the Circle, 2.
circumference to the diameter is greater than 3 71 , and the ratio 87 67
71 to 28 is the same
e
as 223 to 71, the circumference of a circle whose diameter is 28 will be greater than e Book V,
67
Prop. 10.
87 71
.
[194]
III. From the given circumference of a circle, to find an approximate diameter greater
than the true value.
186

Let 223 be to 71 as the given circumference, for example, 88, is to an unknown.
4
This will give the number 28 223
which is greater than the exact value. a For since the a Measurement
of the Circle, 2.
ratio of the circumference to the diameter is larger than 3 10
71 to 1, that is, larger than
223
4
71 to 1, the given circumference 88 will have to its diameter a ratio larger than 28 223
4
. b Book V,
to 1. b And hence the exact diameter of the circumference 88 will be less than 28 223
Prop. 10

IIII. From the given circumference of a circle, to find an approximate diameter less
than the true value.
Let 22 be to 7 as the given circumference, say 88, is to some number. The number
produced, 28, will be an approximate diameter less than the true value. c For since the c Measurement
of the Circle, 2.
ratio of the circumference to the diameter is less than 3 71 to 1, that is, 22
7 to 1, the
d
d
given circumference 88 will have to its diameter a ratio less than 88 to 28. And hence
Book V,
Prop.
10.
the diameter of the circumference 88 is greater than 28.
3. Now we will teach a method by which the area of a circle can be determined if only
the diameter is known, or only the circumference is known, so that it is not necessary
first to determine the diameter from the circumference or the circumference from the
diameter. To do this, it is necessary first to prove the following three propositions.
We will also prove the first in a different way in Proposition 2 of Book VIII, following
Pappus of Alexandria.
PROPOSITION I. The diameters of circles are in the same ratio as their circumferences.
Let the diameters of two circles be AB, DE, and let BC and EF be lines equal to
their circumferences. Let triangles ABC and DEF be right triangles with right angles
at B and E. I say that the diameter AB is to the diameter DE is the circumference
BC is to the circumference EF . Let a third proportional G be found for the diameters
AB, and DE, and let H be a fourth proportional for the lines BC, EF , DE. And
since AB, DE, G are in continued proportion, e the square on AB will be to the square

e

Cor. Book
VI, Prop. 20.

Figure 121: [194]

on DE, as AB is to G.

f

But the square on AB is to the square

f

Book XII,
Prop. 2.

[195]
on DE as the circle with diameter AB is to the circle with diameter DE. a And the a Book V,
circle is to the circle as the triangle ABC is to the triangle DEF , since the triangles Prop. 15.
are twice the circles. (For having bisected the diameter AB in I, and drawn the line
IC, b the triangle IBC will be equal to the circle, and hence since c the triangles AIC b Measurement
and IBC are equal, the triangle ABC, will be twice the triangle IBC, that is, twice of the Circle, 1.
the circle whose diameter is AB. By the same reasoning, the triangle DEF will be c Book I,
Prop. 38.
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twice the circle whose diameter is DE.) Therefore also the triangle ABC is to the
triangle DEF as AB is to G, and the triangle ABC is to the triangle DEF as AB
is to H, since each ratio is composite from the same ratios. ( d For the ratio of the d Schol. Book
triangle ABC to the triangle DEF , is composite of the ratio of the base AB to the VI, Prop. 23.
base DE, and the ratio of the altitude BC to the altitude EF , that is, composite of
the ratio of DE to H, which by construction is the same as the ratio of BC to EF .
The ratio of AB to H is composite also of the proportions of AB to DE and DE to
H, by definition.) Therefore AB will be to G as AB is to H, and e from this G and H e Book V,
will be equal. f Hence DE will be to G as DE is to H. Indeed, by construction, the Prop. 9.
diameter AB is to the diameter DE, as DE is to G, that is, as DE is to H. And as f Book V,
DE is to H, by construction, so is the circumference BC is to the circumference EF . Prop. 7.
This is what we had to show.202
PROPOSITION II. The ratio of the area of the square on the diameter of a circle to
the area of the circle is greater than 14 to 11 and less than 284 to 223.
g

Since the square on the diameter of any circle is to the square on the diameter g Book XII,
of another circle as the first circle is to the second circle,203 permutando, the ratio of Prop. 2.
the square on the diameter of a circle to the circle itself is the same as the ratio of the
square on the diameter of another circle to that circle. Having set the diameter of a
circle to 1, the ratio of the square on the diameter to the circle is greater than 14 to
11 and less than 284 to 223. Therefore, the ratio of the square on the diameter of any
other circle to the circle will also be greater than 14 to 11 and less than 284 to 223.
That the ratio of the square of side 1 to the circle of diameter 1 is greater than 14
to 11 and less than 284 to 223 will now be made clear. If 7 is to 21 as the diameter
1 is to some number, from the first rule of Number 1, the circumference is produced
as 3 71 or 22
7 , which is larger than the true value. Therefore, multiplying half of this
1
circumference, namely 11
7 , by the semidiameter, namely 2 , as has been said in Number
11
1, will give the area of the circle, yet the product 14 is greater than the true area. h
And hence the ratio of the square on the diameter, that is 1, to the true area of the h Book V,
11
11
Prop. 8
circle, which is less than 11
14 , will be greater than 14 . Since 1 is to 14 as 14 is to 11
(for by Proposition 2 on fractions at the end of Book IX of Euclid, the ratio of the
numerator 11 to the denominator 14 is the same as the ratio 11
14 to 1, and convertendo,
it will follow that 1 is to 11
as
14
is
to
11)
it
will
also
be
true
that the ratio of the
14
square on the diameter 1 to the true area of the circle is less than 14 to 11, which is
what was claimed. Therefore, the first part of the proposition is established.
[196]
Again if the ratio 71 to 223 is set equal to the ratio of the diameter 1 to some number,
202

It also follows from Proposition I of the Measurement of the Circle above that the ratio of the
circumference to the diameter is the same for all circles. The fact that Clavius presents this rather
complicated proof, when we would just say this is obvious from the fact that if the diameters of the
circles are d, d0 , then d : d0 :: πd : πd0 is a very clear indication how powerful the introduction of a
name for something, like the name π for the ratio of the circumference to the diameter, coupled with
the use of algebra to describe ratios, can be.
203
The Euclidean proof that Clavius references here is closely related to Archimedes’ argument in
Proposition I of the Measurement of the Circle.
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223
by rule 2 of Number 2, the value 3 10
71 , or 71 will be obtained for the circumference of
the circle, and this is less than the true value. Therefore, as has been said in Number 1,
1
223
from half of this, namely 223
142 , multiplied by 2 , the semidiameter, the area 284 will be
produced, which is however larger than the true value. a And from this, the ratio of a Book V,
the square of the diameter 1, which is 1, to the true area of the circle will be less than Prop. 8.
223
1 to 223
284 . Therefore since 1 is to 284 as 284 is to 223 (for by Proposition 2 on fractions,
223
the ratio of the numerator 223 to the denominator 284 is the same as the ratio 284
to 1,
223
and convertendo, it will follow that 1 is to 284 as 284 is to 223) the ratio of the square
on the diameter 1 to the true area of the circle will be less than 284 to 223, which is
what was claimed. Therefore, the second part of the proposition is also established.

PROPOSITION III. The ratio of the area of the square on the circumference of any
circle to the area of the circle is greater than 892 to 71, and less than 88 to 7.
b

For since the ratio of the circumference of any circle to the circumference of any
other circle is the same as the ratio of the diameter to the diameter, c the square on
the circumference of the first circle will be to the square on the circumference of the
second as the square on the diameter of the first circle is to the square on the diameter
of the second. d But the ratio of the squares on the diameters is the same as the ratio
of the areas of the circles. Therefore the ratio of the squares on the circumferences will
also be the same as the ratio of the circles. And permutando, the ratio of the square
on the circumference to the area of the circle, will be the same for all circles. Having
set the circumference of a circle to 1, the ratio of the square on the circumference of
this circle to the area of this circle is greater than 892 to 71 and less than 88 to 7.
We will now show that the ratio of the square on the circumference of this circle (i.e.
with circumference 1), to the area of this circle is greater than 892 to 71 and less than
88 to 7. If the ratio 223 to 71 is set equal to the ratio of this given circumference 1 to
71
some number, the value 223
is produced, which is greater than the true value, as holds
from the third rule in Number 2. This makes the product of 12 , the semicircumference,
71
71
and 446
, half the computed diameter, equal to 892
, which is greater than the true value,
e
as has been said in Number 1. Therefore the ratio of the square on the circumference
71
71
1, which is 1, to the true area of the circle is greater than 892
. But 1 is to 892
as 892 is
to 71 (by Proposition 2 on fractions and convertendo). Therefore also the ratio of the
square on the circumference 1 to the true area of the circle is greater than 892 to 71,
which is what we had to show. Therefore the first part of the proposition is true.
Again, if 22
7 is set equal to the ratio of the given circumference to some number, the
7
value of the diameter 22
is produced, and this is less than the true value. This makes the
1
7
product of 2 (half of the circumference) and 44
(half of the computed diameter) equal
7
to a value for the area of the circle, namely 88 , which is smaller than the true value, as
we have said in Number 1. f Therefore, the ratio of the square on the circumference 1
7
(which equals 1 in area) to the true value of the area of the circle, is less than 88
. But
7
1 is to 88 as 88 is to 7 (by Proposition 2 on fractions and
[197]
convertendo). Therefore the ratio of the square on the circumference to the area of the
circle is less than 88 to 7, which is what we had to show. Therefore, the last part of
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b

Proposition
I above.
c
Book VI,
Prop. 22.
d

Book XII,
Prop. 2.

e

Book V,
Prop. 8

f

Book V,
Prop. 8.

the proposition is true.
4. With these estimates established, there follow now four rules by which approximate values for the area of a given circle, either greater or larger, can be assembled,
knowing either only the diameter, or only the circumference.
I. To determine an approximate area of a circle larger than the true value, from the
diameter.
Let 14 be to 11 as the square of the given diameter is to some number. The number
produced will give an area greater than the true area of the circle. a For since the ratio a Number 3, 2.
of the square of the diameter to the area of a circle is greater than 14 to 11, and the
square of the given diameter to the computed area estimate is 14 to 11, the ratio of
the square of the diameter to the true area will be greater than the ratio of the square
of the diameter to the computed area estimate. b And hence the true area of the circle b Book V,
will be less than the computed. That is, the computed area will be greater than the Prop. 10.
true area.
II. To determine an approximate area of a circle less than the true value, from the
diameter.
Let 284 be to 223 as the square of the given diameter is to some number. The
number produced will give an area less than the true area of the circle. c For since the c Number 3, 2.
ratio of the square of the given diameter to the area of the circle is less than 284 to
223, but the ratio of the square of the given diameter to the computed area estimate
is 284
223 , the ratio of the square of the given diameter to the true area of the circle will
be less than the ratio to the computed area estimate. d And hence the true area of the b Book V,
circle will be greater than the computed area estimate, that is, the computed area will Prop. 10.
be less than the true area.
III. To determine an approximate area of a circle greater than the true value, from the
circumference.
Let 892 be to 71 as the square of the given circumference is to an unknown. The
number computed will indicate a value greater than the true area of the circle. e For e Number 3, 3.
since the square of the circumference to the area of the circle is a ratio greater than 892
to 71, and the ratio of the square of the circumference to the computed area estimate
is 892 to 71, the ratio of the square of the circumference to the true area of the circle
will also be greater than the ratio of the square of the circle to the computed area
estimate. f And from this the true area of the circle will be smaller than the computed f Book V,
Prop. 10.
area estimate, that is, the computed area estimate will be larger than the true area.
IV. To determine an approximate area of a circle less than the true value, from the
circumference.
Let 88 be to 7 as the square of the given circumference is to an unknown. The
number
[198]
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that is produced will be less than the true area of the circle. a For since the ratio of
the square of the given circumference to the area of the circle is less than 88 to 7, and
the ratio of the square of the given circumference to the computed area estimate is 88
to 7, the ratio of the square of the given circumference to the true area of the circle
will be smaller than the ratio of the square of the circumference to the computed area
estimate. b And from this the true area of the circle will be greater than the computed
estimate. That is, the computed estimate will be less than the true value.
5. All of these ways in which the area of a circle is investigated depend on the ratio
between the circumference of a circle and its diameter that Archimedes found to be less
than 3 71 and larger than 3 10
71 . And since these ratios are not completely accurate, it
is necessary that the computed area estimates either exceed the true area of the circle,
or are less than it, as is clear from the rules above. And while the difference between
the true area and the computed area may be very small for small circles, it may not
be negligible for larger circles. If one should desire more accurate areas of circles, one
may take the closer approximations to the ratio between the circumference of a circle
and the diameter that more recent geometers, especially Ludolph van Ceulen204 and
Christoph Grienberger,205 have found as follows.
Diameter
100000000000000000000.
Diameter
100000000000000000000.

Circumference, overestimate
314159265358979323847.
Circumference, underestimate
314159265358979323846.

So the ratio between the circumference and the diameter is less than the ratio of
the first numbers above (which is less than 3 17 ):
3

14159265358979323847
100000000000000000000

and greater than the ratio of the second numbers above (which is greater than 3 10
71 ):
14159265358979323846
.
100000000000000000000
Hence if the ratio of the diameter in the table above to the overestimate of the circumference is set equal to the ratio of the diameter of a given circle to an unknown, the
value produced will be larger than the circumference of that circle; if the underestimate
is used, the value produced will be smaller than the actual circumference. However, in
both cases the computed circumference will be much closer to to the true value than
values found using the Archimedean ratios in rule 1 of Number 2. On the other hand if
the ratio of the overestimate of the circumference to the diameter from the table above
is set equal to ratio of the circumference of a given circle to an unknown, the value
produced will be less than the true value of the diameter. If the underestimate is used,
the value produced will be greater than the true value of the diameter. However, in
both cases, the computed diameter will be much closer to the true value than those
found with the Archimedean ratios in rules 3 and 4 of Number 2.
3

204

See the earlier footnote on page [176].
Austrian Jesuit mathematician and astronomer, 1561–1636. A younger colleague of Clavius in the
Jesuit Collegio Romano, he was eventually chosen as Clavius’s successor as professor of mathematics.
205
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a

Number 3, 3.

b

Book V,
Prop. 10.

More accurate ratio of
the circumference to
the diameter.

[199]
With the circumference having been found from the diameter, or the diameter from
the circumference, the area of the circle will be found as was taught in Number 1,
for instance if the semidiameter is multiplied by the semicircumference, or the whole
circumference is multiplied by half of the semidiameter, or finally if the whole diameter
is multiplied by 14 of the circumference. The area of the circle will differ less from
the true value than the area found from the Archimedean ratios. But since it is more
difficult to compute with large numbers than with small ones, the practice of craftsmen
has persisted so that the Archimedean ratio is applied to the calculation. However,
when more accurate values are desired, the Ludolphine proportions above should be
used, especially for large circles.
CHAPTER VIII. ON THE AREA OF SEGMENTS OF A CIRCLE.
1. Let a sector ABCD of a circle be considered first, contained between two semidiameters AB, AD, and the arc BCD. We will explore its area. If both the semidiameter
AB and the arc are known (say AB is 7 palms and BCD is 3 23 palms in length), then
with the semidiameter multiplied by the half the arc length (for instance 7 times 11
6 ), the
product (here 12 56 square palms) will be the area of the sector, as we will show. If neither the semidiameter AB nor the arc BCD are given, then the semidiameter will have
to be measured according to some unit, and the circumference of the circle will need to be found in the same units
using the rules of the previous chapter, as well as the line
BD. Then set the ratio of AB (in the selected units) to
the total sine 100000 equal to the ratio of BD (in the same
units) to some number. Solving for the unknown will give
the line BD as a part of the total sine. Half of the arc BD
(say BC) will be found from the table of sines, in degrees,
Figure 122: [199]
and the arc BD will be known in degrees as well. And
since the whole circumference of the circle has been found
in the units used above, if the ratio of 360 degrees to the
known circumference in the units used above is set equal to the ratio of BD in degrees
to some number, the value of the unknown will give the length of the arc BD in the
units used above, from which, as before, the area of the sector ABCD will be found.
The number of degrees contained in the arc BD can also be found using a quadrant
marked in degrees, applying the method laid out in Number 10 of Chapter 2 of Book
I of this work. And the arc can be measured more accurately in degrees and minutes
if it is not equal to a whole number of degrees.
Next, I show that the area of the sector is the product of the semidiameter and half
the arc length. Let BE be a quadrant and BEF be a semicircle. a And since the arc a Book VI,
BD is to the quadrant BE as the sector ABCD to the sector ABDE, by the scholium Prop. 33.
to Proposition 22 in Book V of Euclid, the arc BE is to the quadruple of the quadrant
(that is, to the whole circumference) as the sector ABCD is to the quadruple of the
sector ABDE (that is, to the whole circle). b But as BD is to the whole circumference, b Book V,
so is BC (half the arc BD) to BEF (half of the whole circumference). Therefore also Prop. 15.
BC is to BEF as the sector ABCD is to the whole circle. c But BC is to BEF as the c Book VI,
Prop. 1.
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rectangle contained by AB and BC is to the rectangle contained by AB and BEF .
Therefore also the sector ABCD will be to the whole circle as the rectangle contained
by AB and AC is to the rectangle contained by AB and BEF . Therefore since, as we
have discussed in Number 1 of Chapter 7,
[200]
the circle is equal to the rectangle contained by by AB and BEF , a the sector ABCD a Book V,
will also be equal to the rectangle contained by AB, BC. This is what we had to show. Prop. 14.
By the same reasoning, the area of the sector ABF DA will be found by multiplying
the semidiameter AB by half the length of the arc BF D.206
2. Next consider the segment BCD.207 b Having found the center A, the length of b Book III,
the arc BCD, and knowing the lengths of the sides in the triangle ABD and the arc Prop. 25.
BCD in the same units, as we have said in Number 1, the area of the sector ABCD
will be found, together with the area of the triangle ABD. The area of the segment
BCD will remain when the area of the triangle ABD is subtracted from the area of
the sector ABCD.
3. Now consider the lens-shaped region bounded by two arcs GHI, GKI. With the
line GI drawn, as we have taught in Number 2, let the areas of both segments GHI,
GKI be found. The sum of these two areas taken together will be the area of the figure
GHIK under consideration. If the segments GHI, GKI are equal, it will be enough
to determine the area of one of them, since twice that area will give the area of the
figure GHIK.
4. In the same way, we will measure figures composed of several segments of circles,
when either all of the circumferences lie outside, all lie inside, or some lie inside and
some lie outside. So in the following three figures, if the arcs are subtended by chords of
the corresponding circles, in the first, we will measure the quadrilateral ABCD, as we
have taught in Chapter 1 or Chapter 3, then the segments AEB, BF C, CGD, DHA,
as has been treated in Number 2 of this chapter. If these segments are added to the
quadrilateral, since all the circumferences lie outside the quadrilateral, the area of the
figure AEBF CGDH composed by the four arcs will be determined.

Figure 123: [200]
In the second, we will measure the pentagon ABCDE, by what has been written
206
207

Note that in this case the arc is greater than a semicircle.
That is, the area between the arc BCD and the chord BD.
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in Chapter 4. From this, if we subtract the five segments with circumferences inside
the pentagon, determined by what we have written in Number 2 of this chapter, the
remainder will be the area of the figure AF BGCHDIEK, with boundary composed
of five circular arcs.
Finally, in the third figure, to the pentagon ABCDE, we will add the three segments
AF B, AGE, CHD with the circumferences lying outside, then from the sum subtract
the areas of the two segments BIC, DKE with circumferences lying inside, so that
the area of the figure AF BICHDKEG remains, with boundary composed of the five
circular arcs. And in this way it will be permissible to measure a field, however irregular
it is.
5. Finally, in the first figure of this chapter, let LM ON be a segment of a circle
contained by the two lines LM , N O, and the two arcs LN , M O. Let the areas of both
segments P LM , P N O be found as has been set forth in Number 2. Then with the
smaller area P N O subtracted from the larger P LM , the remainder will give the area
of the segment LM ON .
6. To conclude this fourth book, as an appendix we add here a few other rules that,
in our opinion, do not seem out place.
I. Given the area of a circle, to find the circumference and the diameter.
Let 7 be to 88 as the given area is to some number. The number produced will be
an approximate value for the square of the circumference, larger than the true value, as
is clear from rule 4 of Chapter 7, Number 4. Therefore, the square root of this number
will give a value for the circumference, larger than the true value. And if 71 is to 892
as the given area is to some number, then the number produced will be approximately
the square of the circumference, but smaller than the true value, as holds by rule 3 of
Chapter 7, Number 4. And hence its square root will give an approximate value for
the circumference, but less than the true value.
Again, let 223 be to 284 as the given area is to some number. The number produced
will be an approximate value for the square of the diameter, but larger than the true
value, as is clear from rule 2 of Chapter 7, Number 4. Therefore, its square root will be
approximately equal to the diameter, but greater than the true value. And if 11 is to
14 as the given area is to some number, then the value produced will approximate the
square of the diameter, but it is an underestimate, as we gather from rule 1 of Chapter 7,
Number 4. The square root of this will be an underestimate for the diameter.
II. Given any arc of a circle, to find the diameter of the circle numerically.
Let ABC be the given arc. With the chord AC drawn and bisected in F , let F B be
drawn through F and perpendicular to AC. a This perpendicular will pass through the a Cor. Book
center of the circle, and b the rectangle contained by CF , F A, that is, the square on III, Prop. 1.
AF , will be equal to the rectangle contained by BF and the remaining portion of the b Book III,
diameter.208 Therefore, if AF , F B are known, measured in any units, and the square Prop. 35.
of the length of AF is divided by F B, the length of F D will be produced. If this
is added to the perpendicular F B, the whole diameter BD will be produced, known
according to the same measure or units as AF , F B are known.
208

That is, F D in the figure.
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Figure 124: [201]

Geometrically, the same portion F D will be obtained if from the two lines F B and
AF , the third proportional F D is found. This follows from the scholium to Proposition 13 in Book VI of Euclid since AF is the mean proportional between the two
segments of the diameter.
III. Given the diameters or circumferences of two circles, or two homologous sides of
two similar and similarly placed figures, to determine the proportion that the circles
or the figures have to one another [in area].
Since circles and similar and similarly placed figures have the duplicate ratio of the
diameters, or circumferences, or of homologous sides, if the greater diameter is divided
by the smaller, or the larger circumference is divided by the smaller circumference,
or the larger side is divided by the smaller side, the number giving the ratio between
those parts of the figures will be obtained. And therefore if that number is multiplied
by itself, the number giving the duplicate ratio will be found. Suppose the diameter
of one circle is 56 and the circumference is 176, while the diameter of the other is 14
and the circumference is 44209 Dividing 56 by 14 or 176 by 44, the quotient is 4, and
this number squared is 16. The larger circle is 16 times the smaller one in area. Two
similar and similarly placed figures with homologous sides in the ratio 56 to 14 or 176
to 44 will have the same 16 to 1 ratio between their areas.
IV. Given several circles whose diameters or circumferences are known, or several similar and similarly placed figures whose homologous sides are known, to find the diameter,
or circumference of a circle equal to all of the given circles taken together, or the side
of a similar and similarly placed figure equal to all of the figures taken together.
Let the diameters, or the circumferences, or the homologous sides be multiplied by
themselves, and let the numbers produced be added together in one sum. The square
root of this sum will be the diameter or the circumference of a circle, or the side of
a similar and similarly placed figure that is sought. For example, if four diameters
or circumferences of circles, or sides of similar and similarly placed figures are 84,
3, 4, and 12, and these numbers are squared, the numbers 7056, 9, 16, and 144 are
produced, whose sum is 7225. Therefore the square root of 7225, or 85, will be the
diameter, or the circumference, or the side, that is sought. That is, a circle of diameter
85 or circumference 85, or a figure with side 85 will be equal to the four circles or
209

Note: the number 176 is 56 times

22
7

and the number 44 is 14 times
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22
.
7

figures taken together. a The areas of two circles have the same ratio as the squares a Book XII,
of their diameters, or the squares of their circumferences (since the circumferences are Prop. 2.
proportional to the diameters). b And the areas of similar and similarly placed figures b Book VI,
have the ratio that is the duplicate ratio of their corresponding sides. Therefore a circle Prop. 20.
of diameter 85 will have the same area as the total area of a collection of circles with
diameters 84, 3, 4, 12. The same is true if instead of the diameters, those numbers
are the circumferences. The same is also true if those numbers are the lengths of the
corresponding sides of similar and similarly placed figures. This is what we had to
show.210
V. To find the area of a given ellipse.
It is a pleasure conclude this fourth book with two theorems most astutely found
and proved by Archimedes the Syracusan. One concerns the area of an ellipse, the
other deals with the area of a parabola.211 Therefore let ABCD be an ellipse, whose
major diameter is BD and whose minor diameter is AC, bisecting the major diameter
in E. e Let HI, a mean proportional between BD and AC, be found, and let the area e Book VI,
of the circle with diameter HI be found by what we have written in Chapter 7 of this Prop. 13.
book. I say that the area of that circle is equal to the area
[203]
of the ellipse ABCD. a Since BD is to AC as the square on BD is to the square on HI,
and b the square on BD is to the square on HI
as the circle with diameter BD is to the circle
with diameter HI, it will also be true that as
BD is to AC, so is the circle with diameter BD
to the circle with diameter HI. Therefore, since
by Proposition 5 in On Conoids and Spheroids of
Archimedes, it is also true that the major diameter BD is to the minor diameter AC as the circle
Figure 125: [203]
with diameter BD is to the ellipse ABDE, c the
circle with diameter BD has the same ratio to the
circle with diameter HI and to the ellipse ABCD.
d And from this the area of the circle with diameter HI and the area of the ellipse
ABCD will be equal. This is what we had to show.

a

Cor. Book
VI, Prop. 20.
b

Book XII,
Prop. 2.

c

Book V,
Prop. 11.
d

Book V,
Prop. 9.

VI. To determine the area of [a segment of] a given parabola.
Let the given parabola be ABC, let AC be its base and BD its axis, bisecting the
base at D, and let B be the vertex. Let triangle ABC be inscribed in the parabola
with the same base and vertex as the parabola. With the base AC extended, let CE
be one third of AC, so that the ratio of AE to AC is 4 to 3. And join EB with a line.
Let the area of triangle ABE be determined by Chapter 2 of this book. I say that this
triangle is equal to the area of the parabola ABC. e Since AE is to AC as the triangle e Book VI,
ABE is to the triangle ABC, and AE is 34 of AC by construction, the triangle ABE Prop. 1.
210
211

This is a free translation for mathematical clarity.
That is, the area of a segment of a parabola–the region between the parabola and one of its chords.
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Figure 126: [203]

will also be 43 of the triangle ABC. Therefore, since Archimedes has shown in his book
Quadrature of the Parabola 212 that the parabola ABC is also 43 of the triangle ABC,
f the triangle ABE and the parabola ABC have the same proportion to the triangle f Book V,
ABC. g And from this, the area of the triangle ABE and the area of the parabola Prop. 11.
g
Book V,
ABC will be equal. This is what was to be shown.
Prop. 9.

END OF THE FOURTH BOOK.

212

One slightly curious feature of the Latin text here is that while Clavius uses the usual Latin genitive
form parabolae in the statement of the proposition, in his citation of Archimedes’ celebrated Quadrature
of the Parabola) and in the last sentence, he employs the Latin transliteration, paraboles, of the Greek
genitive παραβολῆς, almost as though he wants to show off his knowledge of the Greek. Two can play
that game.
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[204]
FIFTH BOOK OF THE
PRACTICAL GEOMETRY
Examining Volumes of Solids or Bodies
The third sort of magnitude, volumes of bodies or solids,213 remains to be discussed.
We said at the beginning of Book IV that bodies were to be measured by small cubes,
so that when some body is said to contain 1000 cubic palms, it should be understood
that 1000 equal cubes, each having side 1 palm, fill out the volume of this body. In
this book we will teach the way in which the volume of a body, that is, the number
of small cubes contained in it, is investigated. The particular bodies we will consider
are parallelepipeds, prisms, cubes, pyramids, frustums of pyramids, cylinders, cones,
frustums of cones, spheres, portions of spheres, and the five regular solids–that is,
the tetrahedron, the hexahedron or cube, the octahedron, the icosahedron, and the
dodecahedron–that were all defined in Book XI of Euclid. To these we will add a few
hollow figures and certain other irregular ones.
CHAPTER I. ON THE VOLUME OF PARALLELEPIPEDS, PRISMS, AND CYLINDERS.
A parallelepiped a is a solid figure contained by six quadrilaterals, whose opposite a Book XI,
faces are parallel. Some four-sided columns of uniform thickness have this shape. Since Def. 30.
the pairs of opposite faces ABCD and EF GH,
[205]
ADEF and BCF G, and ABGH and DCF E are parallelograms and parallel to each
other, the solid figure ABCDEF GH is said to be
a parallelepiped. Its volume will now be investigated. First consider a rectangular parallelepiped
having six rectangular faces, and hence all of its
solid angles right angles. Let the length of AB be
3 palms, the length of AD be 2 palms, and the
length of the side AH be 4 palms. Let the length
2 be multiplied by the width 3 so that a base of 6
square palms is produced, as was treated in ChapFigure 127: [205]
ter 1 of Book IV. Next this base of 6 square palms
is multiplied by the altitude 4. The product 24 will
indicate that 24 cubes, each with side one palm,
are contained in the parallelepiped, as we will now make clear. Let a separate rectangle
IKLM be taken equal to the base ABCD, and consider a perpendicular altitude LN ,
4 palms in length. If the side IM , of length 2 palms, is multiplied by the side IK, of
length 3 palms, a base of 6 square palms is produced. If 6 equal cubes are constructed
on that base, then they will fill out the parallelepiped up to the height of 1 palm. Next,
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We have used the modern terminology for magnitudes of figures of different dimensions here. Where
Clavius regularly says area for a solid, we will say volume instead.
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let 6 other equal cubes be placed on top of the first 6. The parallelepiped will be filled
up to the second palm of the height QP . And 6 other cubes will fill the parallelepiped
up to the third palm P O. And finally 6 more cubes will fill the parallelepiped to the
fourth palm of the height ON . Therefore, as many of these layers of 6 cubes exist in
the parallelepiped as there are palms contained in the height, that is, 24 cubes in all.
2. Next, let a parallelepiped ABCE be considered, whose bases ABCD, EF GH are
rhombuses or rhomboids, and whose sides AH, DE, BG, CF are perpendicular to the
base ABCD, so that AH is the altitude. First let the area of the base be investigated,
as we taught in Book IV, Chapter 3, Number 1. Then let that be multiplied by AH.
The product will be the volume of the parallelepiped. For if a rectangle IL is made
equal to the base, and a rectangular parallelepiped is constructed whose altitude LN is
equal to the altitude AH, then a this parallelepiped will be equal to the parallelepiped
ACE. Therefore, since the volume of the parallelepiped with base the rectangle IL
and altitude LN is the product of the area of the base and the altitude, the volume of
the parallelepiped ACE is also the product of the area of the base and the altitude.
If no side of the parallelepiped is perpendicular to the base, it will be necessary to
drop a perpendicular from any corner of the parallelogram in the upper face to the plane
containing the base and measure it diligently. If the area of the base is investigated
either by Chapter 1 of Book IV when it is a rectangle, or by Chapter 3 when it is not
a rectangle, and that area is multiplied by the altitude found, then the volume of the
parallelepiped under consideration is obtained. For if one considers a parallelepiped of
the same altitude on a rectangular base, the b two parallelepipeds will be equal to each
other. But from Numbers 1 and 2 the volume of a right parallelepiped is produced by
multiplying the area of the base times the altitude.
3. The volume of a cube, which is a particular type of rectangular parallelepiped,
is produced in the same way, namely by multiplying the side times the side, times the
side again. So that if the side is 10, the volume will be 1000 since 10 times 10 times
10, makes 1000.
4. c A prism is a solid figure contained between two opposite plane faces that are

Volume of a
nonrectangular parallelepiped

a

Book XII,
Prop. 31.

b

Book XI,
Prop. 29 or 30.

Volume of a
cube.
c

Book XI,
Def. 13.
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equal, similar, and parallel, while the other faces are parallelograms. Such is the
solid ADF , whose bases are the parallel and equal
pentagons ABCDE, F GHIK. Some columns of
uniform thickness with plane faces have this shape.
Their opposite bases are equal, similar, and parallel triangles, or quadrilaterals, or pentagons, etc.
From this it follows that every prism is bounded by
Volume of a
prism, right
as many parallelograms as there are sides, or anor oblique.
gles, found in either one of those opposite planes.
For instance, the prism in the figure is surrounded
Figure 128: [206]
by five parallelograms ABGF , BCGH, CDIH,
DEKI, EAF K. Next, the volume of any prism
will be found if the area of the base is determined
and is multiplied by the altitude. For if a parallelepiped is considered with the same
altitude as the prism and having a rectangular base equal to the base of the prism,
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a

that parallelepiped will be equal to the prism. Therefore, since the volume of the a Cor. 2 Book
parallelepiped is the product of the area of the base times the altitude, the volume of XII, Prop. 7.
the prism will also be the product of the base times the altitude. Next, the area of the
base will be known from what we wrote in Book IV, and the altitude of the prism, if
its sides are not perpendicular to the base, will be found as we said the altitude of a
parallelepiped was to be found in the preceding Number 2 of this chapter.
5. A cylinder is a solid figure of equal thickness which is contained by two equal
and equidistant circles and by the curved surface between them, in the shape of a
round column. Such is the solid ACH in the figure, whose bases are the parallel and
equal circles ABCD, EF GH. Its volume will be created by multiplying the area of
the base, found as in Chapter 7 of Book IV, by the altitude. This will be explained for
right cylinders as was done for right parallelepipeds in Number 1 of this chapter. For
suppose the base of a circular cylinder contains 10 square palms. Then a layer of 10
cubes of side 1 palm will fill the cylinder to the first palm of its height, and 20 cubes
will fill the cylinder to the second palm of its height, and so forth. If the cylinder is
oblique, its altitude must be determined by dropping a perpendicular from the upper
base to the plane in which the lower base lies. The area of the base, determined as in
Book IV, Chapter 7, is multiplied by this altitude. The product gives the area of the
cylinder in question, b since the cylinder and the rectangular solid having the bases of b Cor. Book
XII, Prop. 11
the same area and equal altitudes are equal.
CHAPTER II. ON THE VOLUMES OF PYRAMIDS AND CONES.
1. A pyramid c is a solid figure which is contained by planar faces constructed from c Book XI,
one plane to a common point. So the solid figure ABCDEF formed from the point F Def. 12.
and the base pentagon ABCDE, and surrounded
[207]

by the five triangles ABF , BCF , CDF , DEF , AEF , namely, as many as there are
sides of the base, is called a pyramid.
A cone is a round solid figure formed from a point and a circular
base, like a round pyramid; of this type is figure
ABCDE.
The volume of a pyramid or a cone is produced by
multiplying the area of the base times the third
part of the altitude. Because we have shown in
the previous chapter that the product of the area
of the base and the altitude gives the volume of
the prism or the cylinder with the same altitude
as the pyramid or the cone; a the product of the
Figure 129: [207]
area of the base and the third part of the altitude
will give the third part of the volume of the prism
or the cylinder. b Therefore, since the pyramid is
c
the third part of its prism, and the cone is the third part of its cylinder, it is clear that
if the base is multiplied by the whole altitude, the third part of the number produced
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a

Schol. Book
XII, Prop. 14.
b

Cor. Book
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c
Book XII,
Prop. 10.

will also be the volume of the pyramid or the cone. d The same volume is the product d Schol. 1 Book
XII, Prop. 7
of the third part of the base and the whole altitude.
2. Moving on, the area of the base of a pyramid, if it is triangular, will be determined
as is treated in Book IV, Chapter 2, or, if the base is multi-sided, as we have written
in the same book, Chapters 3, 4, and 5. The base of a cone will be found by Chapter
7 of the same book. And the altitude of a pyramid or a cone will be obtained if a
plane equidistant from the plane of the base is placed at the vertex, a perpendicular is
dropped to the plane of the base, and the perpendicular is measured. For although this
same altitude can be found geometrically if the inclination of one of the sides to the
base, and the magnitude of that same side are known, nevertheless some instrument
must be used to find these things, and it is better to find the altitude immediately by
one of the instruments we described in Book I, Chapter 1—finding it geometrically is
more difficult and it proceeds from the determination of the inclination and the side
found by instruments.
3. And we want it to be understood that what we have said applies to both right
pyramids and cones, and oblique, or scalene pyramids and cones.

and Book XII,
Prop. 11.
Altitude of a
pyramid and
cone.

CHAPTER III. ON THE VOLUME OF A FRUSTUM OF A PYRAMID AND A
CONE.
1. What I call a frustum of a pyramid or a cone is what others call a truncated
pyramid or a truncated cone. Therefore, let ABCDEF be a frustum of a pyramid,
whose bases ABC and DEF are parallel and similar, and whose volume is to be
determined. This can be done in two ways. First, consider the whole pyramid AGCH.
We will find its altitude HG perpendicular to the base (although the pyramid is not
actually whole). e Since AB is to AH as DE is to DH, and permutando, AB is to DE e Book VI,
Prop. 4.
as AH is to DH, it will also be true that dividendo (letting AS
[208]
be equal to DE), as SB is to DE, AD is to DH. a Since the planes ABC and DEF
are parallel, they cut the lines AH and GH proportionally in I and D. And SB will be
to DE as GI is to IH. If, therefore, a line is made in the same proportion to GI (the
altitude of the frustum, which will be known by dropping a perpendicular from some
point of the plane DEF to the base) as SB (the difference between corresponding sides
AB and DE) is to DE, then a line equal to IH (namely the altitude of the smaller
pyramid DEF H) will be produced. This added to GI will give the whole altitude GH.
Hence, if by the preceding chapter, the volumes of the whole pyramid ABCH and the
cut-off pyramid DEF H are found, and this volume is subtracted from that volume,
the remainder will make the volume of the frustum ABCDEF .

a

Book XI,
Prop. 17.

Volume of a
frustum of a
pyramid.

Volume of a

2. The volume of a frustum of a cone ABCD will be found in the same way, as is frustum of a
cone.
clear, if the whole cone ABH is considered, etc.
3. We will find the volume of a frustum of a pyramid or a cone in a different way
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even if neither is completed to a full pyramid or cone. b Let squares KLM N , N OP Q
be made equal to the known bases ABC and
DEF , and let a mean proportional area be found
between the square KM and the square N P , such
as the rectangle OK in the figure. Let OP be produced to R. c Now M N is to N O, as the area of
KM is to the area of N R. Also, KN is to N Q
as the area N R is to the area N P , d and M N is
to N O as KN is to N Q. Hence the square KM
is to the rectangle N R as N R is to the square
N P . Therefore N R is a mean proportional beFigure 130: [208]
tween the squares KM and N P . For this reason,
if the square root of the area of the base ABC,
that is, the side KN of the square KM , is multiplied by the square root of the area of the base DEF , that is the side N O of the square
N P , the area of the rectangle N R is produced.
Now let the altitude of the frustum GI be multiplied by the sum of the areas of
the square KM (or the base ABC), the square N P (or the base DEF ), and N R the
mean proportional between the bases (or the aforesaid squares). The number obtained
as the product will be three times the volume of the frustum ABCDEF .214 e For since
the prism with altitude GH, and base ABC (or the square KM ) has three times the
volume of the pyramid ABCDEF H, the parallelepiped made from the square KM
and GI, together with the parallelepiped made from the square KM and HI, will also
equal three times the volume of the same pyramid. f And the parallelepiped with
base DEF (that is, the square N P ) and height IH has three times the volume of the
pyramid DEF H. g Therefore, if this pyramid is removed, the remainder, which is GI
times the area of the square KM , together with IH times the sum of the areas of KP
and RM , will equal three times the volume of the remaining frustum ABCDEF .
4. h Since the areas ABC and KM are equal and the areas DEF and N P are
equal, they have the same ratios, and permutando, ABC is to DEF as KM is to N P .
i And the side KN will be to the side N Q as the side AB is to the side DE. Diuidendo
(with the line AS equal to DE subtracted from AB), SB is to DE, as KQ is to QN .
Now, as we showed in Number 1, SB is to DE as GI is to IH. k But KQ is to QN ,
as KP is to P N . And M O is to ON , as M R is to RN . Therefore, also

b

Book II,
Prop. 14.

c

Book VI,
Prop. 1.
d

Book V,
Prop. 7.

e

Book XII,
Prop. 7.

f

Book XII,
Prop. 7.
g

Book V,
Prop. 5.
h

Book V,
Prop. 7.
i

Book VI,
Prop. 22.
k

Book VI,
Prop. 1.

[209]
GI is to IH, as KP is to P N and M R is to RN . Express these magnitudes as numbers;
a the number obtained as GI times P N is equal to the product IH times KP . And the a Book VII,
product GI times RN equals IH times M R. b Hence the sum (GI)(P N ) + (GI)(RN ) Prop. 19.
equals the sum (IH)(KP ) + (IH)(M R). Adding the common term, (GI)(KM ) to b [?]
both, the sum (GI)(KM ) + (GI)(P N ) + (GI)(RN ) equals the sum (GI)(KM ) +
(IH)(KP ) + (IH)(M R). But the last three terms together give three times the volume
of the frustum ABCDEF as we showed at the end of Number 3. Therefore the first
214
The first known occurrence of this method of computing a frustum of a pyramid occurs (for square
pyramids) in the ancient Egyptian Moscow mathematical papyrus, from about 1850 BCE.
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three added together—the product of GI, the altitude of the frustum, with first KM ,
equal to the area of the base ABC, then with P N , equal to the base DEF , and finally
with RN , the mean proportional between the bases, is three times the volume of the
frustum, which is what we had to show.
5. By the same reasoning, the volume of the frustum of the cone ABDC is produced
by multiplying the altitude GI times the sum of the areas of the bases AB and CD,
and the mean proportional between the bases. This holds if squares KM , N P are
constructed equal to the bases, and RN a mean proportional between the bases, etc.
SCHOLIUM.
1. If what we have said to this point is to be adapted to material things, Chapter 1
will allow us to measure a wall of uniform thickness as a certain parallelepiped, whose
length, width, and altitude are the same as the corresponding dimensions of the wall.
In the same way, we will measure a block of marble or other stone as a certain
prism if it has uniform thickness and the sides are perpendicular to the bases.
Similarly, a sack of grain can be measured approximately as a certain cylinder. But
since a sack is not exactly a cylinder, it is not possible to obtain its true measure this
way.
2. Again, by Chapter 2, it will be possible to measure a heap of grain, more or less,
as a certain cone. And if we know how many grains or pounds are contained in a cube
one palm on a side, for instance, and that number is multiplied by the number of cubes
contained in the whole sack or heap, the number of grains or pounds in the whole sack
or heap will be produced.
3. So too, if we are given a hollow vessel in the shape of a parallelepiped or cylinder,
we will know its capacity if we measure its interior parallelepiped or cylinder as though
it was a solid figure. If it is known, for example, how much water or other liquid is
contained in a cube one palm on a side, then it cannot be ignored that we will find the
measure of how much liquid is contained in the whole vessel if the measure in one cube
is multiplied by the number of cubes we found were contained in the vessel.
4. Finally, if the volume of the solid part of any vessel, whose interior and exterior
shapes are parallelepipeds, or prisms, cylinders, etc. is desired,
[210]
then the outer and the inner figures will have to be measured. And if the latter is
subtracted from former, the difference will be the volume of the solid part of the empty
vessel.
CHAPTER IV. ON THE VOLUMES OF THE FIVE REGULAR SOLIDS.
1. There are only five regular solids: the tetrahedron, the hexahedron, the octahedron, the dodecahedron, and the icosahedron, as we have proved in the Scholium to
Proposition 18 in Book XIII of Euclid. They are defined by Euclid in Book XI.
A tetrahedron is a solid figure contained by four equal equilateral triangles, an
equilateral triangular pyramid.
A hexahedron is a solid figure contained by six equal squares, that is, a cube or a
[rectangular] parallelepiped with square bases, in which all three dimensions are equal.
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An octahedron is a solid figure contained by eight equal equilateral triangles.
A dodecahedron is a solid figure contained by twelve equal, equilateral, and equiangular pentagons.
An icosahedron is a solid figure contained by 20 equal equilateral triangles.
2. We taught in Chapter 1, Number 3 that the volume of a cube is obtained by
multiplying the side by itself, and multiplying the product times the side again. And we
stated that the volume of a tetrahedron is produced by multiplying its altitude (which
will be determined mechanically as in Chapter 2, Number 2) by the third part of the
area of its base, or by multiplying the third part of the altitude by the area of the base as
in Chapter 2, Number 1. If we want to find the altitude of a tetrahedron geometrically,
we will do that as follows. a Since the square on the side of the tetrahedron is to the
square on the diameter of the circumscribed sphere as 2 is to 3, if the ratio 2 to 3 is
made equal to the ratio of the square of the side of the tetrahedron to an unknown,
the value will be the square of the diameter of the sphere. The square root will be the
diameter of the sphere, b and two thirds of this will be the altitude of the tetrahedron.
3. c Since the octahedron is divided into two equal pyramids whose common base is
the square on the side, the volume of the octahedron is the sum of the volumes of those
pyramids. The volume of those two pyramids will be produced if the square on the
side is multiplied by the diameter of the octahedron, and the third part of that number
is taken. This is because the diameter times the square on the side of the octahedron
gives the volume of a parallelepiped three times the volume of the pyramids together; d
half of this parallelepiped has the same base and altitude as either one of the pyramids,
and so it is three times one of the pyramids. Next, the diameter of the octahedron,
which is the same as the diameter of the circumscribed sphere and the diameter of
the square on the side of the octahedron, will be found if the square root of twice the
square of the side is extracted.

Volume of a cube
and a tetrahedron

a

Book XIII,
Prop. 13.

b

Cor. 2 Book
XIII, Prop. 13.
c
Cor. Book
XII, Prop. 7.
Volume of an
octahedron
d

Cor. Book
XII, Prop. 7.
Diameter
of the octahedron

[211]
a

The square of the diameter is twice the square of the side, just as b the square on
the diameter of the sphere is twice the square of the side of the octahedron. Half of
this diameter will be the altitude of either of the pyramids. Hence, if this altitude is
multiplied by the third part of the square of the side, the volume of one of the pyramids
is produced, that is, half the octahedron. Therefore twice the volume of one of these
pyramids will indicate the volume of the whole octahedron.
4. Next, if straight lines are drawn from the center of a dodecahedron to each of its
vertices, the dodecahedron is divided into 12 equal pentagonal pyramids. If the volume
of one of these pyramids, found by Chapter 2, is multiplied by 12, the volume of the
whole dodecahedron will be produced. But in order to obtain the volume of one of these
pyramids, it is necessary to find the area of the base of the pyramid from the given
side by what we wrote in Book IV, Chapter 5, and to find the altitude, as I will now
teach. Let a perpendicular be dropped from one face to the plane of the opposite face.
Half of this line, as a part of the side of the dodecahedron, measured diligently by the
instrument constructed in Book I, Chapter 1, will give the altitude of the pyramid that
is sought, since the whole perpendicular will give the altitude of the dodecahedron.
We will also learn how to find the altitude geometrically. c The cube inscribed in
the dodecahedron is inscribed in the same sphere as the dodecahedron, and its side
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c
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subtends one angle of a pentagonal face. Hence the diameter of the dodecahedron, the
cube, and the sphere are all equal. d If the line subtending one angle of the pentagon
is determined, the side of the cube will be obtained. e And since the square on the
diameter of the sphere is three times the square on the side of the cube, if the square
of the side of the cube is tripled, the square of the diameter of the sphere or cube will
be obtained, whose square root will give that same diameter. Since the diameter of the
dodecahedron and the altitude joining centers of opposite faces bisect each other in the
center, half of the altitude, namely, the altitude of the pyramid, will be sought in this
way. Let a right triangle be considered, whose hypotenuse is the semidiameter of the
dodecahedron, since the whole diameter is known from the above. The sides around the
right angle are the altitude of the pyramid and the semidiameter of the circumscribed
circle of the base of the dodecahedron. Since this semidiameter can be determined by
what we have taught in Book IV, Chapter 5, f we will also know the remaining side,
namely the altitude of the pyramid that we want. Continuing, the semidiameter of the
aforesaid circumscribed circle of the pentagonal face of the dodecahedron is produced
as follows. Since the side of the pentagon subtends in this circle an angle of 72 degrees,
and the side of the decagon in that circle subtends an angle of 36 degrees, these sides
are known in terms of sines, and from this the side of the regular decagon inscribed in
the circle can be determined in terms of the known side of the pentagon. g And since
the square on the side of the pentagon equals the sum of the squares on the side of the
hexagon and the decagon inscribed in the same circle, if the square on the side of the
decagon (known by the previous discussion) is subtracted from the square of the side
of the pentagon, the difference will make the square on the side of the hexagon, that is
on the semidiameter, and its square root will be the semidiameter.
5. Finally, since with straight lines drawn from the center to all of the vertices,
the icosahedron is divided into 20 equal triangular pyramids, if the volume of one of
these pyramids is found and multiplied by 20, the volume of the whole icosahedron will
appear. To obtain the volume of one of these pyramids, first the area of the triangular
base must be found by what we have written in Book IV, Chapter 2, Number 4. Next,
the altitude of the pyramid can be determined mechanically
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[212]
in this way. From the upper plane produced, that is, from the lower surface of a plane
placed upon the upper face of the solid, let a perpendicular be dropped to the plane of
the opposite face. Measuring this accurately will give the altitude of the icosahedron,
whose half is the altitude of the pyramid that is sought. We will also explore this
geometrically as follows. Let a pentagon be constructed from five of the sides of the
icosahedron. Find its semidiameter and the side of the decagon in the circumscribed
circle of the pentagon in terms of the given side of the icosahedron in this way. Let a
right triangle be constructed with hypotenuse the semidiameter of the said circle, one
side half of the side of the pentagon (that is, the icosahedron), and the other side the
perpendicular dropped from the center to the midpoint of that side. The semidiameter
will be known from the results given in Book IV, Chapter 5, Number 2. The side of
the decagon inscribed in that same circle will be obtained from what was said shortly
before the end of No. 4. a And since the square of the diameter of the sphere (or the a Cor. 1 Book
icosahedron) is five times the square of the semidiameter [of the circumscribed circle XIII, Prop. 16.
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of the pentagon above], the square root will give the diameter and the semidiameter
of the sphere will also be known. Or in a different way: b since the diameter of the
sphere (that is, of the icosahedron) is the side of the hexagon plus twice the side of
the decagon inscribed in the same circle circumscribing the pentagon made from five
sides of the icosahedron, the sum of the semidiameter of this circle and two sides of
the decagon is equal to the diameter of the icosahedron, and the semidiameter of the
icosahedron is again known.
From this, it is clear that Oronce Fine215 and those who follow him are mistaken in
thinking that the semiaxis of the icosahedron is composed from half the semidiameter
of this circle and the side of the decagon. The semiaxis is the axis or altitude of the
pyramids whose bases are the triangles of the icosahedron with vertex at the center of
the sphere. But it follows from what we have just written that the semidiameter of the
sphere is composed in this way, and that is larger than the axis. Continuing on, the
semidiameter of the aforesaid circle circumscribing the pentagon can also be found as
we said at the end of Number 4. This will be found, namely, if the square of the side
of the decagon is subtracted from the square of the side of the pentagon (which is the
same as the side of the icosahedron), and the square root of the difference is extracted,
c since the square of the side of the pentagon equals the sum of the square of the side
of the hexagon and the square of the side of the decagon in the same circle.
Now that the semidiameter of the icosahedron is known, we will find the altitude
of the pyramid whose base is a triangular face of the icosahedron, and whose vertex is
the center, in this way. Since the diameter of the icosahedron and its altitude bisect
each other at the center, let a right triangle be constructed whose hypotenuse is the
diameter of the icosahedron (known from the above), and whose sides about the right
angle are the altitude of the pyramid and the semidiameter of the circumscribed circle
of the face. Therefore, since this semidiameter can be determined by what we have
taught in Book IV, Chapter 5, the remaining side, namely the altitude of the pyramid
that is sought, d will also be known. The semidiameter of the circle circumscribing the
triangular base of the icosahedron is made known in this way. e Since the square of
the side of this equilateral triangle is three times the square of the semidiameter of the
circle, if the square of the side of the icosahedron is divided by 3, the square root of
the quotient will be the semidiameter that is sought.
6. In the same way that the volume of the dodecahedron and the icosahedron were
determined, the volume of the tetrahedron, the cube, and the octahedron can also be
found, if lines are drawn from their centers to each of the vertices, and the solids are
divided into equal pyramids. Namely, the tetrahedron
[213]
is divided into 4 triangular pyramids, the cube into 6 quadrangular pyramids, and the
octahedron into 8 triangular pyramids. If the volume of one of the pyramids is found
by Chapter 2 and if that volume is multiplied by the number of faces of the regular
solid, the volume of the whole solid will arise. In order to obtain the volume of one of
the pyramids, first the altitude must be found (which multiplied by one third of the
215

French mathematician, 1494–1555. He was a prolific author of mathematics textbooks, including
works on arithmetic, practical geometry (including discussions of geometrical instruments), astronomy,
and optics.
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area of the base gives the volume). This altitude is found in the tetrahedron as follows.
a Since the square of the diameter of the circumscribed sphere of the tetrahedron is 3
2
times the square of the side, let the square of the side of the tetrahedron be to some
quantity as 3 is to 2. Then the quantity will be the square of the diameter of the
sphere, and its square root will show the diameter. b One sixth of this diameter will
be the altitude of the pyramid that is sought.
In the cube, the altitude is equal to half the side of the cube, since the perpendicular
dropped from the center to a face of the cube is equal to half the side of the cube, as
is clear.
Finally, in the octahedron, the altitude will be found this way. c Since the square
of the diameter of the circumscribed sphere is twice the square of the side of the
octahedron, let the square of the side be to some quantity as 1 is to 2. Then the
quantity will be the square of the diameter of the sphere, whose square root will give
the diameter, and hence the semidiameter will be known as well. The altitude of the
pyramid (the perpendicular dropped from the center of the sphere to the base of the
octahedron) will be found by the method that we explained at the end of Number 5.
7. It does not seem proper to omit this other way to measure all five regular solids,
that is proved in Book XIV of Euclid. First the convex surface area of the bodies will
be sought from the known length of the side, without determining the areas of the
faces, in the following way. Since any one of the faces of one of these figures is divided
by lines from the center of the face to all of the vertices into as many triangles as there
are vertices, or sides, contained in the face, if the number of triangles is multiplied
by the number of faces for the proposed regular solid, the number of such triangles
contained in whole surface is obtained. Since the square face of a cube is divided into
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four triangles from the center E in the figure, 24 of these triangles will be contained in
the 6 faces. And since the triangular face of a tetrahedron, octahedron, or icosahedron
is divided into 3 triangles (by lines from the center D), there are 12 of these triangles in
the 4 faces of the tetrahedron, 24 in the 8 faces of the octahedron, and 60 in the 20 faces
of the icosahedron. Finally, since the pentagonal face ABCDE of the dodecahedron is
divided into 5 triangles, the 12 faces are made up of 60 of these triangles.
Next, since the rectangle contained by the perpendicular dropped from the center
and one side is equal to two of these triangles, d since twice the triangle is the rectangle, d Book I,
in the cube there will be 12 of these rectangles making up the whole surface of the cube. Prop. 41.
In the tetrahedron,
[214]
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six of the rectangles will make up the whole surface; in the octahedron the surface will
be made up of 12 of the rectangles; in the dodecahedron and the icosahedron, there
will be thirty of the rectangles. The perpendicular EF to the base of the cube is equal
to half the side of the cube AB, a for since the perpendicular EF bisects the side AB,
b it is also equal to AF because the angles F AE and F EA are each half a right angle
and it follows that EF is equal to the side of the cube. The perpendicular DE in the
face of the tetrahedron, octahedron, and icosahedron is c half the semidiameter CD. d
Therefore, since the square of the side AC is three times the square of the semidiameter
CD, let the square of AC be to some quantity as 3 is to 1. Then the quantity will be
the square of CD. Its square root will indicate CD, and half of this will exhibit the
perpendicular DE. Finally, the perpendicular in the base of the dodecahedron e is half
of the sum of the semidiameter AF and the side of the decagon inscribed in the circle
ABD. The side of the decagon will be known from what was discussed at the end of
Number 4.
f Since the rectangular solid contained by the perpendicular from the center of any
regular solid to one face and the third part of the surface area is equal in volume to
that regular solid, if the surface area of a given regular solid is determined, as we have
just taught, and the altitude of one of the pyramids into which it is divided by lines
from its center is multiplied by one third of the surface area, the volume of the solid
will be obtained. (That altitude will be found by what we presented before.) This
volume will also be obtained if the said altitude is multiplied by the whole area of the
convex surface and the third part of the product is taken.
8. Therefore, as you see, the difficulty in measuring the regular solids consists almost
entirely in finding the altitude of the pyramid having base equal to one face of the solid,
and vertex in the center of the circumscribed sphere. Finding this altitude numerically

Figure 132: [214]

is very troublesome because of the roots and fractions involved, whose numerators and
denominators are excessively large. For this reason, it seems worth the trouble to find
the altitude mechanically, as we said at the start of Numbers 2, 4, 5, particularly if
meticulous diligence is employed measuring the altitude by instruments. But since we
do not always have regular solids at hand to determine the altitudes mechanically, it is
good to describe a different very easy process, without the trouble of those numbers,
in which the altitude is constructed by lines, even if the regular solid is not available,
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[215]216
and only its side is given and known. First, let the side AB of a tetrahedron be given,
of any number of palms, and let an equilateral triangle ABC be constructed as the base
of the tetrahedron. Let the side AB be bisected in D, and the line CD be drawn, a
which will be perpendicular to AB. Let another isosceles triangle ABE be constructed
whose two equal sides are equal to CD. Let a perpendicular BF be drawn to AE,
whose fourth part is F G. I say that DG is the altitude of one of the pyramids, that is,
that it is equal to the perpendicular drawn from the center of the circumscribed sphere
to the one of the faces. For since as we showed at the end of Euclid by Hypsicles,217 the
angle at E is the angle of inclination between two faces of the tetrahedron, and EB is
equal to the perpendicular CD. If the triangle BEF is considered to be moved about
EF until it is perpendicular to the base of the tetrahedron [and EF is placed along
DC with E and D coinciding], point B will coincide with the [fourth] vertex of the
tetrahedron and the perpendicular BF will be the altitude of the tetrahedron. b And
since the altitude of the tetrahedron is two thirds of the diameter of the sphere, if the
diameter is taken as 6, the altitude BF will be 4 and the semidiameter 3. c Therefore,
since the altitude of one of the pyramids is the third part of the semidiameter, BG will
be the semidiameter, and GF will be the altitude of one pyramid. We will find this
without constructing the triangle AEB in the following way. Given DH, the third part
of the perpendicular CD, erect a perpendicular HK, where HK is equal to CD. I say
that HI, one fourth of this HK, is the altitude of one pyramid. With triangle DHK
in a plane perpendicular to the face ABC of the tetrahedron, the point K will fall in
the vertex of the tetrahedron since DK is perpendicular and drawn to the midpoint of
the opposite side. Therefore, as in the first construction, HK will be the altitude of
the tetrahedron and HI will be the perpendicular from the center of the sphere to the
center H of the face. d This follows since DH, the third part of the perpendicular CD,
falls in the center of the triangle.
Next, let the side LM of the octahedron be given, and let an equilateral triangle
LM N be constructed on it, as the face of the octahedron.218 With LM bisected in
O, let the line N O be joined, e which will be perpendicular to LM . With an isosceles
triangle QRS constructed on the base QR, equal to the diameter of the sphere or to
the diameter of the square described by sides of the octahedron (which will be found
if M P perpendicular and equal to the side LM is erected and LP is drawn), and the
other two sides QS and RS equal to the perpendicular N O, let RT be drawn from R
perpendicular to QS, produced. Let RT be bisected in V . I say that T V is the altitude
of the pyramid that is sought, that is, that T V is equal to the perpendicular from the
center of the sphere to one of the faces of the octahedron. We showed at the end of
Book XIV of Euclid (by Hypsicles) that the angle QSR gives the inclination of one face
of the octahedron to another adjacent face. This will be obtuse and the perpendicular
RT making the acute angle RST will be equal to the altitude of the octahedron, that
is, the perpendicular to two opposite faces of the octahedron connecting the centers of
opposite faces, as is clear from a physical octahedron. And because of this, the half
216

The figure from page [214] is repeated on this page in the original, but we have omitted it.
That is, in the additional Book XIV at the end of the Euclidean portion of the version of the text
of the Elements that Clavius uses.
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T V of RT will be the altitude of the pyramid that is sought since the altitude of the
of the octahedron is bisected by the center.
If the side of a cube or hexahedron is given, its half will be the altitude of the Altitude of the
pyramid of
pyramid that is sought because the altitude of the cube is equal to the side.
a cube.

[216]
Now, let the side AB of a dodecahedron be given, and let a regular pentagon
ABCDE be constructed as the base of the dodecahedron.219 Let the line CE be
drawn; a this will be the side of the cube in the dodecahedron, and the circumscribed a Cor. 2 Book
sphere will be described using this. b CE is parallel to AB. Let AB be bisected in XIII, Prop. 17.
S and the line SD connected, c which will bisect the angle CED. d Therefore SD b Cor. Book
also bisects CE and meets it at right angles, as SD meets AB at S. Let an isosceles XV, Prop. 8.
triangle CGE be constructed on CE whose two other sides CG and EG are equal to the c Schol. Book
perpendicular SF . Taking F I and F H equal to half the side AB, let perpendiculars IV, Prop. 12.
d

Book I,
Prop. 4.

Figure 133: [216]

HK, IL be erected with length equal to F D, and let the lines EL and CK be joined.
With these constructions made, make angle M N O equal to angle CGE, and N O equal
to SD. Also make angle N OP equal to angle ELK, and take OP equal to the side
AB. Then drop a perpendicular P Q from P to M N , and let it be bisected in R. I
say that RQ is the altitude of one of the pyramids in the dodecahedron. Now since we
showed at the end of Book XIV of Euclid (by Hypsicles) that the angle CGE measures
the inclination of one face of the dodecahedron to another adjacent face, if M N is
the perpendicular from one vertex of the pentagon to the midpoint of the opposite
edge in the base, N O will correspond to the perpendicular drawn from the midpoint of
the common edge in the inclined face to the opposite vertex in that face, since we set
angle M N O equal to the angle of inclination CGE and the lines M N and N O equal
to SD. Hence the figure M N OP consists of M N equal to the perpendicular from a
vertex of the pentagon to the midpoint of the opposite edge, a second line N O of that
same length, where the angle M N O is the same as the angle of inclination between
219

That is, visualize the dodecahedron resting on this face lying in a horizontal plane.
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two faces of the dodecahedron, and finally a third line OP , equal to the side, AB, that
makes N OP equal to angle ELK. Now ELK is also equal to the angle between the
line joining a vertex of one of the pentagons to the opposite edge and the third edge
incident at that vertex. (This is true because if one of the faces of the inscribed cube is
imagined lying under this edge of the dodecahedron, so that two opposite edges of the
cube subtend two angles of two of the pentagons, one of which pentagons is inclined
to the base of the dodecahedron, the other will lie in the top face. For then the line
CE is equal to the line joining the midpoints of opposite edges of one face of the cube.
The lines EL and CK will correspond to the lines from the midpoints of these sides of
the face of the cube to the vertices of the aforesaid pentagons. Hence the angle ELK
will be equal to the angle between the perpendicular in the inclined pentagon and the
side of the dodecahedron.) Hence if M is one of the midpoints
[217]220
of an edge in the bottom face of the dodecahedron, P will lie in the top face. And
hence if the perpendicular P Q is drawn to M N in the plane of the base, and bisected,
the whole P Q will equal the altitude of the dodecahedron, and its half RQ is equal to
the altitude of one of the pentagonal pyramids. All of this will be easily understood if
some physical dodecahedron is employed.221
Finally, the side ab of an icosahedron be given,222 on which is constructed a regular
pentagon abcde, the base of the pentagonal pyramid containing five of the faces of the
icosahedron as faces.223 With the line ce joined, let ab be bisected at s, and the line
sd be drawn. This will be perpendicular to both ab and ce as we just showed for the
dodecahedron. Let an equilateral triangle cdh be constructed on the side cd of the
icosahedron as one face, and with the side cd bisected in k, let the line hk be drawn,
a which will be perpendicular to cd. In addition, on ce, construct an isosceles triangle
cge whose two sides cg and eg are equal to the perpendicular hk. After this, on sd, let
a triangle sdl be constructed whose side sl is equal to the perpendicular hk, and whose
side dl is equal to the side ab of the icosahedron. Finally, construct angle mno equal
to angle cge and lines mn and no equal to the perpendicular hk. Also make angle nop,
equal to dls and the line op equal to the side ab of the icosahedron. I say that the
perpendicular pq to mn is the altitude of the icosahedron, and its half rq is the altitude
of one of the pyramids in the icosahedron. For since we showed at the end of Book
XIV of Euclid (by Hypsicles) that the angle cge measures the inclination of one face
to another adjacent face, if mn is taken as the perpendicular from one vertex of the
triangle to the midpoint of the opposite side in the lower face of the icosahedron,224
no will correspond to the perpendicular through the midpoint of that edge in one of
the faces inclined to the first (because we have made angle mno equal to the angle of
inclination cge, and the line no equal to the perpendicular hk). The line op will give
the side of the icosahedron from the vertex of the inclined triangle to a vertex of the
220

The figure from page [216] is repeated on this page in the original. We have omitted it here.
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top face, since op is taken equal to the side of the icosahedron, and the angle nop is
taken equal to the angle dls, b which is the angle the side makes with the perpendicular b Book I,
in the aforesaid face inclined to the base, drawn from the vertex to the midpoint of Prop. 8.
the opposite side. For the line ds is equal to the perpendicular from the vertex of
the pentagon drawn to the opposite side, and the the sides sl and dl are equal to the
perpendicular
[218]225
in the inclined triangle, and the side of the icosahedron between the highest vertex of
the pentagon mentioned before and inclined triangle. From this, it follows that point
p is in the plane of the top face. And therefore, the perpendicular pq drawn from the
top face to the bottom face is equal to the altitude of the icosahedron, and its half
rq is equal to the altitude of one of the triangular pyramids. All of this will be seen
easily if a physical icosahedron is employed. Next, having constructed the altitude of
the pyramids in this way, that altitude must be measured with the greatest diligence
with the instrumentum partium in terms of the side of the given regular solid.
CHAPTER V. ON THE VOLUME OF THE SPHERE AND FINDING THE CONVEX
SURFACE AREA OF THE SAME SPHERE.
1. So that we will be able to find the volume of a sphere in several ways, some facts
that are very necessary and useful for this must first be proved. We will accomplish
this in the following seven propositions.
PROPOSITION I. The ratio of any two parts of any magnitudes is the same as the
ratio of two similar parts of other magnitudes.
Let A be the same part of magnitude B as C is of magnitude D.226 Also let E be
the same part of the magnitude B as F is of the magnitude D. I say that A is to E as
C is to F . First, A is to B as C is to D since A is the same fraction of B as C is of D.
Similarly, E is to B as F is to D. But then
[219]
B is to E as D is to F , since B is the same multiple of E as D is of F . So then
[multiplying the ratios] A is to E as C is to F , which is what was to be shown.
The same follows if A, E and C, F are expressed as fractions of B or D, respectively,
but those fractions do not add to unity. For instance, if A, C are 34 of B, D respectively,
1
1
a Therefore, 3 of B, that is A, will also be a Schol. Book
4 of B itself will be to B as 4 of D is to D.
4
to B as 34 of D, that is C, will be to D. Again, if for instance E and F are 23 of B and V, Prop. 22.
D respectively, B will be to 31 of B as D is to 13 of D. b Therefore B will be to 23 of B, b Schol. Book
that is, to E, as D will be to 32 of D, that is to F . From this, it follows that A is to E V, Prop. 22.
as C is to F as before.
COROLLARY.
225
226

The figure from page [216] is also repeated on this page in the original, but it is omitted here.
A rather uninformative figure in the original is omitted here.
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From this it follows that 41 of any magnitude is to 13 of the same magnitude as 12 of
any other magnitude is to 32 of that other magnitude. For as we just showed 14 of the
first magnitude is to 31 of that same magnitude as 14 of the second magnitude is to 13
of the second. c And 41 of the second is to 13 of the second as 24 of the second is to 32 of c Book V,
the second. Therefore, 41 of the first magnitude will be to 31 of that same magnitude as Prop. 1.
1
2
2 of the second magnitude will be to 3 of the second.
PROPOSITION II. The rectangle contained by the diameter and the circumference of
the largest circle in a sphere227 is four times the [area of the] largest circle and equal
to the surface area of the sphere.
Let AB be the rectangle contained by the diameter AC and the circumference
CB of the largest circle in the sphere. I say the rectangle
AB is four times the largest circle in the sphere, and is
equal to the surface area of the sphere. With all the sides
bisected in E, F , G, H, and the lines EG, F H drawn,
cutting each other in I, the whole rectangle will be divided
d
into four equal rectangles AI, CI, BI, DI, d since EG
Book I,
Prop.
33.
and F H are parallel to AD, AC respectively. Therefore
the rectangle AB will be four times the rectangle CI. The
Figure 134: [219]
rectangle CI is contained by CE, the semidiameter, and
the semicircumference CF , so it equals the largest circle,
as was shown in Book IV, Chapter 7, Number 1. Therefore the rectangle AB is four
times the largest circle. And since the surface area of the sphere is four times this same
largest circle, by Proposition 31 of Book I of Archimedes’ On the Sphere and Cylinder,
e the rectangle AB will be equal to the surface area, which is what we had to show.
e
Book V,
Prop. 9.

COROLLARY.
From the proof it is clear that the rectangle contained by the diameter of any circle
(even if it is not the largest in a sphere), and the circumference of the same circle is
four times the circle. For the same proof will always be applied.
[220]
PROPOSITION III. The ratio of the square of the circumference of the largest circle in
a sphere to the surface area of the sphere is the same as the ratio of the circumference
of the largest circle to its diameter. And the ratio of the square of the diameter of the
largest circle in a sphere to the surface area of the sphere is the same as the ratio of
the diameter to the circumference of the largest circle.
Let the largest circle in the sphere be ABCD, whose diameter is AC. I say first
that the square on the circumference ABCD is to the surface area of the sphere as the
circumference ABCD is to the diameter AC. Also, the square on the diameter AC of
the largest circle in the sphere is to the surface area of the sphere as the diameter AC
is to the circumference ABCD. For let EF be equal to the diameter AC and the line
227

That is, a great circle on the sphere.
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F G be equal to the circumference ABCD. On F G, let the square GH be constructed,
and let F I be taken equal to EF . Then EI will be equal to the square on the diameter
EF , or AC. With this figure completed, as you see, the rectangle GI (contained by the

Figure 135: [220]

diameter IF of the largest circle and the circumference F G) is equal to the rectangle
EH, contained by EF (equal to IF ) and F H (equal to the circumference F G), and
both equal the surface area of the sphere by the preceding statements. a Therefore, a Book VI,
since GH (the square on the circumference) is to the rectangle EH (equal to the surface Prop. 1.
area of the sphere) as GF (the circumference) is to EF (the diameter of the largest
circle), the first statement holds.
b Also, since EI (the square on the diameter of the largest circle) is to IG (the b Book VI,
rectangle equal to the surface area of the sphere) as EF (the diameter of the largest Prop. 1.
circle) is to F G (the circumference), the second proposed statement also holds.
COROLLARY.
From this it is clear that the area of the circle is 41 of the diameter times the whole Area of a
circumference, and 41 of the circumference times the whole diameter (what we showed circle.
in Book IV, Chapter 7, Number 1). For since the circle ABCD is the fourth part
of the rectangle GI (because the rectangle was shown to be four times the circle in
Proposition 2)
[221]
and the fourth part of the rectangle GI is contained by 14 of the diameter F I and a Book VI,
the circumference F G, and by 14 of the circumference F G and the diameter F I, the Prop. 1.
statement clearly holds.
a

PROPOSITION IV. The ratio of the square of the circumference of the largest circle
in the sphere to the surface area is greater than 223 to 71 and less than 22 to 7.

214

Since by the preceding, the square of the circumference of the largest circle is to
the surface area, as the circumference of the same same circle is to the diameter, b and b Measurement
of the Circle,
the ratio of the circumference to the diameter is greater than 3 10
71 to 1, that is, 223 to
1
Prop. 2
71, and less than 3 7 to 1, that is 22 to 7, the statement is clear.
PROPOSITION V. The ratio of the square on the diameter of the largest circle in a
sphere to the surface area of the sphere is greater than 7 to 22 and less than 71 to 223.
Since, by Proposition 3, the square of the diameter is to the surface area of the
sphere as the diameter is to the circumference: c and the proportion of the diameter c Book V,
to the circumference is greater than 7 to 22 (d since the ratio of the circumference to Prop. 26.
the diameter is less than 22 to 7), and less than 71 to 223 (since the proportion of the d Measurement
of the Circle,
circumference to the diameter is greater than 223 to 71), what was proposed is true.
Prop. 2

PROPOSITION VI. The ratio of the cube on the circumference of the largest circle in
a sphere to the volume of the sphere is greater than 298374 to 5041 and less than 2904
to 49.
Since, by Proposition 1 in Chapter 7 of Book IV, the ratio of the circumferences
of the largest circles in two spheres is equal to the ratio of the diameters, e the ratio e Book XI,
of the cubes on the circumferences is the triplicate ratio of the diameters. f And Prop. 33.
the first sphere to the second sphere has the triplicate ratio of the diameter to the f Book XII,
diameter. Therefore the cube on the first circumference will be to the cube on the Prop. 18.
second circumference as the first sphere is to the second sphere. And permutando, the
cube on the first circumference will be to the first sphere as the cube on the second
circumference is to the second sphere.
[222]
Now if the circumference of the largest circle in some sphere is 1, and that is divided
71
by 3 10
71 , the number 223 will be produced, larger than the true diameter by the Corollary
to Proposition 2 of Measurement of the Circle. Therefore if half of this is multiplied by
71
1
2 (half of the circumference), the number 892 will be produced, which is larger than
the true area of the largest circle; multiplying 23 times the approximate value of the
71
diameter 223
gives 142
669 , again larger than the true value. By Rule 2 shown below, we get
5041
10082
, for the volume of the sphere. a The proportion a Book V,
an overestimate 596478 , that is 298374
of the cube on the circumference (which has volume 1) to the sphere will thus be larger Prop. 8.
5041
5041
than 298374
. Now 1 is to 298374
as 298374 is to 5041 (by the Proposition 2 on fractions
at the end of Book IX of Euclid, the ratio of the numerator 5041 to the denominator
5041
298374 is the same as the ratio of the fraction 298374
to its unit; convertendo it will be
5041
true that 298374 is to 5041 as 1 is to 298374 ). Therefore since the ratio of the cube on
the diameter of the largest circle to the volume of the sphere is the same for all spheres
as we have shown at the start of this proposition, the first proposed statement holds.
7
Again, if the circumference 1, is divided by 3 17 , the number 22
will be produced,
smaller than the true diameter by the Corollary to Proposition 2 of Measurement of
the Circle by. If therefore half of this is multiplied by 21 (half of the circumference),
7
the number 88
will be produced, which is smaller than the true area of the largest
7
circle. Multiplying 23 times the approximate value 22
of the diameter gives 14
66 , that
215

7
is, 33
, again smaller than the true value. By Rule 2 that I will teach below, we get
49
an underestimate 2904
for the volume of the sphere. b The ratio of the cube on the b Book V,
49
and hence Prop. 8.
circumference (which has volume 1) to the sphere will thus be less than 2904
49
since 1 is to 2904 as 2904 is to 49 (by Proposition 2 on fractions at the end of Book IX of
Euclid, the ratio of the numerator 49 to the denominator 2904 is the same as the ratio
49
49
of the fraction 2904
to its unit, and convertendo, 2904 is to 49 as 1 is to 2904
.) Therefore
since the ratio of the cube on the diameter of the largest circle to the volume of the
sphere is the same for all spheres as we have shown at the start of this proposition, the
second statement that was proposed is also clear.

PROPOSITION VII. The ratio of the cube on the diameter of a sphere to the sphere
21
426
is greater than 11
and less than 223
.
The cube on the diameter of any sphere is to the cube on the diameter of another
sphere as the first sphere is to the second, c since both have the triplicate ratio of the
diameters. Permutando, it will be true that the cube on the diameter of any sphere is
to the sphere itself, as the cube on the diameter of any other sphere is to that sphere
itself.
If the diameter of a sphere is taken to be 1 and that is multiplied by 3 17 , d the
circumference of the largest circle is 22
7 , larger than the true value. Half of that,
11
multiplied by half the diameter makes 14
, larger than the true area of the largest circle.

c

Book XI,
Prop. 33 and
Book XII, Prop.
18
d

Cor. 2, Measurement
of the Circle.

[223]
Hence if that area greater than the true area is multiplied by 23 of the diameter, the
11
number 22
42 , that is, 21 , will be produced. As will be said in Rule 2 below, this is greater
than the true volume of the sphere. a Therefore the cube on the diameter of the sphere
(which has volume 1) will have a proportion to the volume of the sphere that is greater
11
than 11
21 . And since 1 is 21 as 21 is to 11 (for since by Proposition 2 on fractions at the
end of Book IX of Euclid [...]228 ) the proportion of the cube on the diameter 1 to the
sphere will be greater than 21 to 11. And since, as we have shown at the start of this
proposition, the cube on the diameter of any other sphere has the same ratio to the
sphere itself as the cube on the diameter of a sphere of diameter 1 to that sphere, the
first statement is true.
10 b 223
Also, if the diameter 1 is multiplied by 3 71
, 71 is less than the circumference of
223
223
the largest circle. Half of that, 142 , multiplied by half the diameter, makes 284
, which
2
is smaller than the area of the largest circle. And if that is multiplied by 3 of the
446
diameter, the number 852
, that is, 223
426 , will be produced that, by what will be said in
223
as 426 is to 223
Rule 2 below, is less than the volume of the sphere. Since c 1 is to 426
[by the same argument on ratios and fractions] the ratio of the cube on the diameter of
a sphere to the sphere itself will be less than 426 to 223. And since, as we have shown
at the start of this proposition, the cube on the diameter of any other sphere has the
same ratio to the sphere itself as the cube on the diameter of a sphere of diameter 1 to
that sphere, it is clear that the second statement is true.
With these things established, there now follow rules for determining both the
228

The same little argument on ratios and fractions is repeated here.
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surface area and volume of any sphere.
RULE I. To determine the surface area of a given sphere.
Let the area of the largest circle of the given sphere be quadrupled. For the number
produced will give the surface area of the sphere, by Proposition 31 in Book I of Surface area
of the sphere.
Archimedes’ On the Sphere and Cylinder.
The same surface area will be produced if the diameter of the sphere is multiplied
by the circumference of the largest circle, since by Proposition 2. in Number 2 of this
chapter, the rectangle contained by the diameter and the circumference of the largest
circle has the same area as the surface of the sphere.
RULE II. To find the volume of a given sphere.229
1. The volume of a sphere is the product of its semidiameter and the third part of Volume of the
the surface area, or the product of 41 of the whole diameter and 23 of the surface area. sphere.
2. Also, the product of two thirds of the diameter and the area of the largest circle,
[224]
3. Or, the product of two thirds of the area of the largest circle and the whole
diameter,
4. Or, the product of the semidiameter and four thirds of the area of the largest
circle,
5. Or, the product of half the area of the largest circle and four thirds of the
diameter,
6. Or, the product of twice the diameter and one third of the area of the largest
circle,
7. Or, the product of the diameter and one sixth of the surface area,
8. Or, finally, the product of one third of the diameter and half the surface area of
the sphere.
The first statement was proved by us in the Commentary on the Sphere of Sacrobosco, and we will repeat that proof in Book VII on isoperimetric problems. We will Proof of part 1.
also prove the same statement differently by the following method. Consider a cone,
whose base is the largest circle in the sphere, and whose altitude is the semidiameter
of the same; also, another cone whose base is four times the largest circle and whose
altitude is the semidiameter. Since by Proposition 32 in Book I of Archimedes’ On
the Sphere and Cylinder 230 the volume of the sphere is four times the volume of the
first cone, a and the second cone also has four times the volume of the first cone, b the a Book XII,
Prop. 11.
second cone and the sphere will be equal.
Again, since the circle, whose semidiameter is equal to the whole diameter of the b Book V,
sphere has four times the area of the largest circle c (for since circles are to one another Prop. 9.
as the squares on their diameters, the square on the first diameter will be four times c Book XII,
Prop. 2.

229

The statements here, and the proofs Clavius gives, really make one appreciate the modern formula
3
V = 4πr
, from which all of these can be derived with no difficulty.
3
230
This is Proposition 34 in Netz’s modern translation and also in Heath’s version. Similar shifts will
be needed for the other propositions from this work of Archimedes.
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the square on the second, from the scholium to Proposition 4 in Book II of Euclid)
that circle will be equal to the base of the second cone, whose base was taken to be
four times the largest circle. Now since the surface area of the sphere is four times the
largest circle by Proposition 31 in Book I of Archimedes’ On the Sphere and Cylinder,
d the surface area of the sphere, the base of the second cone, and the circle having
semidiameter equal to the diameter of the sphere are all equal to each other.
Finally, consider a cylinder whose base is the aforesaid circle with semidiameter
equal to the diameter of the sphere, and whose altitude is the semidiameter of the
sphere. e The volume of this cylinder will be three times the volume of the aforesaid
second cone, and hence also three times the volume of the sphere, which was shown
equal to that cone. f This cylinder is also three times the cylinder with the same
altitude, and base equal to one third the base, that is with base equal to one third
the surface area of the sphere. g Therefore this last cylinder (having base equal to
one third the surface area of the sphere and altitude equal to the semidiameter of the
sphere) is equal to the sphere. Since this cylinder has volume equal to the product of
the semidiameter of the sphere and one third the surface area of the sphere, it clearly
holds that the volume of the sphere will be obtained by the same product, or by 14 of
the whole diameter times 32 of the surface area of the sphere, because this number is
equal to the other. This is the first part.
Again consider a cylinder whose base is the largest circle in the sphere, and whose
altitude is the diameter of the sphere. This cylinder will have 32 the volume of the
sphere by the Corollary to Proposition 32 in Book I of Archimedes’ On the Sphere and
Cylinder. If the cylinder is cut by a plane parallel to its bases through the axis of the
cylinder one third of the way down from the top, and the top part is removed, h the
whole cylinder is 32 of the remaining part. So the remaining part is equal to the sphere.
It has volume equal to the product of two thirds of the diameter of the sphere and the
area of the largest circle. Therefore the second statement is obvious.

d

Book V,
Prop. 9.

e

Book XII,
Prop. 10.
f

Book XII,
Prop. 11.
g
Book V,
Prop. 9.

Proof of part 2.

h

Book XII,
Prop. 13.
i

Book V,
Prop. 9

[225]
Alternatively, let ABC be a parallelepiped, contained by AC, equal to two thirds of
the diameter of the sphere, and the base AB,
which is equal to to the largest circle in the sphere.
I say that the parallelepiped is equal to the sphere.
Let DEF be another parallelepiped, contained by
DF , the semidiameter of the sphere and the base
DE, which is equal to one third of the surface area
of the sphere. As we have shown in the first part of
this second rule, DEF will be equal to the sphere.
Therefore, since the base AB is equal to the largest
circle in the sphere, its area is 14 the surface area
of the sphere. By the corollary to Proposition 1 of
this chapter, as AB, that is 14 of the surface area
Figure 136: [225]
of sphere, is to DE, that is 31 of the same surface
1
area, so is DF , that is, 2 of the semidiameter of
the sphere, to AC, that is 32 of the same diameter.
Therefore, a since the bases and the altitudes are reciprocally proportional, the paral218

a

Book XI,
Prop. 34.

lelepipeds ABC, DEF are equal to each other. Because DEF is equal to the sphere,
as was said, ABC will also be equal to the sphere. This is what was proposed.
Alternatively again, since by the corollary to Proposition 1 of this chapter, 14 of the
surface area of the sphere is to 31 of the same surface area as 12 of the diameter is to
2
b the same number will be produced by multiplying the first
3 of the same diameter,
1
number (that is, 4 of the surface area, or the area of the largest circle) and the fourth
(that is, 23 of the diameter) as is produced by multiplying the second number (that is,
1
1
1
3 of the surface area) and the third (that is, 2 of the diameter). But from 3 of the
1
surface area and 2 of the diameter the volume of the sphere is produced, as was shown
in the first part of this second rule. Therefore the same volume will arise from the area
of the largest circle and 23 of the diameter. This is what was proposed.
Again, since the cylinder, whose base is the largest circle in the sphere, and whose
altitude is the diameter of the same sphere, is 32 of that sphere, by the Corollary to
Proposition 32 in Book I of Archimedes’ On the Sphere and Cylinder, and c the same
cylinder is 32 of the cylinder whose base is 23 of the largest circle, and whose altitude is
the same diameter, d this last cylinder and the sphere will be equal. That is, the volume
of the sphere is the product of 32 of the area of the largest circle and the diameter. This
is the third statement.
Also consider two parallelepipeds such that the base of the first is 32 of the area of the
largest circle in the sphere and the altitude of the first is the whole diameter, while the
base of the other is 43 the area of the largest circle, and the altitude is the semidiameter.
Since bases and altitudes are reciprocally proportional, e the parallelepipeds will be
equal. But the first, by the third part of this second rule, is equal to the sphere in
volume. Therefore, the second one is also equal. And hence the volume of the sphere
is the product of the semidiameter and 34 of the area of the largest circle. This was
proposed in the fourth statement.
In addition, consider two parallelepipeds, in which the base of the first is equal to
the area of the largest circle in the sphere and the altitude is 23 of the diameter, while
the base of the other is 12 of the area of the largest circle, and the altitude is 43 of the
diameter. Since bases and altitudes are reciprocally proportional (the base of the first
is twice the base of the second, while the altitude of the second is twice the altitude of
the first)

b

Book VII,
Prop. 19.

Proof of part 3.
c
Book XII,
Prop. 11.
d

Book V,
Prop. 9.
Proof of part 4.

e

Book XI,
Prop. 34.

Proof of part 5.

[226]
a

the parallelepipeds will be equal. But the first is, by part 2 of this second rule, equal a Book XI,
to the sphere. Hence the second is also equal and because of this the volume of the Prop. 34.
sphere will arise by multiplying 21 of the largest circle times 43 of the diameter. This is
the fifth statement.
Likewise, consider two parallelepipeds, in which the base of the first is 32 of the Proof of part 6.
largest circle in the sphere, and whose altitude is the diameter, while the base of the
other is 31 of the area of the largest circle and the altitude is twice the diameter. Since
bases and altitudes are reciprocally proportional (the base of the first is twice the base
of the second and the altitude of the second is twice the altitude of the first), b the b Book XI,
parallelepipeds will be equal. But by part 3 of this second rule, the first is equal to the Prop. 34.
sphere, hence the other one is as well. Hence the volume of the sphere is the product
of twice the diameter and 31 of the area of the largest circle. This was stated in the
219

sixth part.
And consider two parallelepipeds, in which the base of the first contains 13 of the
surface area of the sphere, and whose altitude is 21 of the diameter, while the base of the
other contains 16 of the surface area, and the altitude is equal to the diameter. Since
bases and altitudes are reciprocally proportional (the base of the first is twice the base
of the second and the altitude of the second is twice the altitude of the first), c these
parallelepipeds will be equal. But the first is equal to the sphere in volume by the first
part of this second rule. Therefore the second is also equal to the sphere. That is, the
volume of the sphere is the product of the diameter and the sixth part of the surface
area. This is the seventh statement.
Finally, consider two parallelepipeds, in which the base of the first is 13 of the surface
area of the sphere and the altitude is the semidiameter, while the base of the second is
1
1
2 of the surface area and the altitude is 3 of the diameter. Since bases and altitudes
1
are reciprocally proportional (since 3 of the surface area is to 12 of the surface area as
1
1
d the parallelepipeds will be equal. Since,
3 of the diameter is to 2 of the diameter),
by the first part of this second rule, the first is equal to the sphere, the second will
also be equal. And because of this the volume of the sphere is the product of 13 of the
diameter and 12 of the surface area. This is part eight.

Proof of part 7.

c

Book XI,
Prop. 34.

Proof of part 8.

d

Book XI,
Prop. 34.

3. Now the following four rules are brought together from Propositions 4 and 5 of
Number 1 of this chapter, by which the surface area of a sphere is over- or underestimated from the circumference or the diameter of the largest circle.
RULE I. To find an overestimate of the surface area of a sphere from the circumference
of the largest circle.
Let 223 be to 71 as the square of the circumference of the given largest circle is to
some number. Then that number will give an overestimate of the surface area of the
sphere. For by Proposition 4 of Number 1 of this chapter, the ratio of the square of
the circumference of the largest circle to the surface area of the sphere is larger than
223 to 71. The square of the given circumference is to the constructed number as to
223 is to 71,

Overestimate of the
surface area
of a sphere.

[227]
a

so the number will be greater than the true surface area.

a

Book V,
Prop. 10.

RULE II. To find an underestimate of the surface area of a sphere from the circumference of the largest circle.
Let 22 be to 7 as the square of the circumference of the given largest circle is to
some number. Then that number will give an underestimate of the surface area of the
sphere. For by Proposition 4 of Number 1 of this chapter, the ratio of the square of
the circumference of the largest circle to the surface area of the sphere is less than 22
to 7. The square of the given circumference is to the constructed number as 22 is to 7,
b so the number will be less than the true surface area.
RULE III. To produce an overestimate of the surface area of a sphere from the diameter
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Underestimate of the
surface area
of a sphere.
b

Book V,
Prop. 10.

of the largest circle.
Let 7 be to 22 as the square of the diameter of the given largest circle is to some
number. Then that number will give an overestimate of the surface area of the sphere.
For by Proposition 5 of Number 1 of this chapter, the ratio of the square of the diameter
of the largest circle to the surface area of the sphere is greater than 7 to 22. The square
of the given diameter is to the constructed number as 7 is to 22, b so the number will
be greater than the true surface area.

Overestimate of the
surface area
of a sphere.
b

Book V,
Prop. 10.

RULE IIII. To deduce an underestimate of the surface area of a sphere from the diameter of the largest circle.
Let 71 be to 223 as the square of the diameter of the given largest circle is to
some number. Then that number will give an underestimate of the surface area of the
sphere. For by Proposition 5 of Number 1 of this chapter, the ratio of the square of the
diameter of the largest circle to the surface area of the sphere is less than 71 to 223.
The square of the given diameter is to the constructed number as 71 is to 223, c so the
number will be less than the true surface area.

Underestimate of the
surface area
of a sphere.
c
Book V,
Prop. 10.

4. By a similar process, from Propositions 6 and 7 in Number 1 of this chapter,
the following four additional rules are drawn, by which, from either the circumference
or the diameter of the largest circle, over- or underestimates of the volume of a sphere
are found.
[228]
RULE I. To produce an overestimate of the volume of a sphere from the circumference
of the largest circle.
Let 298374 be to 5041 as the cube of the circumference of the given largest circle
is to some number. Then that number will give an overestimate of the volume of the
sphere. For by Proposition 6 of Number 1 of this chapter, the ratio of the cube of the
circumference of the largest circle to the volume of the sphere is larger than 298374 to
5041. The cube of the given circumference is to the constructed number as 298374 is
to 5041, a so the number will be greater than the true volume.

Overestimate of the
volume of a
sphere.
a

Book V,
Prop. 10.

RULE II. To find an underestimate of the volume of a sphere from the circumference
of the largest circle.
Let 2904 be to 49 as the cube of the circumference of the given largest circle is
to some number. Then that number will give an underestimate of the volume of the
sphere. For by Proposition 6 of Number 1 of this chapter, the ratio of the cube of the
circumference of the largest circle to the volume of the sphere is less than 2904 to 49.
The cube of the given circumference is to the constructed number as 2904 is to 49, b
so the number will be less than the true volume.
RULE III. To produce an overestimate of the volume of a sphere from the diameter of
the largest circle.

221

Underestimate of the
volume of a
sphere.
b

Book V,
Prop. 10.

Let 21 be to 11 as the cube of the diameter of the given largest circle is to some
number. Then that number will give an overestimate of the volume of the sphere. For
by Proposition 7 of Number 1 of this chapter, the ratio of the cube of the diameter of
the largest circle to the volume of the sphere is greater than 21 to 11. The cube of the
given diameter is to the constructed number as 21 is to 11, c so the number will be
greater than the true volume.

Overestimate of the
volume of a
sphere.
c
Book V,
Prop. 10.

RULE IIII. To deduce an underestimate of the volume of a sphere from the diameter
of the largest circle.
Let 426 be to 223 as the cube of the diameter of the given largest circle is to some
number. Then that number will give an underestimate of the volume of the sphere. Underestimate of the
For by Proposition 7 of Number 1 of this chapter,
volume of a
sphere.

[229]
the ratio of the cube of the diameter of the largest circle to the volume of the sphere is
less than 426 to 223. The cube of the given diameter is to the constructed number as
426 is to 223, a so the number will be less than the true volume.

a

Book V,
Prop. 10.

CHAPTER VI. ON VOLUMES OF SEGMENTS OF SPHERES.
1. The surface area of a hemisphere, excluding the base, comes by multiplying the
area of the largest circle by 2; or by multiplying the semidiameter times the circumference of the largest circle; or finally by multiplying the whole diameter times half the
circumference of the largest circle. These statements are all clear from the first rule in
Number 2 of Chapter 5, because these products are all half of those that were shown
to give the surface area of the whole sphere in that rule.
2. The surface area of any portion of a sphere,231 less than a hemisphere
or greater, apart from the base is equal to the area of the
circle whose semidiameter is equal to the straight line that
is drawn from the vertex of the portion to the circumference
of the base. This comes from Proposition 40 in Book I of
Archimedes’ On the Sphere and Cylinder.232 Let ABCD
be the largest circle in the sphere, whose diameter AC cuts
BD in E at a right angle. Let it be understood that a
plane drawn through BD cuts the diameter at right angles,
cutting the sphere into two portions, whose common base is
Figure 137: [229]
the circle with diameter BD; A is the vertex of the smaller
portion and C is the vertex of the larger. With the lines
AB, CB having been drawn, the circle with semidiameter AB will be equal to the
surface area of the smaller portion, and the circle with semidiameter CB will be equal
to the surface area of the larger portion, by the aforesaid proposition of Archimedes.
From this, if both AB and CB are known as parts of the diameter AC, especially with
the help of instrument constructed in parts of Chapter 1 of Book I, and the areas of
231

That is, the portion cut off by some plane.
As noted before, a shift in numbering is needed to reconcile this with modern translations of
Archimedes. There this is Proposition 42.
232

222

Surface area
of a hemisphere.

Surface area
of a portion
of a sphere.

circles with radius AB and CB are determined, by what we have written in Chapter 7
of Book IV, then the surface areas of those portions of the sphere will be known.
The same surface areas of portions of the sphere less than or greater than a hemisphere will also be known as follows. By what was shown by Archimedes in Proposition
3 of Book II of On the Sphere and Cylinder, EC has the same ratio to EA as the surface
area of the portion of the sphere having base circle with diameter BD and vertex C
has to the surface area of the proportion having the same base circle with diameter BD
and vertex A. Therefore, componendo, it will also be true that the whole diameter AC
is to AE, as the surface area of the whole sphere is to the surface area of the portion
BAD. By the same reasoning, AC is to EC as the surface area of the whole sphere is
to the surface area of the portion BCD. Hence, if the ratios of the diameter AC to the
segments AE and EC are found by the instrument constructed in Chapter 1 of Book
I, and the ratio of AC to AE is made equal to the ratio of the surface area of the whole
sphere (which is known from Rule 1 in Number 2 of Chapter 5 of this book) to some
number,
[230]
this number will give the surface area of the smaller portion BAD. In a similar way,
the surface area of the larger portion BCD will be known, if the ratio of AC to EC is
made equal to the ratio of the surface area of the whole sphere to some number.
And since, as we have shown following Archimedes that the diameter AC is to AE
or to EC as the surface area of the whole sphere is to the surface area of the portion
BAC or BCD, it will also be true that as AF (half of the diameter) is to AE or EC,
so is the surface area of the hemisphere GAH to the area of the portion BAD or BCD.
This will be shown in the same way that the scholium to Proposition 22 in Book V of
Euclid was proved. If the ratio of the semidiameter AF of the sphere to AE or EC,
the portions of the altitude, is made equal to the area of the hemisphere GAH to some
number, then the surface area of the smaller portion BAD or the larger portion BCD
will again be produced.
Indeed, since the semidiameter AF is to AE as the area of the hemisphere GAH is
to the area of the portion BAD, a it will be true by conversionem rationis, that AF is a Cor. Book
to EF as the surface area of the hemisphere GAH is to the surface area of the frustum V, Prop. 19.
GBDH, apart from the bases. Therefore, EF will be the same part of the diameter AC
or the semidiameter AF that the area of the frustum GBDH (apart from the bases) is
of the area of the whole sphere or of the hemisphere GAH. Hence knowing what part
EF is of the semidiameter, with that same part or parts of the hemisphere GAH taken
away, the remaining part will have surface area equal to the smaller portion BAD.
And if that same part or parts is added to hemisphere GCH, together that will make
a surface area equal to the larger portion BCD. For example, if EF contains 53 of the
semidiameter AF , and 35 of the surface area of the hemisphere GAH is taken away, the
remaining part will be equal to the smaller portion BAD. And if 53 of the area is added
to the area of the hemisphere GCH, that will produce the area of the larger portion
BCD. Similarly, if EF is half the semidiameter, half of the hemisphere must be taken
away or added. And so forth.
3. The volume of a hemisphere is the product of the semidiameter and the third Volume of a
part of the surface area of the hemisphere, or the sixth part of the surface area of the hemisphere
223

whole sphere; or the product of 41 of the whole diameter and 23 of the area of the surface
of the hemisphere; also the product of two thirds of the diameter and half the area of
the largest circle; or the product of two thirds of the area of the largest circle and the
semidiameter; or the product of one third of the area of the largest circle and the whole
diameter; or the product of 14 of the whole diameter and 34 of the area of the largest
circle; or the product of half the area of the largest circle and 23 of the diameter; or the
product of twice the diameter and 16 of the area of the largest circle; or the product
of the semidiameter and the sixth part of the surface area of the sphere; or finally the
product of 16 of the diameter and the surface area of the hemisphere. All of these follow
from Rule 2 in Number 2 of Chapter 5, since all these products are half of those that
give the volume of the whole sphere in that rule.
4. A sector of a sphere is composed from the smaller portion of the sphere and the Volume of a
cone having the same base as the portion and altitude equal to the perpendicular from sector of a
the center to the base of the portion, or what remains if this cone is removed from the sphere.
larger portion.233 As in the last figure, the portion BAD of the sphere having diameter
BD together with the cone having the same base and vertex at the center F ; also, the
solid that remains when this same cone is removed from the larger portion BCD—we
call these sectors
[231]
of a sphere. The volume of a sector of a sphere will be determined by this method: By
Proposition 42234 in Book I of Archimedes’ On the Sphere and Cylinder, a sector of a
sphere is equal to the cone having as base the circle with the same surface area as the
portion of the sphere included in the sector and altitude equal to the semidiameter of
the sphere. The volume of a cone is the product (as we have declared in Number 1 of
Chapter 2 of this book) of the base and 13 of the altitude, or of the whole altitude and
1
3 of the base. So the volume of the sector arises either as the product of the surface
area of the portion of the sphere times 31 of the semidiameter, that is 16 of the whole
diameter, or as the product of the of semidiameter and 13 of the surface area of the
portion of the sphere.
5. The volume of any portion of a sphere will be produced by the following method. Volume of any
Let the volumes of the sectors of the sphere be determined, as was treated just above. portion of a
First, when the portion is less than a hemisphere, let the cone having the same base as sphere.
the portion, and altitude equal to the perpendicular from the center of the sphere to
base be taken away from the sector. The remainder will be the volume of the smaller
portion of the sphere. And if the portion is greater than a hemisphere, adjoin the same
cone to the sector, and the two volumes together will make the volume of the portion.
This is all clear in the figure above when the cone BF D is taken away from the sector
ABF DA, the remainder makes the smaller portion BAD. The same cone BF D added
to the sector CBF DC constitutes the larger portion BCD. And further, the volume
of the aforesaid cone BF D will be known from circle of diameter BD and the altitude
233

That is, a figure defined in spherical coordinates by inequalities 0 ≤ ρ ≤ σ, and 0 ≤ ϕ ≤ α or
α ≤ ϕ ≤ π for some 0 ≤ α ≤ π, σ ≥ 0.
234
This is Proposition 44 in Reviel Netz’s recent translation, The Works of Archimedes: Translation
and Commentary, Volume 1: The Two Books On the Sphere and the Cylinder, Cambridge, U.K.: Cambridge University Press, 2004.
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EF , as we have taught in Number 1 of Chapter 2 of this book.
Alternatively, let the largest circle in the sphere be ABCD, and let it be required
to find the volumes of the portions of the sphere
whose common base is the circle with diameter
BD and whose vertices are A and C. Let HE
be drawn from the center H to BD, a which will
bisect the line BD, and b therefore also bisect the
arcs BAD, BCD, and pass through the vertices
A, C. c Construct the points F, G to make CE :
CH + CE :: AE : EF and AE : AH + AE ::
Figure 138: [231]
EC : EG. Let the two cones whose common base
is the circle with diameter BD and vertices F , G
be considered. By Proposition 2 of Book II of Archimedes’ On the Sphere and Cylinder,
the cone BF D will be equal to the smaller portion BAC and the cone BGD will be
equal the larger portion BCD. Hence, with the volumes of these cones having been
found, as was treated in Number 1 in Chapter 2 of this book, the volumes of the
portions BAD, BCD will also be found. This is what was proposed.
6. Finally, the volume of any frustum of a sphere whether the bases are parallel (of
this sort is the frustum BDHG in the first figure of this chapter,235 included between
the circles of diameter BD and GH) or not (as is frustum BDLK) will be found in this
way. First, let the portions ABD, AGH be found as we have said in Number 5. If the
smaller is subtracted from the larger, the remainder is the frustum BDHG. Having
found the vertex I of the portion KIL, if the volumes of both portions BCD, KLI
are found and the smaller is taken away from the larger, the volume of the frustum
BDLK will remain known.

a

Book III,
Prop. 3.
b

Schol. to Book
III, Prop. 27.
c
Book VI,
Prop. 12.

Volume of any
frustum of a
sphere.

[232]
CHAPTER VII. ON THE VOLUME OF A SPHEROID AND ITS PORTIONS.236
1. Let ABCD be an ellipse with major axis AC, and minor axis BD cutting AC in
right angles. Therefore, the volume of the spheroid, that is, the solid made by rotating
the ellipse about the axis AC is found as follows. Since the plane drawn through BD
perpendicular to the axis AC makes a circle, as is shown by Federico Commandino237
in Proposition 12 of Archimedes’ On Conoids and Spheroids, with diameter BD and
center E, by Proposition 29 of the same work, the half ABD of the spheroid is twice Volume of a
the cone with the same base as that half, that is, the circle with diameter BD, and spheroid.
altitude EA. Therefore, if the volume of that cone is found by Chapter 2 of this book,
and doubled, the volume of half of the spheroid will arise. This doubled will produce
the volume of the whole spheroid.
2. Let F G be drawn parallel to the minor axis BD, cutting the major axis in H
235

Refer to page [229].
A spheroid is a an ellipsoid of revolution.
237
Italian humanist and mathematician, 1506–1575. He made widely-used translations of the works
of Archimedes, Pappus, Hero, Ptolemy, Apollonius, and Euclid from Greek to Latin.
236
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at right angles. A plane drawn through F G perpendicular to the axis will make a circle in the
spheroid having F G as diameter and center H, as
was shown by Federico Commandino in Proposition 12 of Archimedes’ On Conoids and Spheroids.
Two portions of the spheroid are cut off: the
smaller F AG, and the larger F CG. Both volumes
will be made known in this way. By Proposition
Volume of a
portion of a
31 in Archimedes’ On Conoids and Spheroids, the
spheroid.
cone whose base is the circle of diameter F G and
whose axis is HA has the ratio to the small porFigure 139: [232]
tion F AG that the larger portion of the axis, HC,
has to the sum of the lines EC and HC. If the
ratio of HC to the sum of EC and HC is set equal to the ratio of the volume of the
cone (which will be known by Chapter 2 of this book) to some number, the number
will be the volume of the smaller portion F AG of the spheroid.
Again, by Proposition 33 of the same work by Archimedes, the cone whose base is
the circle of diameter F G, and whose axis is HC is to the larger portion F CG of the
spheroid as HA is to the sum of the lines EA and HA. If the ratio of HA to the sum
of EA and HA is set equal to the ratio of the aforesaid cone (which you will measure
by Chapter 2 of this book) to some number, then that number will produce the volume
of the larger portion of the spheroid, F CG.
CHAPTER VIII. ON THE VOLUME OF THE PARABOLIC CONOID.
Let ABC be a parabola, whose axis BD and base AC are perpendicular. We will
measure the volume of the parabolic conoid, produced by rotating the parabola about Volume of a
its axis, in this way. By what Federico Commandino showed in Proposition 12 of parabolic conoid.
Archimedes’
[233]
On Conoids and Spheroids, the plane drawn through AC and perpendicular
to the axis BD makes a circle whose diameter is
AC and whose center is D. By Proposition 23 of
the same work of Archimedes, the volume of the
parabolic conoid ABC will be 32 of the volume of
the cone whose base is AC and whose axis is BD.
Therefore, if 2 is to 3 as the volume of that cone
(which we will measure by the method of Chapter
2 of this book) is to some number, then that numFigure 140: [233]
ber will equal the volume of the parabolic conoid
ABC.

CHAPTER IX. ON THE VOLUME OF THE HYPERBOLIC CONOID.
Now let the curve in the above figure be considered as a hyperbola, and let the line
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E be equal to one half of the transverse diameter between two opposite hyperbolas,238 Volume of a
that is, the line drawn from the center of the hyperbola to the vertex B. The plane hyperbolic
through AC perpendicular to the axis BD will again make a circle with diameter AC, conoid.
as Federico Commandino showed in Proposition 12 of Archimedes’ On Conoids and
Spheroids. Therefore, we will pursue the volume of the hyperbolic conoid generated by
rotating the hyperbola ABC about the axis BD in this way. Since, by Proposition 27
of the same work of Archimedes, the ratio of the conoid to the cone with the same base
as the conoid and the axis BD is the same as the ratio BD + 3E : BD + 2E. If the
ratio of BD + 2E : BD + 3E is set equal to ratio of the volume of the aforesaid cone
(which we will measure by Chapter 2 of this book) to some number, that number will
equal the volume of the hyperbolic conoid ABC.
CHAPTER X. ON THE VOLUME OF BARRELS OR CASKS.
Since casks do not keep the same form everywhere, it is scarcely possible to prescribe
a method for accurately determining the volume of a given example. The proof is that Volume of a cask.
authors have written about their measurement in various ways. Therefore, I will say
what seems to me to be true. Let ABCDEF be a cask, with circles AF , CD at the
ends, an opening at B, through which is considered a plane perpendicular to the line
KL joining the centers of the circles AF , CD, and bisecting the cask. If the staves
of the casks are curved at B and E, but they then extend along lines that are almost
straight—many casks I have seen in Rome have this form—
[234]
the shape of the halves ABEF , CDEB will call to mind frustums of cones. Those are
measured by what we wrote in Chapter 3 of this book. The sum of those volumes will
give the volume of the cask in question. Be mindful that the depth of the cask BE
and the diameter of the circle AF must be measured inside the staves, so that their
thickness is excluded, in order that a frustum of a cone whose bases are the circles BE
and AF is obtained.
2. If the staves of the cask are in some way circular, which some claim will be
necessary, then the cask will be a certain frustum
of a spheroid. Now the curvature of the staves
is not sensibly different from the curvature of the
spheroid, whose axes are the lines KL and BE.
But since only the minor axis or depth of the cask
is given, we will find the major axis KL in this
way. Let an arc be described from A with radius
equal to the half of the minor axis BG, cutting the
line GH in H, and let the line AH be extended
Figure 141: [234]
cutting the minor axis at I. The line AI will give
the halves GK and GL of the major axis, as we
showed in the scholium to Lemma 50 in Book I of our Astrolabe. Now if the halves of
the spheroid BKE and the smaller portion AKF are measured as is treated in Chapter Volume of a
7, and the volume of the smaller portion AKF is subtracted from the volume of BKE, cask, in ano238

ther way.
That is, between the two branches of the hyperbola
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the volume of half of the cask will remain. Multiplied by two, this will exhibit the
volume of the whole cask. I judge that both of these methods of measuring a volume
of a cask will not be far from the true volume. Meanwhile, I am prepared, if anyone
should find a more accurate way, to accept it willingly and gratefully.239
CHAPTER XI. ON THE VOLUME OF COMPLETELY IRREGULAR BODIES.
Several writers have handed down a certain mechanical rule for measuring bodies
which are completely irregular, and that cannot fall under the geometrical rules that
have been explained so far. Of this sort are statues, urns, amphorae, fragments of
stones, that are neither uniform in thickness, nor have straight sides, or sides perpendicular to their bases, etc. Therefore this rule, which should in no way seem to be
scorned is as follows.
Let a wooden box in the shape of a parallelepiped be prepared using smooth staves,
and let it be lined with pitch so that it can hold water. This box must be large enough Volume of any
in length, width, and height so that having placed the body to be measured in it, the irregular body
body can be completely covered in water. Having placed this box perfectly horizontally
with the aid of a level or a plumb line, let enough water be poured into it so that the
object is completely covered. Let the upper surface of the water be diligently noted
[235]
on the staves of the box, so that the altitude of the water from the bottom of the box is
determined. Next, with the body having been extracted so that none of the water falls
outside the box, let the height of the water be noted again after it has ceased moving. If
we measure the two parallelepipeds whose common base is the bottom of the box, and
whose altitudes are the lines noted from the sides of the water to the base, by Chapter
1 of this book, and subtract the smaller from the larger, the remaining parallelepiped
will have the same volume as the body in question. You obtain this volume of this
parallelepiped if you multiply the difference between the two water heights by the area
of the base of the box. Some people pour the water into the box first and note the
height on the staves, then with the body introduced, mark the height again. If the
altitude between the level of the first surface of the water and the level of the second
surface is multiplied by the base of the box, the volume of the body placed into the
water will be produced.
2. For an urn or amphora, whether of stone or of clay, we will do as follows.240 Let
the vessel be filled with sand and the orifice be stopped so that no water can enter.
With the vessel contained in water in a box, and as with any irregular body, let its
volume be found as we said in Number 1. Next, let the surface of the water be noted
(the first height) before the empty vessel, with the sand extracted, is placed into the
239

Johannes Kepler, 1571–1630, did just that in his Nova Stereometria Doliorum Vinariorum (New
solid geometry of wine casks), published in 1615. Clavius did not live to see that, though, since he died
in 1612. Kepler’s infinitesimal methods can be seen as precursors of the modern theory of integration.
They are also closely related to what Archimedes had done in his Method of Mechanical Theorems.
That work was considered to be lost by Kepler and Clavius, however–the text only resurfaced in 1906
in a Byzantine-era palimpsest (a prayer book whose parchment pages were reused from an earlier book
containing the text of several works of Archimedes).
240
The goal is to measure the capacity, or inside volume, of the hollow object.
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water again. Finally, with the empty vessel placed into the water, let the height of the
water be marked again (the second height). If the difference between the first and the
second water heights is multiplied by the base of the box, the volume of the vessel itself
will be produced, which, subtracted from the first volume (vessel plus sand), will leave
and make known the capacity of the vessel.
CHAPTER XII. ON THE CONVEX SURFACE OF A RIGHT CONE AND CYLINDER.
1. Since, following Archimedes, we have shown how the surface areas of spheres and
portions of spheres are to be found, if anyone should want the same for right cones and
cylinders, this perhaps should not be left out. These things were shown by the same
Archimedes in Book I of On the Sphere and Cylinder and will be obtained in this way.
Given any right cone, its convex conic surface, not including the base, will be equal
to the circle, whose semidiameter is the mean proportional between the side241 of the
cone and the semidiameter of the base of the same cone, by Proposition 14 of the work
of Archimedes cited above.

Conic surface
with base removed; to which
circle it is
equal.

Surface of a
2. If a right cone is cut by a plane parallel to the base, the convex surface of the frustum of a
frustum of the cone, with the bases having been removed, is equal to the circle whose cone, with
semidiameter is the mean proportional line between the side of the frustum of the cone bases removed;
to which circle
and the line made up of the semidiameters of the bases added together. This follows
it is equal.

from Proposition 16 of Book I in the same work of Archimedes.

Ratio of the

3. Next, the convex surface of right a cone has the same proportion to its base as the surface area
side of the cone has to the semidiameter of the base of the same cone, by Proposition of a cone
to its base.
15 of Book I of the same work of Archimedes.
4. Finally, the convex surface of a right cylinder, with the bases having been removed, is equal to the circle, whose semidiameter is the mean proportional line between
the side of the cylinder242 and the diameter of the base of the same cylinder, by Proposition 13 of Book I of the same work of Archimedes.
END OF BOOK V.

241
242

That is, the slant height.
That is, the height of the cylinder.
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Surface of a
cylinder with
bases removed;
to which circle it is equal.

[236]
SIXTH BOOK OF THE
PRACTICAL GEOMETRY
In which geodesy,243 scaling of figures up or down in a given ratio, as well as the
construction of two mean proportionals between two lines, and finally extraction of
roots are discussed.
Having completed what we proposed at the start concerning the measurements of
magnitudes, let us now discuss the remaining topic of division of rectilinear surfaces–the
part of practical geometry that is called geodesy. Indeed [one of the Greek words from
which this derives], δαίω, means “I partition” or “I divide.” I know that most people
call geodesy the part of geometry that measures magnitudes and land. But here, the
author Pediasimos244 says in his work on measurement and partition of land that they
are wandering far from the truth. For, he says, the measurement of land is divided
into two parts, namely Geometry and Geodesy. The measurement of areas by scientific
methods is deservedly called Geometry. A division of the same land, between different
people, or in some other way, is and is rightly named Geodesy. Thus Pediasimos.
Federico Commandino245 published a book on division of surfaces ascribed to a
certain Arab Machometus Bagdedinus246 in 1570. He treats these subjects more briefly
and very universally. This is decidedly a most insightful book and important for its
erudition.
[237]
The same subject was later attacked in different way (and in my judgment more
easily and more generally) by Simon Stevin of Bruges.247 But in that work something
seems to be missing–namely, whether it is possible to adapt it to all rectilinear surfaces
(as he seems to want). One who reads his geometric constructions attentively will
easily judge this to be true. Yet there is no way this can be accomplished unless
two propositions are demonstrated beforehand. Stevin assumes the first as a principle
without proof at the beginning, and later does not remember that it is very necessary.
Machometus Bagdedinus proved this slightly differently than we will do so. Therefore,
we will prove the two propositions at the start of his book, and the second one much
more generally than Machometus did. I leave it to the benevolent reader to judge.
243

Clavius’s sources and his treatment of this topic are discussed by E. Knobloch in the chapter
“Clavius et la partition des polygones,” in: Géométrie pratique, Géomètres, ingénieurs et architectes,
XVIe –XVIIIe siècle, ed. D. Raynaud, Presses Universitaires de Franche-Comté, 2015, cited earlier.
244
John Pediasimos, ca. 1250–early 14th century, was a Byzantine scholar and churchman who wrote
on many subjects, including mathematics. Clavius’s following phrase “measurement and partition of
land” is a part of the name used for his book on Geometria.
245
Italian humanist and mathematician, 1506–1575. He made widely-used translations of the works
of Archimedes, Pappus, Hero, Ptolemy, Apollonius, and Euclid from Greek to Latin.
246
Abu-Bakr Muhammad ben Abdelhaqi al-Bagdadi, d. 1141. The Arabic book to which Clavius
refers was first brought to Commandino’s attention by John Dee, 1527–1608. It contains elements
which are thought by some to derive ultimately from a lost work of Euclid, On Divison of Figures.
247
Flemish mathematician, engineer, and physicist, ca. 1548-1620.
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Next we will begin the discussion of the division of rectilinear surfaces, pursuing the
tracks of Stevin, unless it will be necessary to prove something more generally. But
we will say nothing about the reasoning of Machometus or Federico Commandino, first
since their book is in everyone’s hands, and therefore whoever might want to do so will
be able to read it. Second, when a figure with many vertices is proposed, a student
[using their approach] will not make the division without difficulty and labor unless he
or she is mindful of the divisions of all the preceding figures. That does not happen
with our method. Finally, their method works only for ordinary figures, namely figures
that have all interior angles, always as many as the figure itself has sides. But our way
includes those figures that have some inward angles and some outward angles.248
THEOR. 1. PROP. 1.
If a magnitude is cut in any way into some number of parts, and another magnitude is
cut into the same number of parts proportional in order to these, then any parts of the
first magnitude will have the same ratio to the rest as the corresponding parts of the
second magnitude have to the rest of those. And if any part of the first magnitude is cut
in two parts in any way, while the corresponding part of the second magnitude is cut
into two parts proportionally, then the whole magnitudes will also be cut proportionally.
Let AB be a magnitude cut into some number of parts AC, CD, DE, EF , F B,
and let the other magnitude GH, even if it be of a different sort,
[238]
be cut into the same number of parts GI, IK, KL, LM , M H, proportional to those
in AB in order. I say, for example, that the two parts AC and CD together have the
same ratio to the remaining three DE, EF , F B together as the two parts GI and IK
have to the remaining three KL, LM , M H, and so forth. For since AC is to CD as
GI is to IK, componendo, it will be true that AD is to CD as GK is to IK. But CD
is to DE as IK is to KL. Therefore, ex aequalitate, it will be true that AD is to DE
as GK is to KL.
Again, since, convertendo, it is true that BF is to F E as HM is to M L, it will also
be true, componendo, that BE is to F E as as HL is to M L. But F E is to ED as M L
is to LK. Therefore, ex aequalitate, BE will be to ED as HL is to LK. Componendo,

Figure 142: [238]

BD is to ED as HK is to LK, and convertendo, DE is to DB as KL is to KH.
248

Clavius’s technique is based on his Proposition 3 below, which allows division problems to be
linearized in a fruitful way.
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Therefore since it was shown that AD is to DE as GK is to KL, and DE is to DB as
KL is to KH, ex aequalitate, it will be true that AD is to DB as GK is to KH.
In the same way, we will show that AC is to CB as GI is to IH. For again
convertendo, componendo, and ex aequalitate, BC will be to DC as HI is to KI. Then
convertendo, CD is to CB as IK is to IH. Therefore, since AC is to CD as GI is to
IK and CD is to CB as IK is to IH, ex aequalitate it will be true that AC is to CB
as GI is to IH.
By the same reasoning, AF is to F B as GM is to M H. Again, convertendo,
componendo, and ex aequalitate, AF is to EF as GM is to LM . Since it is also true
that EF is to F B as LM is to M H, it will be true ex aequalitate that AF is to F B as
GM is to M H, and so on for the others. Therefore the first claim is established.
Next, let the third part DE, for example, be cut in two parts DN , N E and the
third part KL be cut in two parts KO, OL, proportional to these. I say that also AN
is to N B as GO is to OH. For it will be true, convertendo, that EN is to N D as LO
is to OK and componendo that ED is to DN as LK is to KO. Hence, since CD is
to DE as IK is to KL, and DE is to DN as KL is to KO, ex aequalitate, it will be
true that CD is to DN as IK is to KO, and therefore the parts AC, CD, DN are
proportional to the parts GI, IK, KO.
Again, since convertendo, F E is to ED as M L is to LK, and componendo, DE is
to N E as KL is to OL, it will be true ex aequalitate that F E is to EN as M L is to
LO. Convertendo, N E is to EF as OL is to LM . And hence all parts AC, CD, DN ,
N E, EF , F B are proportional to the corresponding parts GI, IK, KO, OL, LM ,
M H. Therefore as was shown in the first part of the proof, it will be true that AN is
to N B as GO is to OH. Hence the second claim is established.
[239]
PROBL. 1. PROP. 2.
Given a rectilinear figure, on a given line segment and between two other lines intercepted by it, to construct a quadrilateral equal to the given rectilinear figure, whose
side opposite to the given line segment is parallel to it and between the same two
lines intercepted by it. And given two unequal rectilinear figures whatsoever, from the
greater one, by a line parallel to one of its sides, to take away a rectilinear figure equal
to the smaller when it is possible to do so, which by the solution of this problem will
be understood.
Let the rectilinear figure be A and the given line segment be BC, between
the lines BD, CE intercepting it. It is necessary first to
construct a rectilinear figure equal to A on the given line
segment BC, whose opposite sides between the same two
lines BD, CE are parallel. And certainly if BD, CE are
a
Book I,
parallel, the construction will be accomplished, a if on the
Prop. 45.
line BC a parallelogram BE is constructed either in the
angle BCE, or in the angle CBD, equal to the rectilinear
figure A.
Figure 143: [239]
2. When the angles B, C are equal and hence right
angles, we will accomplish the construction more easily by
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the following reasoning. Given the rectilinear figure A, by the scholium to Proposition
14 in Book 2 of Euclid, or rather by what we have written in Number 4 in Chapter 4
of Book IV of this Practical Geometry, let a square F GH equal to A be constructed.

Figure 144: [239]

Namely, one must resolve the rectilinear figure into triangles or trapezoids, and each
triangle or trapezoid into an equal square, and finally reduce all these squares to one,
as we have fully explained at the place cited. Then let a third proportional BD to the
line segments BC, F G be found,
[240]
and from D, let the parallel DE be drawn. The rectangle BE will be equal to the
rectilinear figure A, a since it is equal to the square F GH; because the three lines BC, a Book VI,
Prop. 17.
F G, BD are in continued proportion.
What is more, we will be able to use the same method when the parallels BI, CK
do not make right angles at B and C. With the rectangle CD constructed equal to the
square F H, that is, to the given figure A as said before, if the side DE is produced to
cut the lines BI, CK in I, K, b the parallelogram BK and the rectangle CD will be b Book I,
Prop. 35.
equal and equal to the rectilinear figure A.
3. If in fact the two lines BD, CE are not parallel and they meet in the direction
of D, E in F (because the two angles DBC and ECB together are less than two right
angles), let it be proposed first to construct a trapezoid equal to the rectilinear figure
A having the side BC and the opposite side parallel. For this to be possible, it is
necessary, that the rectilinear figure is less in area than the triangle BCF .249
Therefore, let a square G with side HI be constructed equal to the rectilinear figure
A, by the scholium to Proposition 14, Book II of Euclid, or instead by Number 4 in
Chapter 4 of Book IV of this work, as we said earlier. c Similarly, let K be a square c Book II,
with side LM , equal to the triangle BCF . Then, let a third proportional LN be found Prop. 14.
249

See figure from [240] which has moved for typographical reasons to the next page.
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Figure 145: [240]

for the two line segments LM , HI. But having found a mean proportional O between
LM and M N , let LM be to O be as BF is to F D, and finally through D, let a parallel
DE be drawn to BC. I say that the trapezoid BE is equal to the rectilinear figure A.
[241]
a

The ratio of the triangle BCF to the triangle DEF is the duplicate ratio of the
side BF to the side DF , that is, of the line LM to the line O. But also the ratio
LM to M N is the duplicate ratio of LM to O, since LM , O, M N , are in continued
proportion. Therefore, the triangle BCF will be to the triangle DEF as LM is to
M N , and by conuersionem rationis, the triangle BCF is to the trapezoid BE as LM
is to LN . b Therefore because LM is to LN as the square K is to the square G, since
LM , HI, LN are in continued proportion, the triangle BCF will be to the trapezoid
BE as the square K is to the square G. But the triangle BCF is equal to K and the
rectilinear figure A is equal to G. Because the triangle BCF is to the trapezoid BE as
the triangle BCF is to A, c the trapezoid BE will be equal to the rectilinear figure A,
which is what was to be shown.
4. Next, on the line segment BC, towards R, S where the angles RBC, SCB sum
to more than two right angles, not toward the point F where the lines meet, let it be
required to construct a trapezoid equal to the rectilinear area A of whatever magnitude,
having the side opposite BC parallel to that line segment. d Again let a square K with
side LM be constructed equal to the triangle BCF , and another square G equal to
the rectilinear figure A, whose side is HI. All this uses the things in the scholium to
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Book VI,
Prop. 19.

b

Coroll.
Book VI,
Prop. 20.
c

Book V,
Prop. 9.

d

Book II.
Prop. 14.

Proposition 14, Book II of Euclid, or Number 4 in Chapter 4 of Book IV of this work,
as we have taught. Next, let a third proportional M P for the sides LM , HI be found,
and placed as in the figure extending beyond M . And between the whole LP and LM
let a mean proportional Q be found. Finally, as Q is to LP , let F B be to F R and draw
RS parallel to the same BC. I say that the trapezoid BS is equal to the rectilinear
figure A. e For the ratio of triangle BCF to triangle RSF is the duplicate ratio of the
side F B to the side F R, that is of the ratio Q to LP . Then the ratio LM to LP is
the duplicate ratio of LM to Q, or Q to LP , since the three line segments LM , Q, P
are in continued proportion. Therefore, triangle BCF is to triangle RSF as LM is to
LP . For that reason by diuisionem rationis contrariam in the scholium to Proposition
17 in Book V of Euclid, shown by us, as the triangle BCF is to the trapezoid BS, so
LM is to M P . f But now, LM is to M P as the square K is to the square G, since
LM , HI, M P are in continued proportion. And therefore, the triangle BCF will be
to the trapezoid BS, as the square K is to the square G. Therefore, because triangle
BCF and square K are equal by construction, g the trapezoid BS will also be equal
to square G, which was constructed to be equal to A. This is what we had to show.
Now if the two lines BF , CF meet in such a remote point that it is scarcely possible
to construct it (as may happen when the lines are nearly parallel), we will solve the
problem in this way, even without the point F . Take any other point T on the line CF ,
and let T V be drawn, parallel to BF . Let a third proportional X to the two lines BC,
CV be found. Next, by the scholium to Proposition 14, Book II of Euclid, or Number
4 in Chapter 4 of Book IV of this work, as we have taught, with square G constructed
equal to the rectilinear figure A, let IY be a fourth proportional to the three lines BC,
X, HI, and draw Y Z parallel to the side of the square. h The triangle BCF (if it is
completed) is to the triangle V CT as BC is to X, that is, as HI is

e

Book VI,
Prop. 19.

f

Cor. Book
VI, Prop. 20.
g

Book V,
Prop. 14.

h

Cor. Book
VI, Prop. 19.

[242]250
to IY , that is, a as the square G is to the rectangle IZ. But the triangle BCF is greater
than the square G, or the rectilinear figure A (for when a trapezoid is to be constructed
equal to a given rectilinear figure within two angles that are less than two right angles,
the triangle must be larger than the rectilinear figure). b Hence the triangle V CT will
also be larger than the rectangle IZ. Therefore by Number 3 above, let the trapezoid
V b equal to the rectangle IZ be constructed, and let a fourth proportional BD be
found for the three lines CV , V a, CB. c (The line Ca produced will cross D if the
fourth proportional BD is correctly found; d and conversely if the line Ca is produced
very carefully, it will exhibit the fourth proportional BD that is sought.) Let the line
DE be dropped parallel to BC. I say that the trapezoid BE is equal to the rectilinear
figure A. For since the trapezoid BE and the trapezoid V b are similar, by what we
have shown in Proposition 18 of Book VI of Euclid, e the trapezoid BE will be to the
trapezoid V b as the line BC is to the line X, that is, as the line HI is to IY , f that is,
as the square G is to the rectangle IZ. Therefore, since the trapezoid V b is equal to the
rectangle IZ, g the trapezoid BE will also equal the square G, that is, the rectilinear
figure A. This is what we had to show.
6. No differently, on the other side where the angles RBC, SCB together are
250

The figure from page [240] is repeated on this page, but we have omitted it.
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greater than two right angles, even if the intersection point F is not available, we will
construct a trapezoid equal to the rectilinear area A of any given magnitude. Neither
is it necessary in this case that the area is less than the triangle BCF , if completed.
For indeed, from an arbitrary point T on CV , let T V parallel to BF be drawn, and
produced, let a third proportional X be found for the lines BC, CV . Next, having
constructed
[243]
a square G equal to the rectilinear figure A, let a fourth proportional IY be found
for the three lines BC, X, and HI, and let Y Z be drawn parallel to the side of the
square so that again the triangle BCF is to the triangle V CT as the square G is to the
rectangle IZ. After this, as we taught in number 4, let the trapezoid V e be constructed
equal to the rectangle IZ,251 and a fourth proportional BR be found for the three lines
CV , V d, CB a (the line Cd produced will go through R if the fourth proportional
BR is correctly constructed; b and conversely, if Cd is accurately produced, it will cut
off the fourth proportional BR that is sought.) Let the line RS be dropped parallel
to BC. I say the trapezoid BS is equal to the rectilinear figure A. For because the
trapezoid BS is similar to to the trapezoid V e, by the scholium to Proposition 18 of
Book VI of Euclid shown by us, c the trapezoid BS will be to the trapezoid V e as
BC is to X, that is as HI is to IY , d that is, as the square G is to the rectangle IZ.
Therefore, since the trapezoid V e and the rectangle IZ are equal, e the trapezoid BS,
will be equal to the square G, that is, equal to the rectilinear area A. This is what we
had to show.
7. Now, given two rectilinear areas whatsoever, A and BCDEF GHI, where the
second is larger than the first, consider the final statement.252 From the larger, we
must cut off a rectilinear area having a side parallel to BI equal to the smaller figure
A, if it is possible to do so. It will always be possible to do this in figures having all
interior angles; in others it is not always possible. By the scholium to Proposition 14
in Book II of Euclid, or by Number 4 in Chapter 4 of Book IV, let a square KM be
constructed equal to the smaller figure A. Next, from vertex C, which is next to the
side BI, produce a line CO parallel to BI, forming a rectilinear figure BO, and by the
same method a square P QR equal to this. Let KS, a third proportional to KN , P Q,
be constructed, and let ST be drawn parallel to KL. f The rectangle KT contained
by the first line, KL, and the third, KS, is equal to the square on P Q, that is, to the
rectilinear figure BO. And since KS found in this example is smaller than the side
KN , the rectangle KT is smaller than the square KM , that is, the square A. Hence
the rectilinear figure BO is smaller than the rectilinear figure A. From the neighboring
angle H, draw HV parallel to CO and BI, and again let a square with side X be
constructed equal to the rectilinear figure CH. Let SN , a third proportional to KN ,
X, be constructed. Suppose, for example, that this terminates at the end of the side
KN ; g the rectangle SM contained by the first line ST and the third proportional SN ,
is equal to the square on X, that is to the rectilinear figure CH. Since KT and BO
have been shown to be equal, the whole square KM , that is, the rectilinear figure A,
251

The point e is between C and S along the line F S in the figure; the point d is the intersection of
the parallel to BC through e with the line T V produced.
252
Refer to the figure on page [244].
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is equal the rectilinear figure BCV HOI. And from the larger figure, by the line HV
parallel to the side BI, we have removed a figure equal to the smaller figure A, which
is what we had to do.
8. If the third proportional to KN and X had been smaller than SN , for instance
equal to SY ,253 in order for the rectangle SZ and the square on the side X, or the
rectilinear figure CH to be equal, it is necessary to draw, from the next angle D,
another parallel Da, and make a square equal to the rectilinear figure DH such that,
by the same construction of a third proportional, SY and Y b equal SN . And if Y b
was still smaller than Y N , it would be necessary to proceed to the next corner G and
repeat the construction. And it is necessary to proceed in the same way until a third
proportional SN is found
[244]
that ends at N (so that third proportional of KN and X is equal to SN ), or the end
falls beyond N . When the end is at N , the rectilinear figure contained between BI
and the last parallel will be equal to the square KM , that is, to the rectilinear figure
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A, as was shown for the figure BH, shortly before this Number 8. But when the end
of the third proportional falls beyond N , say in a point b, the whole rectilinear figure
between BI and the last parallel, that is the rectangle Kd, will be larger than the
253

Y is the point between S and N on the upper side of the square on the right.
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square KM or the rectilinear figure A. The last rectilinear figure DH will be larger
than the rectangle N d, because KZ is equal to BH, and Y d is equal to DH. And
hence if on the line Da, between the lines DV , aH, a trapezoid Df is constructed by
the parallel ef , equal to the rectangle N d, as was discussed in Number 3 above, then
the rectlinear area between the parallels BI and ef will be equal to the square KM ,
that is to the rectilinear figure A.
In addition, it is not necessary that parallels always be drawn to the closest corner
in figure BF . When the senses show that a parallel drawn from a non-neighboring
corner would cut off a rectilinear figure less that the square KM , or not much more,
then a parallel should be drawn from that corner and a square equal to the figure cut
off should be constructed and the rest finished as before.
Lastly, whenever it is understood that a rectilinear figure to be taken away is not
much less than a square, then one must set up, as we taught in Number 3, on that
parallel, a trapezoid equal to the rectangle by which the square KM exceeds the figure
removed.
[245]
From these discussions, I think a sufficiently zealous reader understands how one
must proceed in other examples. For example, if a part
equal to a given smaller figure is to be cut off from a very
irregular rectilinear area, by a line parallel to the side AM ,
we will produce M A until the point N . And if the triangle
ABN cut off is equal to the given rectilinear figure, (which
will be known if a square equal to the figure is equal to a
square equal to the triangle), the line AN will solve the
problem. If the triangle is greater, we construct on AN ,
towards B, a trapezoid with a side parallel to AN , equal to
Figure 147: [245]
the excess. But if the triangle is less, we draw LO parallel
to AM . If the rectilinear figure N L is equal to the defect,
the parallel LO will solve the problem. If it is greater, let us construct on LO, in the
direction of M N , a trapezoid equal to the excess with a parallel to AM . This parallel
will solve the problem. But if it is smaller, produce OL to P . If the triangle KLP is
equal to the defect, the whole parallel OP will satisfy the problem. If it is greater, a we a Book VI,
construct, in the angle K, a triangle similar to triangle KLP and equal to the excess, Prop. 25.
but this triangle will also be a rectilinear figure cut off by the parallel LO. From which
you deduce that the problem cannot be solved in this case other than by two parallels,
evidently LO, and that parallel that cuts off the triangle similar to KLP , cutting from
the whole rectilinear figure BG a part that is equal to the given smaller figure. But
if the triangle KLP is smaller than the defect mentioned before, we draw the parallel
QR through D. If the rectilinear figure P R is equal to the defect by which the figure
KP LM ABN O is less than the smaller figure, then what is demanded has been done
by the parallel QR. If it is greater, then a parallel to QR towards OP will give the
figure equal to this excess and will satisfy the problem. But if the figure P R is less
than the aforesaid defect, and the triangle CDR is found equal to this last defect, the
parallel DQ solves the problem. But if the triangle CDR is bigger than this last defect,
b if from C a triangle equal to the excess and similar to CDR is constructed, then two b Book VI,
Prop. 25.
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parallels will solve the problem, namely DQ and the base of the aforesaid constructed
triangle. But in this case the problem cannot be solved by a unique parallel. Finally, if
the triangle CDR is smaller than this last defect, we will draw the parallel IS. And if
the figure DI is equal to the defect (triangle CDR is less than that), the whole figure
ISDCBAM LKI will be equal to the given figure. If DI is unequal, we will go further,
until, as often has been said, we find a figure equal to the given smaller figure. An
equal figure will always be found when a larger figure BG is taken. You see, therefore,
it can be easily foretold when the problem can be solved by a unique parallel, and when
it cannot be solved that way, but it can be solved by two parallels. For whenever we
come upon triangles in this construction such as KLP and CDR, from which we must
take away similar triangles equal to some excesses, then we cannot solve the problem
except by two different parallels.
[246]
PROBL. 2. PROP. 3.
With an arbitrary figure having been divided into triangles from any point, to construct
straight lines in proportion to the same triangles in order.
Let the figure be ABCDEF , divided into triangles ABC, ACD, ADE, AEF
by lines from the vertex A (or from any assigned point in
one side), drawn to the opposite vertices. Say we must
find lines proportional in order to these triangles. From all
the vertices except vertex A, to the lines through A, let
perpendiculars BI, CL, DK, DN , EM , F O be drawn as
altitudes of the triangles (it makes no difference if sometimes the perpendiculars fall on the lines produced; here
DK, DN are of this form). Each triangle has two altitudes except the first and the last, which only have one.
Next, in any line GH, take GP equal to the altitude BI
of the first triangle ABC, P Q equal to the altitude DK
Figure 148: [246]
of the second triangle ACD with respect to the base AC.
a
After these, let a CL (the altitude of the second triangle
Book VI,
with respect to the base AD) be to EM (the altitude of the third triangle with respect Prop. 12.
to the base AD) as P Q is to QR, and DN (the altitude of the third triangle with
respect to the base AE) be to F O (the altitude of the fourth triangle with respect to
the base AE) as QR is to RH, and so on if there are more than four triangles, always
taking two altitudes dropped to the same base. I say the four lines GP , P Q, QR, RH
are proportional in order to the four triangles. For as we showed in the scholium to
Proposition 1 in Book VI of Euclid, the triangle ABC is to the triangle ACD as the
altitude BI is to the altitude DK because of the common base AC, that is, as GP is
to P Q, since these lines were taken equal to those altitudes. For the same reason, the
triangle ACD is to the triangle ADE as the altitude CL is to EM , that is, as P Q is to
QR, since by construction CL is to EM as P Q is to QR. Then by the same reasoning,
the triangle ADE is to the triangle AEF as the altitude DN is to the altitude F O,
that is as QR is to RH, by construction. Therefore what was proposed is established.
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Alternatively, let the figure be ABCDEF , divided into triangles ABC, ACD,
ADE, AEF , from the point A.254 Since two adjacent triangles form a quadrilateral, whose diameter is the side common to the triangles, such as ABCD, we will draw
DO parallel to the diameter AC from D, which will meet the side BC produced in O.
Similarly, in the quadrilateral ACDE, we will draw EP parallel to the diameter AD,
which will meet the side CD produced in P . In the same way, in the quadrilateral
ADEF , we will draw F Q parallel to the diameter AE, which will meet the side DE
produced in Q. Then, in some line GN , take GH, HK equal to BC, CO. And for the
three
[247]
lengths CD, DP , HK, let the fourth proportional KL be found. And finally, for the
three lengths DE, EQ, KL, let the fourth proportional LN be constructed. I say that
the four lines GH, HK, KL, LN are proportional to the four triangles. For since
the lines AO, AP , AQ have been drawn to O, P , Q from the common point A, a the a Book I,
triangle ACD will be equal to the triangle ACO, triangle ADE is equal to triangle Prop. 37.

Figure 149: [247]
ADP , and triangle AEF is equal to triangle AEQ. b Therefore BC is to CO, that is, b Book VI,
GH is to HK, as triangle ABC is to triangle ACO, that is, to triangle ACD; then Prop. 1.
CD is to DP , that is, HK is to KL, as triangle ACD is to triangle ADP , that is, to
triangle ADE; and as DE is to EQ, that is, as KL is to LN , so is triangle ADE to
triangle AEQ, that is, to triangle AEF . What is proposed is clear.
In the two proofs we have shown, which are very quick, it is characteristic of the
triangles into which the figure is divided that they are drawn by lines from a point in
a given side, or drawn from an arbitrary vertex.255 Nevertheless, this problem can be
solved in another way, which is suitable for any figures, although it is not as quick. Let
254
255

Refer to the figure from page [247] here.
The issue here is that this kind of subdivision is not always possible for non-convex figures.
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us proceed as follows. Let the same figure be divided into triangles, or even into figures
of more sides. c And for the first triangle ABC, or the first figure more generally, let an c Book I,
equal rectangle, or any other equal non-rectangular parallelogram IS be constructed. Prop. 44 or 45.
And on the line RS, let another parallelogram ST , or another second figure, equal to
the second triangle ACD, having an angle SRT equal to the angle I. Similarly, on the
line T V another V X, equal to the third triangle ADE or other third figure, having an
angle V T X equal to the same angle I. And then, on the line XY , another Y M equal
to the fourth triangle AEF or other fourth figure, having an angle Y XM equal to the
same angle I. Proceed in the same way if there are more triangles or figures. I say that
the lines IR, RT , T X, XM are proportional to the triangles or figures. For from the
four
[248]
rectangles, or parallelograms, one whole figure of the same type is constructed, which
is clear from the proof of Proposition 45 in Book I of Euclid, because the angles I,
SRT , V T X, Y XM are equal. And therefore all four have the same altitude. a Hence a Book VI,
the lines IR, RT , T X, XM are proportional to the parallelograms, and also to the Prop. 1.
triangles or other figures. That is what we had to prove.
PROBL. 3. PROP. 4.
To divide a given rectilinear figure into parts in given ratios, either by a line from a
given vertex, or by a line from a given point on a side [so that the parts correspond to
the terms in the ratios in a chosen way].
First let ABC be any triangle whatsoever, and say we must divide it into two
parts by a line through A so that the ratio of the part
containing B to the remaining part is the same as a given
ratio D to E. Let the side BC, opposite the given vertex,
be cut in F so that the ratio BF to F C is the same as the
ratio D to E, by what we have taught in the scholium to
Proposition 10 of Book VI of Euclid. I say that as D is to
b
E, so is the triangle ABF to the triangle AF C. b For the
Book VI,
Prop. 1.
triangle ABF is to the triangle AF C as BF is to F C, that
Figure 150: [248]
is, as D is to E.
Next let it be required to divide the same triangle ABC
into two parts by a line from the given point F in the side
BC, so that the part containing B is to the remaining part as D is to E. Let the line
F A be drawn to the opposite vertex, so that the whole triangle is divided into two
triangles. c Let two lines GH, HI be constructed in the same ratio that the triangle c Prop. 3
ABF has to the triangle AF C and assume the whole GI cut at H so that GH is to of this book.
HI as D is to E. [...] Then the line F A drawn from the given point F to the opposite
vertex A divides the triangle ABC into two parts in the given ratio D to E.256
256

The point F here is the same one as in the previous paragraph. Since F cuts the side BC so that
BF is to CF as D is to E, then no further construction is necessary–we “got lucky” in this case. But
F and the auxiliary line GI will be used in the next paragraph too.
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Then again, let the given ratio be K to L, and suppose it is required to divide the
triangle ABC into two parts in that same ratio by a line through F . Let the whole
GI be divided at M so that GM is to M I as K is to L. And suppose the division
point, M , falls in the first part GH of the whole line. We will cut BA, the base of the
first triangle opposite to the vertex F in N so that the ratio BN to N A is the same
as GM to M H. I say that the line F N accomplishes the construction, that is, the
triangle BF N is to the trapezium F N AC as K is to L. For since the lines GH, HI
are constructed to be proportional to the triangles ABF , AF C, and we have divided
the first part GH in M proportionally in the way F N divides the first triangle, d since d Book VI,
triangle BF N is to triangle N F A as BN is to N A, that is as GM is to M H, e GM Prop. 1.
will be to M I, that is K will be to L, as triangle BF N is to the trapezium F N AC. e Prop. 1
of this book.
That is what we had to show.
Finally suppose the ratio O to P is given, and it is required to cut triangle ABC
into two parts with the same ratio. Let the whole GI be cut in Q so that
[249]
GQ is to QI as O is to P . The division point Q falls in the second part HI of the
whole line GI. Let us divide AC, the base of the second triangle opposite to the vertex
F at R, so that AR is to RC as HQ is to QI. I say that the line ER accomplishes the
construction, that is, that the trapezium ABF R is to the triangle RF C as O is to P .
Since the lines GH and HI are constructed to be proportional to the triangles ABF
and AF C, and we have divided the second part HI at Q proportionally in the way F R
divides the second triangle AF C, a since the triangle AF C is to the triangle CF R as
AR is to RC, that is as HQ is to QI, b GQ will be to QI, that is, O will be to P , as
the trapezium ABF R is to the triangle RF C. That is what we had to do.
Now if the first term in the ratio must lie towards C, and the given ratio is O to P ,
the construction will be done most conveniently if the triangle is divided according to
the ratio of P to O, in which the first term lies toward B as we have taught. For then
the part toward C will have the same ratio to the rest as O to P , conuertendo. And I
want this to be understood likewise for other figures.
Next, let ABCDEF be any many-sided figure, and let it be required to cut it
into two parts by a line drawn from the vertex A, such that the part toward B is
to the remaining part as a given M is to N . With lines drawn from A to all the
opposite vertices dividing the figure into four triangles, c let four lines GH, HI, IK,
KL, proportional to these triangles be found. Also let the whole GL be cut at O so
that GO is to OL as M is to N . And supposing that O, the division point, falls in the
third line IK, we will cut the base of the third triangle DE opposite the given vertex
A in P , as IK is cut in O, and let us draw the line AP . I say that the figure ABCDP A
is to the figure AP EF A as GO is to OL, that is, as M is to N . For since the triangles
are proportional to the given figures in order GH, HI, IK, KL by construction, ADE
is the third triangle, IK is the third line, and we have divided proportionally in the
point O, d it follows that DP is to P E as IO is to OK, and this ratio is the same
the ratio of the triangle ADP to the triangle AP E. e And all the magnitudes are cut
proportionally, that is, it will be true that ABCDP A is to AP EF A as GO is to OL,
that is, as M is to N , which is what we had to show.
If the point O dividing the line GL into two parts according to the ratio M to N
242

a

Book VI,
Prop. 1.
b

Prop. 1
of this book.

c

Prop. 3
of this book.

d

Book VI,
Prop. 1.
e
Prop. 1
of this book.
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should fall in one of the points H, I, K, since I is the end of the second line HI,
the line AD, terminating the second triangle ACD would divide the whole figure in
the given ratio. Then by the first part of Prop. 1 of this book, ABCDA would be to
ADEF A as M is to N , as is clear.
[250]
Next let it be required to divide a rectilinear figure ABCD into two parts by a line
through a given point E in the side AB, so that the part containing B is to the other

Figure 152: [250]

part as K is to L, a given ratio. With the figure having been divided into a number of
triangles one less than the number of sides by lines drawn from the point E, a let lines a Prop. 3
F H, HI, IG be found proportional to the triangles EBC, ECD, EDA.257 Let the of this book.
whole F G be cut at M in the given ratio K to L. The division point M falls in the first
line F H, so let us divide the base BC of the first triangle EBC opposite the given point
257

The point D is missing in the figure, but its intended location is clear from the context.
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E at X, as F H is divided by M . With the line EX added, b the triangle EBX will be
to the figure ECXDAE as F M is to M G, that is, as K is to L because the triangles
EBC, ECD, EDA are proportional to the lines F H, HI, IG by construction, and the
first parts EBC, F H are cut proportionally by EX and M : c EBX is to EXC as BX
is to XC, that is, as F M is to M H. Therefore what was required is established.
If the given ratio is N to O, and F G is cut in P according to the ratio N to O,
the division point P will fall in the second line HI. Therefore if the base CD of the
triangle ECD opposite the given point E is cut in Q as HI is cut in P , and E and
Q are joined by a line, d it will be true again that the figure EBCQE is to the figure
EQDA as F P is to P G, that is as N is to O.
Finally, if the ratio R to S is given and F G is cut in V according to the ratio of R
to S, the division point V will fall in the third line IG. Hence, if the base DA of the
third triangle EDA opposite the given point E is cut in T as IG is cut in V , and the
line ET is added, e then again the figure EBCDT E will be to the triangle ET A as
F V is to V G, that is, as R is to S.
And it is necessary to proceed in this way in all other figures which have as many
vertices as sides, that is, in which all angles lie in the interior.
We will also accomplish this construction in a rectilinear figure with some interior
and some exterior angles, so long as from a vertex, or from a given point in a side, it
is possible to draw lines dividing the figure into triangles that intersect none of those
same sides, as in the eight-sided figure ABCDEF GH, with five interior angles B, C,
D, F , H, and the remaining three exterior angles BAH, DEF , F GH. Lines are drawn
from vertex A to all vertices except the two neighboring ones

b

Prop. 1
of this book.
c

Book VI,
Prop. 1.

d

Prop. 1
of this book

e

Prop. 1
of this book

[251]
a
B, H intersecting none of the sides of the figure. a If therefore six lines IK,
Prop. 3
of this book.
KL, LM , M N , N O, OP are found, proportional
to the six triangles ABC, ACD, ADE, AEF ,
AF G, AGH. Let the whole line LP be cut in S,
according to the ratio Q to R, and also let the base
ED of the third triangle opposite the given point
A be divided in T as LM is divided by S (since
the division point S falls in the third line LM ).
b
With the line AT drawn, b the figure ABCDT A
Prop. 1
of this book.
will be to the figure AT EF GHA as IS is to SP ,
Figure 153: [251]
that is, as Q is to R.
From the vertex B, or from H, it will not be
possible to divide the given figure in any ratio
whatsoever since some of the lines from those points to opposite vertices intersect
sides of the figure and some lie outside the figure. If the given ratio were smaller than
the ratio of figure BCDEB to BEF GHAB (if, evidently, it is understood that the line
BE is drawn) then it would be possible to divide the whole figure in the given ratio
from B since two triangles BCD and BDE (for example if BD were drawn) would be
made whose bases are sides of the figure, CD and DE. From the point A, there would
be four triangles ABE, AEF , AF G, AGH, whose bases are sides of the figure AB,
EF , F T , GH, etc.
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In the same way, we will divide any rectilinear figure, even a very irregular one,
in a given ratio, not in fact from an arbitrary vertex or given point, but from some

Figure 154: [251]

particular points. This will be possible if lines that intersect none of the sides of the
figure can be drawn from a chosen point to all the opposite vertices, except the two
neighboring ones, as is true for point V in the preceding figure. [It is also possible] if
the figure is first divided into triangles from several points so that each triangle has at
least one side that is a side of the figure. Let the polygon ABCDEF GHIKA [in the
second figure from page [251]] be divided into eight triangles. In the line LT , c let that c Prop. 3
number of lines be constructed proportional to the triangles, and let the line LT be of this book.
divided in Y
[252]
according to given ratio V to X. Let the base IK of the sixth triangle (for the point Y
falls in the sixth line QR) be cut in Z as QR is in Y . a Then with the line F Z having a Book VI,
been drawn, let the triangle F IK be cut as is the base IK, that is, as is the line QR. Prop. 1.
b Then ABCDEF ZKA will be to the figure F ZIHGF as LY is to Y T , that is as V
b
Prop. 1
of this book.
is to X. And similarly for the rest.
SCHOLIUM.
With these things properly understood, we will be able to divide any figure into
any number of equal parts from a given vertex, or from a point on a side, from which
straight lines can be drawn to all the vertices (except the two neighboring ones) that
meet no side of the figure. For example, if the figure in question is to be divided into
7 equal parts, let us divide it according to the ratio 1 to 6. Evidently, the second term
in the proportion must be one less than the number of parts into which we divide the
figure. For the first part will be 17 of the whole figure and the second will be composed
of 6 of the same parts. Next, we will divide this second part according to the ratio 1
to 5, so that the first part is 16 of it and 17 of the whole figure. After this, we divide the
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How a figure
is divided
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any number
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last part of the second subdivision according to the ratio 1 to 4. And again, we divide
the last part of the third subdivision according to the ratio 1 to 3. And we will divide
the last part of the fourth subdivision according to the ratio 1 to 2. And finally, we
divide the last part of this fifth subdivision evidently in the ratio 1 to 1.
In the same way it will be possible to divide an irregular figure, in which lines
cannot be drawn to the opposite vertices from any vertex or any point on a side without
intersecting sides of the figure, into any number of equal parts, from different vertices or
points.258 For example, suppose it is required to divide the last figure of this proposition
into 5 equal parts. We will cut a part equal to one fifth of the figure. Then from the
larger part comprising 54 of the whole figure, from any vertex or point, we will subtract
a fourth part. Then, one third from the larger part of this subdivision, and finally
one half of the remaining part from this last subdivision. By this process, the whole
figure will have been divided into 5 parts. It is no different for a line AB.259 If we
are required to divide the line into 7 equal parts we will accomplish this if at first we
subtract a seventh part AC, then CD that is 61 of the remaining line CB, and from
the remaining DB a fifth part DE, and from the remaining EB a fourth part EF , and
from the remaining F B a third part F G. And finally we will divide the remaining line
GB equally in H, that is take away the half GH from it.
We will accomplish this more easily by this method when from the given vertex
or point, it is possible for lines to be drawn to all the vertices (the two neighboring
vertices excepted) that intersect none of the sides of the figure. We will cut the whole
line whose segments will be proportional to the triangles of the figure into as many
equal parts as are required in the division of the figure. For if
[253]
the bases of the triangles opposite the given vertex or point are put in correspondence
with the segments of the line, and we draw the lines from the given vertex or point
to the division points, what is proposed is accomplished. If the second figure of our
proposition260 must be divided into 5 equal parts, let us divide the line GI into 5 equal
segments GH, Hb, ba, aK, KL. And since the first point H falls in H, the triangle
ABC will be the fifth part of the figure a since GH is to HL as triangle ABC is to the a Prop. 1
remaining part of the figure. Next, we will cut the base of the second triangle in d, as of this book.
the second line HI is cut in b, and the base of the third triangle in e as the line IK is
cut in a. And we draw the lines Ad, Ae. Because the fourth point K falls in K, the
end of the fourth line IK, the figure will be divided into 5 equal parts, ABC, ACd,
AdDe, AeE, AEF . b because these parts are proportional to the parts GH, Hb, ba, b Prop. 1
of this book
AK, AL.261
And it will not be difficult to accommodate this same process to irregular figures
such as the last one of this proposition. If that figure is to be divided into three equal
parts, for example, the line LT must be divided into three equal parts La, ab, bT . And
the base DE of the fourth triangle is to be divided in d, in the same way that the fourth
258

That is, provided it can be subdivided into triangles all having at least one exterior edge.
A rather uninformative figure showing a line AB divided into 7 equal parts has been omitted here.
260
See figure from page [249]; note that d, which is missing in the figure, is meant to be the endpoint
of the dotted line from A intersecting the side CD.
261
The figure from page [249] is repeated here, but we have omitted it.
259
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line OP is divided in a. Next, the base of KI of the sixth triangle should be divided
in f as the sixth line QR is divided by b and the line Kd should be drawn. Then from
the vertex F , to the opposite base KI draw the line F f . The three parts of the figure
ABCDdKA, KdEF f K, f F GHIf will be equal c because they are proportional to the c Prop. 1
of this book.
lines La, ab, bT . And the procedure is the same for other figures.262
PROBL. 4. PROP. 5.
To divide a given rectilinear area in a given ratio, by a line parallel to a given line, so
that the first term in the ratio corresponds to a chosen part.
First, suppose a triangle ABC is to be divided into two parts by a line parallel to
the side BC, so that the part toward A is to the rest as a given ratio D is to E. Let
either one of the two sides that will not be parallel to the dividing line, for example
AC, be divided in F , so that AF is to F C as D is to E. Starting from the vertex A,
toward which the first term in the ratios must lie,
[254]
let a mean proportional AG between the whole side AC, and the part AF that terminates in A (opposite to which the parallel line must be drawn) be found. And through
G let the line GH parallel to BC be drawn. I say that this parallel will solve the
problem, that is, the triangle AGH is to the trapezoid BCGH as D is to E. a For a Cor. Book
the triangle ABC is to the triangle AGH as AC is to AF , because the three lines AC, VI, Prop. 19.
AG, AF are in continued proportion and the triangles ABC, AGH on AC and AG are

Figure 155: [254]

similar and similarly placed. By conversionem rationis, the triangle ABC will be to
the trapezoid BCGH as AC is to F C. Therefore, dividendo, the triangle AGH is to
the trapezoid BCGH as AF is to F C, that is, as D is to E, which is what we required.
Let us also deduce this as follows. b Since the triangle ABC is to the triangle AGH as b Cor. Book
AC is to AF , dividendo, the trapezoid BG will be to the triangle AGH as F C is to VI, Prop. 19.
AF . And convertendo, the triangle AGH is to the trapezoid BG as AF is to F C, that
is, as D is to E.
Alternatively, with one side, say BC, divided in I according to the given ratio D to
E, and having joined the line AI, c triangle ABI will be to triangle AIC as BI is to IC, c Book VI,
262

For triangles with two exterior edges, either one could be taken as the base for a proportional
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Prop. 1.

that is, as D is to E. d If therefore on BC, between the lines BA, CA, the trapezoid d Prop. 2
BG is constructed by the parallel GH, equal to triangle AIC, then as a consequence of this book.
the remaining triangle AGH is equal to the remaining triangle ABI. e From this, the e Book V,
triangle AGH will be to the trapezoid BG as triangle ABI is to triangle AIC, that Prop. 7.
is, as BI is to IC, or as D is to E. The previous way is quicker; nevertheless it seems
good to explain this other way as well because it is very general and it works in all
multi-sided figures, as will become clear later.
Similarly, we will accomplish what is required if the first term of the given ratio is
required to contain the side BC, to which the line to be drawn is parallel. For having
divided AC again in K according to the ratio D to E, so that the first term in the
ratio starts with BC, between the whole AC and its part AK, which is the second
term in the ratio, let a mean proportional AL be found, and draw a parallel LM to
the side BC through L. I say this parallel accomplishes the desired construction, that
is, the trapezoid BL is to the triangle ALM as D is to E. f For triangle ABC is to f Cor. Book
triangle ALM as CA is to AK, since the three lines AC, AL, AK are in continued VI, Prop. 19.
proportion, and the triangles ABC, ALM on AC and AL are similar and similarly
placed. Dividendo, the trapezoid BL will be to the triangle ALM as CK is to AK,
that is, as D is to E, which is what was required. This can also be accomplished by
the following general alternative, although not as expeditiously. For having divided
[255]
any one side, say BC, in I according to the given ratio D to E and joined the line
AI, a the triangle ABI will be to the triangle AIC as BI is to IC, that is, as D is a Book VI,
to E. b If therefore on BC, between the lines BA and CA, a trapezoid BL equal to Prop. 1.
the triangle ABI is constructed by the parallel LM , which is the first term, then the b Prop. 2
remaining triangle ALM will be equal to the remaining triangle AIC. c From this it of this book.
follows that the trapezoid BL will be to the triangle ALM as the triangle ABI is to c Book V,
Prop. 7.
the triangle AIC, that is, as BI is to IC, or as D is to E.
But if it is required to divide the triangle ABC in a given ratio D to E, by a line
parallel to a given line F , if that line is parallel to one side, then we divide the triangle
in the given ratio by a line parallel to that side as we have laid out, whether the first

Figure 156: [255]

term in the ratio must contain the vertex opposite that side, or that side itself. What
is required will have been done d since the line parallel to the side is also parallel to
division, drawing a line from the opposite vertex.
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d

Book 1,
Prop. 30.

the given line.
If the given line is not parallel to any of the sides, let a line be drawn parallel to it
and falling inside the triangle from any vertex; such as BG [in the figure]. If therefore
the first term of the ratio is to be constructed in the direction of A, we will cut the
side AC in H in the given ratio D to E. First, since the point H falls between G
and C, let a mean proportional CI be found between GC and its part CH ending in
the vertex C opposite the parallel BG. Let IK be drawn through I parallel to BG
or to F . I say this solves the problem, that is, that the trapezium ABKI is to the
triangle IKC as D is to E. e For (having drawn the line BH), the triangle GBC is to
triangle IKC, as GC is to CH, since GC, CI, CH are in continued proportion, and
the triangles are similar and similarly placed. But also f the triangle GBC is to the
triangle HBC as GC is to CH. g Hence the triangles IKC and HBC will be equal.
And therefore, the remaining trapezium ABKI will be equal to the remaining triangle
ABH. h Therefore the trapezium ABKI will be to the triangle ICK as the triangle
ABH is to the triangle HBC, that is as AH is to HC, or as D is to E. This is what
we had to do.
Next, suppose the point L (we take the given ratio E to D and divide AC in L
according to that ratio) falls between A and G. Then having found a mean proportional
AM between GA and its part AL ending in the vertex A opposite the parallel BG,
and drawn M N parallel to BG and F , I claim this solves the problem, that is, that the
triangle AM N is to the trapezium M N BC as E is to D. For joining the line BL, i the
triangle ABG is to the triangle AM N as AG is to AL, since the three lines AG, AM ,
AL are in continued proportion and the triangles are similar and similarly placed. k
But
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as AG is to AL, so is the triangle ABG to the triangle ABL. a Hence the triangles
AM N and ABL will be equal and the remaining trapezium M N BC will be equal to
the remaining triangle LBC. b Because of this AM N will be to the trapezium M N BC,
as the triangle ABL is to the triangle LBC, c that is, as AL is to LC, or E is to D.
This is what we had to do.
If the division point were to fall in G, which would happen if the ratio O to P were
given, the same parallel BG would still solve the problem d since the triangle ABD is
to the triangle GBC as AG is to GC, that is, as Ois to P . e And if the first term must
contain C and the given proportion is P to O, the triangle CBG will also be to the
triangle ABG as CG is to GA, or as P is to O.
Alternatively, with one side, for example AC, divided in H according to the given
ratio D to E, and the line BH drawn, assuming point H falls between G and C, let a
trapezium BI be constructed on GB, between the lines BC and GC, by the parallel
IK, equal to the triangle BGH. The whole trapezium ABKI will be equal to the
whole triangle ABH and hence the remaining triangle IKC is equal to the remaining
triangle BCH. g Whence the trapezium ABKI will be to triangle IKC as triangle
ABH is to triangle BCH, h that is, as AH is to HC, or D is to E.
Again, with AC is divided in L according to the given ratio E to D, and the line BL
joined, assume point H falls between A and G. Let a trapezium BM be constructed on
BG, between the lines BA and GA by the parallel M N , i equal to the triangle BGL.
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Hence the whole trapezium M N BC will be equal to the whole triangle LBC and the
remaining triangle AM N will be equal to the remaining triangle ABL. k As a result,
triangle AM N will be to trapezium M N BC as triangle ABL is to triangle LBC, l
that is, as AL is to LC, or E is to D. This is what we had to do.
We will make the construction in the same way if the first term of the ratio must lie
in the direction of C. With the side CA divided in L in the given ratio D to E, since the
point L falls between A and G, let us find a mean proportional AM between GA and
AL, and draw M N parallel to BG. Indeed I say this accomplishes the construction,
that is, that the trapezium M N BC is to the triangle AM N as D is to E. m For
(having drawn the line BL), triangle ABG is to triangle AM N , as AG is to AL, since
AG, AM , AL are in continued proportion, and the triangles are similar and similarly
placed. n But AG is to AL as the triangle ABG is to the triangle ABL. o Hence the
triangles AM N and ABL will be equal, as will be the remaining trapezium M N BC
and the remaining triangle LBC. p Therefore the trapezium M N BC will be to the
triangle AM N as the triangle LBC is to the triangle ABL, that is, as CL is to LA, or
as D is to E.
If the given ratio is E to D, and CA is divided at H in that ratio, drawing BH,
since the point H falls between G and C, let us find a mean proportional CI between
GC and CH and draw IK through I parallel to BG. I claim this accomplishes the
construction, that is, that the triangle CIK is to the trapezium IKBA as CH is to
HA, or E is to D. For drawing the line BH, q CBG is to the triangle CIK as CG is
to CH since the three lines CG, CI, CH are in continued proportion and the triangles
are similar and similarly
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placed, a But as CG is to CH, so is the triangle CBG to the triangle CBH. b Hence
the triangles CIK and CBH will be equal and the remaining trapezium IKBA will
be equal to the remaining triangle HBA. c Therefore the triangle CIK will be to the
trapezium IKBA as the triangle CBH is to the triangle HBA, d that is, as CH is to
HA, or E is to D. This is what we had to show.
The same will also be done differently if, with the division point L lying between
A and G, e a trapezium GN is constructed equal to the triangle BGL using a parallel
M N . With the division point H lying between G and C, on the other hand, let a
trapezium BI be constructed equal to the triangle GBH, using a parallel IK, and so
forth.263
[Moving beyond triangles], suppose a quadrilateral ABCD must be divided into
two parts by a line parallel to the side CD, so that the part toward A is to the rest in
a given ratio E to F . By the discussion in the scholium to Book II, Proposition 14 of
Euclid, or by what we have set out in Number 4 of Chapter 4 of Book IV of this work,
let a square GHIK equal to the quadrilateral ABCD be constructed, the side GK be
cut in L in the given ratio E to F , and through L let LM parallel to GH be drawn.
Next, on CD, between the lines CB and DA, f let DO be a quadrilateral, equal to the
rectilinear figure LI, with one side N O parallel to the side CD. And in fact if the point
O falls in the side CB, or in B itself, the line N O will accomplish the construction.
263

The figure from page [255] is repeated at this point. We have omitted it here.
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For the square GI is equal to the whole quadrilateral AC, the rectangle LI taken away
is equal to the quadrilateral DO taken away, and and the remaining rectangle GM is
equal to the remaining rectilinear figure AN O. g For this reason, AN O will be to DO
as GM is to M K, h that is, as GL is to LK, or E is to F . This is what was to be done.
Suppose the point O falls in the side CB, produced. (This will happen if the given
ratio is Q to R.264 With GK divided at S in the given ratio Q to R, and ST drawn
parallel to the side GH, if on CD, between the lines DA and CB, a quadrilateral i DO
is made equal to the rectangle KT , then O will fall beyond B and the parallel N O will
cut the side AB in P .) k Let us construct on N P , between the lines N A and P A, by
a parallel V X, a trapezoid N V equal to the triangle BOP . Then we will have done
what was required. For adding in the common rectilinear figure CDN P B, the whole
figure CDXV B will be equal to the whole figure DO, that is to the whole rectangle
KT . And the remaining triangle AV X will be equal to the remaining rectangle GT . l
Whence, the triangle AV X will be to the rectilinear figure CDXV B as GT is to KT ,
m that is, as GS is to SK, or Q is to R. This is what we had to do.
With the same reasoning, we solve the problem if the first term of the ratio

g

Book V,
Prop. 7.
h

Book VI,
Prop. 1.
i

Prop. 2
of this book.
k

Prop. 2
of this book.

l

Book V,
Prop. 7.
m
Book VI,
Prop. 1.

[258]
which is to be established is in the direction of CD. Let the given ratio be F to E or
Q to R. Therefore, with the side KG of the square GI which was made equal to the
quadrilateral divided in L in the given ratio F to E, or in S in the ratio R to Q, and

Figure 157: [258]
a parallel LM , or ST drawn, a if on CD, between the lines DA, CB, we construct a a Prop. 2
figure DO, equal to the rectangle KM , or a figure CDXV B, equal to the rectangle of this book.
KT , with a parallel N O or XV , then as was said just now, the problem will clearly be
solved.
However, if the same quadrilateral ABCD must be divided by a parallel to some
other line Y in the ratio E to F , so that the first term in the ratio is in the direction of
A, if the given line Y is parallel to one of the sides, we will divide the given quadrilateral
264
See figure on the next page, [258]. But note that there are several points labeled N corresponding
to the different cases considered.
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in the given ratio by a line parallel to that side, and hence to Y , as we have written
before. But if none of the sides is parallel to Y , we will draw, starting from any vertex,
say C, a parallel CZ to Y that lies within the quadrilateral. And from the square
GI (to which the whole quadrilateral is equal), let us take a rectangle Kd equal to
the triangle CDZ or other figure removed. (This will be done if a square equal to the
triangle, or rectilinear figure, CDZ, is made whose side is a, and a third proportional
Kb is found for the two sides KI and a. With a parallel bd drawn to KI, b the rectangle
Kd will be equal to the square with side a, hence to the figure CDZ.) And if indeed
the parallel bd falls between KI and LM , c we will construct on CZ, between the
lines CB, ZA, a figure CaeZ, equal to the rectangle bM , whose side ae is parallel to
CZ, that is, to the given line Y . What is required will then be accomplished. For the
whole figure CDea will be equal to the whole rectangle KM , and because of this the
remaining part ABae will be equal to the remaining part GM . d Hence, ABae will be
to eacD as GM is to KM , e that is, as GL is to LK, or as E is to F . If the parallel
bd coincides with the line LM , the line CZ will accomplish the construction because
since KM and the figure CDZ are equal, the remaining rectangle GM is equal to the
remaining figure ABCZ. f From this ABCZ will be to CDZ as GM is to KM , g that
is, as GL is to LK, or as E is to F . If, finally, the parallel bd falls between LM and
GH, the figure or triangle CDZ will be greater than the rectangle KM . h If, therefore,
on CZ, between the lines CD, ZD, a rectilinear figure Cm is constructed, equal to the
rectangle Ld, the remaining figure Dlm will be equal to the remaining rectangle Gd,
and hence

b

Book VI,
Prop. 17.
c

Prop. 2
of this book.

d

Book V,
Prop. 7.
e
Book VI,
Prop. 1.
f

Book V,
Prop. 7.
g
Book VI,
Prop. 1.
h

Prop. 2
of this book.

[259]
the remaining mlCBA will be equal to the rectangle KM . a Therefore ABClm will a Book V,
be to lmD as GM is to KM , that is, as GL is to LK, or as E is to F . This is what Prop. 7.
was to be done.
In the same straightforward way, we will cut any other figure, with any number of
sides, by a line that is parallel to one of the sides,
or to any other line. Suppose it is required to cut
a heptagon ABCDEF G, of whatever sort, by a line
parallel to the side AG, into two parts, so that the part
towards D has the ratio M to N to the rest. With a
square HIKL constructed equal to the heptagon, by
the scholium to Proposition 14 in Book II of Euclid,
or by what we have written in Number 4 in Chapter 4
of Book IV of this work, and the side HI divided in O
b
in the ratio M to N , draw OP parallel to HL. b Let
Prop. 2
of
this book.
a rectilinear figure AGQR be constructed on the line
AG, between the lines AB, GF , equal to the rectangle
IP , and having the side QR parallel to AG. And since
c
QR falls outside F , B, c by a line V X parallel to ST ,
Prop. 2
of this book.
we will construct again on the line ST , between the
Figure 158: [259]
lines SC, T E, an equal rectilinear figure with triangles
F QT , BRS extending outside the heptagon. We claim
that this will accomplish what is required. For since
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the figures AGQR, and hence ABV XF G, are equal to the rectangle IP , the remaining
part DEXV C will also be equal to the remaining rectangle OL. d Therefore, DEXV C
will be to ABV XF G as OL is to IP , e that is, as HO is to OI, or as M is to N –what
was to be done.
If the side of the figure cut off from the heptagon must be parallel to some line Y
which is not parallel to any of the sides of the heptagon (if it were, we would solve the
problem as was described before), with GZ drawn from the vertex G parallel to Y , that
falls in the figure, f we will construct, on IK, a rectangle hK equal to AGZ. This will
be done if a square equal to AGZ is made, whose side is l, and a third proportional Ih
is constructed for IK and l. For with hi drawn parallel to IK, g the rectangle hK will
be equal to the square with side l, that is, to AGZ. h Then, on the line GZ, between
lines GF , ZB, we will construct a rectilinear figure GZba with the parallel ba, equal
to the rectangle hP . i For if a rectilinear figure degf that is equal to the triangles
Bbe, F ad is made by the parallel f g to de, within the lines eC dE, then what was
required in the problem will have been done, which is clear from what has been said.
The process is entirely the same in other rectilinear figures, no matter how irregular,
but with the property that it is possible to cut off a portion equal to a given figure
by a line parallel to a given line. This cannot always be done in figures with some
angles directed inwards and some angles directed outwards, as we said at the end of
Proposition 2 of this book. The construction itself of the problem will clearly teach us
this.
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SCHOLIUM.
It will therefore be possible to divide any rectilinear figure into any number of equal
parts by lines that are equidistant from any given line. If, for instance, a given figure
is to be divided into 8 equal parts by lines parallel to a given line, we will divide it
first into two parts having the ratio 1 to 7. Then the first part will be 81 of the whole
figure. Then, we will cut the second part in the ratio 1 to 6 so that the first part of this
division will be 17 of the part it was divided from, that is 18 of the whole figure. With
the part it was divided from, it makes 87 of the whole figure. After this, we will divide
the second part of the last division in the ratio 1 to 5, and the second part of that
division in the ratio 1 to 4. And so forth, reducing until we arrive at the point where
it is necessary to cut in the ratio 1 to 1, that is, into equal parts. It will be possible to
carry out the same process that we have explained in the scholium to Proposition 4. If,
for instance, the side HI of the square, constructed to be equal to the given figure, is
cut into as many equal parts as the figure is to be divided, the figure is divided in the
same ratio as the first part of the side HI to the remaining parts, and then so forth.
And this is the end of our discussion of geodesy including the division of all rectilinear figures. In the following, a few particular examples of divisions of figures will be
discussed because of their precise and keen proofs and because they have been handed
down by erudite geometers such as Leonardo Pisano,265 Brother Luca Paccioli,266 and
265
Italian mathematician also known as “Fibonacci,” ca. 1170–ca. 1240. His Liber Abaci helped to
popularize the use of Hindu-Arabic numerals in Europe. He also authored De Practica Geometriae, an
early treatment of practical geometry that Clavius certainly knew.
266
Italian Franciscan friar and mathematician, 1447–1517. His Summa de arithmetica, geometria,
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How to divide
a given figure
by parallel
lines into
any number of
equal parts.

Niccolo Tartaglia.267 To prove them geometrically, a few preliminary theorems are
necessary, of which the first is this.
THEOR. 2. PROP.. 6.
If two equal triangles have a common side and are directed oppositely, the line joining
the vertices opposite the common side will be bisected by the common side.
Let the two equal triangles be ABC, ABD, having the common
side AB and directed oppositely. I say the line CD joining the
opposite vertices C, D is bisected at E by the common side
a
AB. a For since the triangle ACE is to the triangle ADE and
Book VI,
b
Prop. 1.
the triangle BCE is to the triangle BCD as CE is to ED,
b
triangle ACE will be to triangle ADE as triangle BCE is to
Book V,
c
Prop. 11.
triangle BDE. Therefore, the triangles ACE, BCE together
c
Book V,
(that is, the whole triangle ABC) is to the triangles ADE,
Prop.
12.
BDE together (that is the whole triangle ABD) as CE is to
Figure 159: [260]
ED.
But ABC and ABD were assumed equal, so CE and ED are
equal, and CD is bisected at E. This is what was to be shown.
[261]
THEOR. 3. PROP. 7.
If in a triangle a line is drawn parallel to a base and the endpoints of the parallel lines
are joined each to each, then the segment of each of these lines starting at the vertex
will have the same ratio to the remaining part as the side divided by that line has to
the part above [the point of intersection]. Moreover, the line from the third vertex
through the point of intersection of the aforementioned lines will bisect each of the
parallel lines.
In the triangle ABC, let DE be drawn parallel to the base BC, and join BE, CD,
intersecting in F . I say that BF is to F E as AC is to AE, and CF is to F D as AB
is to AD. Moreover, joining AF , this line bisects the parallels DE, BC in G and H,
respectively. a For since triangles BDC, CEB are equal, with the common BF C taken
away, the remaining triangles BDF , CEF , will also be equal. b Now BD is to DA as
CE is to EA. c But as BD is to DA, so triangle BF D is to triangle AF D. And as
CE is to EA, so triangle CF E is to triangle AF E. It will also be true that triangle
BF D is to triangle AF D as triangle CF E is to triangle AF E. Since triangle BF D has
been shown to be equal to triangle CEF , d triangle AF D will also be equal to triangle
AF E. e Therefore DE is bisected in G, f and the parallel BC is bisected in H. g And
therefore AF B has the same ratio to the equal triangles AF D, AF E, so AF B is to
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proportioni e proportionalita included a treatment of practical geometry. He also helped to popularize of this book.
double-entry bookkeeping.
267
Italian mathematician, ca. 1500–1557. “Tartaglia” (“the stammerer”) was a nickname; his actual
name was Niccolo Fontana. He is best known today for his solution of cubic equations in radicals, but
he also published a Latin translation of Archimedes and an Italian translation of Euclid. His General
Trattato di Numeri et Misure contained extensive discussions of practical arithmetic and geometry.
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Figure 160: [261]

AF D, as AB to AD. h And as AF B is to AF E, so BF is to F E. Also, BA is to AD, h,i,k Book VI,
and AC is to AE, as BF is to F E. By the same reasoning AB will be to AD, or AC Prop. 1.
will be to AE, as CF is to F D. This clearly follows since i CF is to F D, as CEF is
to DEF , that is, as BF D, the same as CF E, equal to the same DEF , k that is, as
BF is to F E. This is what we had to show.
THEOR. 4. PROP. 8.
If in a triangle lines are drawn from two vertices to the midpoints of the opposite sides,
the line from the remaining vertex through their intersection will bisect the remaining
side. The segment of any one of these lines starting from the vertex will be twice the
remaining segment. Finally, the lines drawn from the intersection to the vertices divide
the whole triangle into three equal triangles.268
In the triangle ABC of the previous proposition,269 let the two lines BE, CD bisect
the sides AC, AB in E, D, and intersect each other in F . I say that the line AF will
also bisect the side BC in H, &c. l For the line DE will be parallel to BC, since it l Book VI,
cuts the sides AB, AC, proportionally, in fact into equal parts. m For this reason, AF Prop. 2.
m
Prop. 7
will bisect both parallels DE, BC, and this was the first statement to be proved.
of this book.

[262]
Next, a since AB is to AD as CF is to F D, but AB is twice AD, so CF will also be a Prop. 7
twice F D. By the same reasoning, also BF is twice F E and AF is twice F H. This is of this book.
the second statement.
Finally, b since AF is to F H as triangle AF B is to triangle BF H, but AF has been b Book VI,
shown to be twice F H, triangle AF B will be twice triangle BF H. But the triangle Prop. 1.
BF C is also twice triangle BF H. c since BF H, CF H are equal. Hence AF B, BF C c Book I,
will also be equal. In the same way, triangle AF C will be equal to triangle BF C, and Prop. 38.
hence all three triangles AF B, BF C, CF A will be equal. This is the third statement.
COROLLARY.
And hence a point in a triangle, from which the three lines to the three vertices
divide the triangle into three equal triangles is easily found. For such a point is the
268
269

The intersection of the two medians is the centroid of the triangle.
The figure from the previous proposition is repeated here, but we have omitted it.
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point F in the triangle in question, where the two lines drawn from any two of the
vertices to the midpoints of the opposite sides intersect, as we have shown in the third
part of this proposition.
THEOR. 5. PROP. 9.
In a triangle, if a line is drawn cutting any two of the sides, the whole triangle will be
to the triangle cut off as the rectangle contained by the two sides of the whole triangle
cut by the line is to the rectangle contained by the two sides of the triangle that is cut
off that are segments of those two sides.
In the triangle ABC, let the line DE cut sides AB, AC in D, E. I say that
the rectangle contained by AB, AC is to the
rectangle contained by AD, AE as the triangle ABC is to the triangle ADE, having the common angle A.
By Proposition 4 of the Scholium to Proposition 23
of Book VI of Euclid, the triangles will
Figure 161: [262]
have this ratio.
This is what was to be
shown.

PROBL. 5. PROP. 10.
To divide a triangle into any number of equal parts from a point on one of its sides.
In the fourteenth proposition of the scholium to Proposition 33 of Book VI of Euclid,
we presented the rule by which a triangle is divided into two parts in a given ratio and
how to produce the required parts. If therefore a triangle must be cut into any number
of equal parts from a point on one of its sides
[263]
the side containing the given point must be divided into as many equal parts as the
triangle [using the ratios outlined in the scholium to Proposition 3 of this book].270 If

Figure 162: [263]
the triangle ABC is to be divided into five equal parts, let us divide BC, in which
270

Clavius outlines this general procedure again here, but we have not translated it.
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the point D lies, into five equal parts in the points E, F , G, H. Having drawn the
line DA, let us draw parallels EI, F K, GL, HM to it. If the lines DI, DK, DL,
DM are drawn, the triangle is divided into five equal parts. For as was shown in the
aforementioned Proposition 14 of the scholium to Proposition 33 of Book VI of Euclid,
the triangle DBI is 15 of the whole triangle, that is, DBI is to ABC as BE is to BC.
The triangle DBK will contain 52 of the whole triangle, that is DBK is to ABC as
BF is to BC. And triangle DBL contains 35 of the whole triangle, that is, DBL is to
ABC as BG is to BC. Finally, the quadrilateral ABDM contains 45 of the triangle,
that is, ABDM is to ABC as BH is to BC, from which it follows that the remaining
DM C is 15 of the same triangle ABC.
When the given point is at a vertex, it is clear that if the opposite side is divided
into as many parts as the triangle must be divided, then a the lines from the vertex to a Book VI,
Prop. 1.
the points of the division cut the triangle into the proposed number of equal parts.
PROBL. 6. PROP. 11.
To divide a triangle into any number of equal parts by lines parallel to one side.
For example, suppose it is required to divide the triangle ABC into four equal parts
by lines parallel to the side BC. Let either one of the remaining sides, say AB, be

Figure 163: [263]

divided into 4 equal parts (the same number as is required for the triangle) in points
D, E, F . Between AB, AD, find a mean proportional AE,
[264]
between AB and AE find a mean proportional AG, and finally between AB, AF find a
mean proportional AH. Let the lines EI, GK, HL be drawn parallel to the side BC.
I say these lines divide the triangle into 4 equal parts. a For since the triangle ABC is a Cor. Book
similar to AEI, b the triangle ABC will be to the triangle AEI as AB is to AD, since VI, Prop. 4.
the three lines AB, AE, AD are in continued proportion. AD is a fourth part of AB, b Cor. Book
VI, Prop. 19.
hence AEI is also a fourth part of the triangle ABC.
c In the same way, we will show that triangle ABC is to triangle AGK, as AB is c Cor. Book
to AE, because AB, AG, AE are in continued proportion. Since AE contains 24 of the VI, Prop. 19.
line AB, the triangle AGK will contain 24 of the triangle ABC. In the same way, since
AEI is 14 of the triangle ABC, as we have shown, EIKG will be 14 of the same triangle
ABC. Finally, by the same reasoning, triangle ABC will be to triangle AHL as AB is
257

to AF since AB, AH, AF are in continued proportion. And triangle AHL will make
up 34 of triangle ABC, because AF contains 43 of AB. In the same way, BHLC will be
1
4 of the triangle ABC, &c.
PROBL. 7. PROP. 12.
To cut a triangle into two equal parts by a line through a given exterior point.
From the given point D outside triangle ABC, it is required to draw a line bisecting
the triangle. Having drawn the line DA intersecting BC, the opposite side to A, in
E, if BC is bisected by E, then what was demanded will have been done, d since then
the triangles ABE and ACE are equal. If BC is not bisected at E, let the segment
CE be larger, let a parallel DF be drawn to it, meeting the side AC, produced, in
F . With AC bisected in G, let a fourth proportional CH be found for the three
lines DF , BC, CG. e The rectangle contained by DF and CH will be equal to
the rectangle contained by BC, CG. This is half of the rectangle contained by BC,
CA, f since the rectangle contained by BC and CA is twice the rectangle contained
by BC and CG. Next, let L be a mean proportional between F C and CH g so
the square on L is equal to the rectangle contained by F C and CH. Let HI be
added to CH so that the rectangle contained by the whole
CI and the added part HI is equal to the square on L, or
to the rectangle contained by F C and CH, in the way we
have written at the end of the scholium to Proposition 36 in
Book III of Euclid. Let the line DI be drawn, cutting BC
in K. I say the line DI cuts the triangle ABC into two
equal parts ABKI and IKC. Since by construction the
rectangle contained by CI and IH is equal to the rectangle
contained by CF and CH, h CI will be to CF , as CH to
Figure 164: [264]
IH. And convertendo, CF is to CI, as IH is to CH.
Componendo, IF is to CI, as CI is to CH. i But as IF is
to CI, as F D is to CK. Therefore, F D will also be to CK as CI is to CH. k Hence
the rectangle contained by F D and CH will be equal to the rectangle contained by
CK, CI. The rectangle contained by F D and CH was, by construction, equal to one
half of the rectangle contained by BC and CA. Therefore the rectangle contained by
CK and CI will also be equal to one half of the rectangle contained by BC and CA.
Hence the rectangle contained by CK and CI is to the rectangle contained by BC and
CA l as the triangle CKI is to the triangle ABC. Therefore the triangle CKI will
also be equal
[265]
to half of the triangle ABC, hence the quadrilateral ABKI, the remaining part of the
triangle ABC, will be equal to the triangle CKI. This is what was to be done.
By the same reasoning, if we take CG to be 31 or 14 or any other part of the side
AC, and do the same as above, we will obtain by a line drawn through D a part of the
triangle ABC equal to 31 , or 14 , etc. of the whole, the same part that CG is of AC, as
is clear.
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Leonardo Pisano and Niccolo Tartaglia solve this same problem, when the given
point outside the triangle lies on one side of the triangle produced (as is true for F ),
and also when the given point lies between two sides produced (if the triangle were
AEC, a point lying between D and B would exist such that only by drawing the line
through E would it be possible to obtain a line intersecting the side AC but not the
other sides through A or C. Because these things are more complicated than they are
useful, the necessary work is omitted. Anyone who desires to see them will be able to
read the aforementioned authors. For the same reason, we refrain from discussing the
problem when the given point is inside the triangle (the same authors try to solve this
as well) since it is not always possible to draw such a line bisecting the triangle, as is
consistent with experiment.271
PROBL. 8. PROP. 13.
To divide a given parallelogram in any number of equal parts by lines parallel to two
opposite sides.
Suppose parallelogram ABCD must be
parts by lines parallel to the sides AB, DC.
Having divided either one of the two remaining sides, say BC, into three equal parts (the
same number as required for the parallelogram)
in points E, F , let EG, F H be drawn parallel to AB, DC.
What was required will
have been done, a since the parallelograms AE,
EH, HC are equal because of their equal
bases.

divided

into

three

equal

Figure 165: [265]

COROLLARY.
And hence if 12 , or 31 , or 34 , or any part or parts of the side are taken away, and
from their endpoints, lines parallel to the side AB are drawn, then the same part or
parts will be taken away from the whole parallelogram. For you see that AE is the
third part of the parallelogram AC in the same way that BE is the third part of the
side BC, and so on.
PROBL. 9. PROP. 14.
To divide a given parallelogram into two equal parts by a line drawn through a given
point, either outside, inside, or on some side.
[266]
271

Clavius’s claim here is not correct. The lines bisecting a triangle are the tangents to a “deltoid”
curve, made up of three arcs of hyperbolas. Those hyperbolas are tangent in pairs at the midpoints of
the medians of the triangle, and each has a pair of sides of the triangle as asymptotes. By considering
those tangents, it can be seen that there are such lines passing through every point inside the triangle.
See Dunn and Pretty, Halving a Triangle, Math. Gazette, 56, Issue 396, May 1972, 105–108.
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a

Book VI,
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First, say we are required to bisect the parallelogram ABCD by a line
drawn through an exterior point E. Having drawn the diameter
BD and bisected it at F , let the line EH through E, passing
through F be drawn. I say this line bisects the parallelogram.
Actually, we have shown in the scholium to Proposition 34 in
Book I of Euclid that the line GH bisecting the diameter BD
in F will bisect the parallelogram. The same will be done if
the line IK bisecting the sides AD, BD is cut at its midpoint
F , and the line EF is extended from F (this is true because
Figure 166: [266]
a
IK cuts the diameter at its midpoint, that is, at F ). a Because
Book I,
Prop. 29.
the angles IDF , F ID, are equal to the alternate angles KBF ,
F KB, and the adjacent sides ID, KB are equal, b the sides DF [and BF ] as well as b Book I,
Prop. 26.
IF , KF are equal among themselves.
In the same way, from an interior point L, or from a point G in the side BC, the
line LF or GF will divide the parallelogram into two equal parts.
PROBL. 10. PROP. 15.
To find two mean proportionals between two given lines approximately.272
Having presented our treatment of geodesy in the previous five propositions of this
book and the nine other propositions we have proved, looking at this material, we have
judged that something should be added, namely the augmentation and diminution of
figures in a given ratio, as we have proposed at the head of this Book VI. Just as this
cannot be done for plane figures without finding a mean proportional between two given
lines, whose construction is provided to us by Proposition 13 in Book VI of Euclid, for
solid figures, no process for this is possible without finding two mean proportionals
between two given lines. We will first report what the ancient geometers have left to us
in their writings concerning this problem. For this drove and tormented the talents of
many, although up to this day, no one will truly and geometrically have constructed two
mean proportionals between two given lines. Although they are most elegant and acute,
the solutions of Eratosthenes, Plato, Pappus of Alexandria, Sporus, Menaechmus by
means of the hyperbola and parabola, then with the help of two parabolas, and Archytas
of Tarentum will be omitted and we will explain only the four solutions from Heron and
Apollonius of Perga, Philo of Byzantium and Philoponus, Diocles, and Nicomedes. We
272

This, the closely connected problem of duplicating the cube, plus the problems of squaring the circle and trisecting an arbitrary angle (to be discussed in Books VII and VIII), were tremendous stimuli
to Greek geometry over hundreds of years. Clavius has included what might seem to be a surprising
amount of this work throughout this book. Although most of the works of the authors involved did not
survive from antiquity in their original forms, they were summarized and hence preserved in the commentary on Archimedes’ On the Sphere and Cylinder by Eutocius of Ascalon and in the Mathematical
Collection of Pappus of Alexandria. These were Clavius’s primary sources for this material. Clavius
says “approximately” (prope verum) here because solutions all involve approximations or limiting operations relying on the senses of the geometer (so-called νεῦσις constructions). Because they use more
than the traditional Euclidean straightedge and compass, they don’t exactly qualify as what Clavius
means by “geometric” solutions. Moreover, it is understood today that no such purely “geometric”
solutions are possible for the three problems mentioned above. But the methods discussed here are
sufficient for the practical applications Clavius has in mind. For more details on this context, see the
accompanying essay, On the Eclectic Content and Sources of Clavius’s Geometria Practica.
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have judged these to be more useful, easier, and less prone to error. Anyone who should
want the other methods will be able to read them in the commentary of Eutocius of
Ascalon in the second book of On the Sphere and Cylinder of Archimedes, and in the
book of Johannes Werner of Nuremburg273 on the conic sections. Let us begin here.
METHOD OF HERON274
in the introduction to the Mechanics
and Making of Missile-throwing Machines,
also discussed by Apollonius of Perga.275
Let AB, BC be two lines, between which we have to construct two mean proportionals. Let them be put together with a right angle at B and the rectangle
[267]
ABCD be completed, with diameters AC, BD, a which bisect each other in E. It would
be enough to draw only one of those diameters
and bisect it in E. With sides DA, DC extended,
it is understood that a straightedge placed at B
should be moved until it meets DA, DC produced
in points F and G such that the lines EF and EG
are equal. Or as Apollonius says, with center at E,
let several circles LI, GF , M N be described, until
the chord of the arc [cut by DA and DC extended]
of one circle passes precisely through B; of this
sort is GF . If the chord goes above B, as does the
chord LI, the circle must be described below L;
if it passes below the point B, as does the chord
Figure 167: [267]
M N , then the circle must be described above M .
And this process is repeated until some chord such
as GF contains B.276 By this reasoning, the radii
EF and EG from the center to the circumference will be equal. And let this be
constructed. I say that AF and CG are mean proportionals between AB and BC, that
is, AB is to AF , as AF is to CG, and as CG is to CB. With AD, CD bisected in
K and H, b EK, EH will be drawn perpendicular to AD, CD. c Since the rectangle
contained by DF , AF together with the square on AK is equal to the square on KF ,
with the common square on EK added, the rectangle on DF , AF , together with the
square on EA is equal to the square on EF . d This follows since the square on AK
together with the square on EK equals the square on EA e and the square on KF ,
together with the square on EK equals the square on EF . The square on EF is equal
to the square on EG, because this side is the same as EF . By the same reasoning, we
273

German mathematician, 1468–1522.
Alexandrian mathematician and engineer, ca. 10–ca. 70 CE. His mathematical works include the
Mechanica and Metrica, which can be seen as precursors of the sort of practical geometry with applications that Clavius is presenting.
275
One of the most accomplished and influential Greek geometers, ca. 240–ca. 190 BCE, best known
for his Conica, a massive study of the conic sections.
276
These are the steps using more than straightedge and compass in these solutions.
274

261

a

Schol. Book
I, Prop. 34.

b

Schol. Book
I, Prop. 26.
c
Book II,
Prop. 6.
d,e

Book I,
Prop. 47.

will show that the rectangle contained by DG, GC, together with the square on CE is
equal to the square on EG. But the square on EA is equal to the square on CE. Hence
after subtracting the common square, the remaining rectangle contained by DG, GC
is equal to the rectangle contained by DF , AF . f From this, DG will be to DF as AF f Book VI,
is to CG. g But also DG is to DF as AB is to AF . Therefore, AB will be to AF as Prop. 16.
AF is to CG: that is, AB, AF , CG are in continued proportion. h But also DG is to g Book VI,
DF as CG is to CB. Therefore also CG is to CB as AB is to AF , and hence as AF Prop. 4.
is to CG. Hence AB, AF , CG, CB will be in continued proportion. This is what was h Book VI,
Prop. 4.
to be shown.
METHOD OF PHILO OF BYZANTIUM,277
also attributed to Philoponus278
Again, in the same figure as above, we must find two mean proportionals between
the two lines AB, AC. With the rectangle ABCD and the diameter AC constructed
and the sides DA, DC produced, as above let a circle with center at E, the midpoint of
the diameter, and radius EC or EA be described. i This will necessarily pass through i Schol. Book
the corner B of the rectangle. Then, around B, let a line be moved cutting the extended III, Prop. 31.
sides DA and DC in F and G, and the circumference of the circle in O, until BG and
OF are equal.279 This will be done if many hidden lines through B are drawn. For
one of them will have the segment between DG and the circle equal to the segment
between DF and the same
[268]
circle. With these things having been accomplished, I say that AF and CG are mean
proportionals between AB and CB. For since GB and F O are equal, with the common
segment BO added to both, GO and F B will also be equal, and the rectangle contained
by GO, GB, will be equal to the rectangle contained by F B, F O. a But this is equal to a Cor. 1, Book
the rectangle contained by DG, GC, and the other rectangle is equal to the rectangle III, Prop. 36.
contained by DF , AF . Therefore, the rectangle contained by DG, GC will be equal
to the rectangle contained by DF , AF . For this reason, as in the preceding proof, we
will show that AB, AF , CG, CB are in continued proportion, as we had to show.
METHOD OF DIOCLES280
in his book On Burning Mirrors, very beautiful.
First, we give Diocles’s excellent lemma. Let a circle ABCD be described with
center at E, and with diameters AC, BD cutting each other at a right angle at the
center E.281 Next, given two equal arcs DF , DG, let CG be joined by a line, and a
line F K be drawn parallel to BD, cutting CG in H. With that done, F K and KC
277

Greek physicist and engineer, ca. 280–ca. 220 BCE.
John Philoponus, Byzantine scholar, ca. 490–ca. 570 CE.
279
This the element that goes beyond what can be done with the Euclidean tools.
280
Greek mathematician, ca. 240–ca. 180 BCE. Except for the excerpt preserved by Eutocius in his
commentary on Archimedes’ On the Sphere and Cylinder, the original Greek text of the work referred
to here is lost, but an Arabic translation has survived.
281
That is, refer to the left-hand side of the figure.
278
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Figure 168: [268]

will be mean proportionals between AK and KH. With GL drawn parallel to BD and
the lines EF , EG joined, b since the angles LEG and KEF subtend the equal arcs
AG and CF , they are equal. c The angles L and K are right, and the sides EG and
EF are equal. d Hence GL and F K are equal, as are EL and EK, and the remaining
segments AL and CK. What is more, with LK added to both, the wholes AK and
CL will be equal. e Therefore, CL is to LG as CK is to KH, and CL is to LG as AK
is to KF . And because these are equal, it will also be true that AK is to KF as CK
is to KH. f But as AK is to KF , so is KF to CK. Therefore, AK is to KF as KF is
to CK, and as CK is to KH. That is, KF , CK are mean proportionals between AK
and KH. This is what we had to show. By the same reasoning282 if it is given that
arcs DM and DN are equal, CM is joined, and N P is drawn parallel to BD cutting
CM in O, then P N and CP will be mean proportionals between AP , P O, etc.
With this lemma established, suppose we are required to construct two mean proportionals between AB and BC. Let these be placed as in the figure on the right, with
a right angle at B. With center at B, and radius equal to the larger interval BA, let
a circle AF DE be described and let AB and BC be prolonged to the circumference.
Next, with the line ACG drawn from A through C, in the quadrant DE, let a point H
be chosen in such a position that HK is parallel to EF , cutting AG in point L, and so
that the line DL makes arc EM equal to arc EH.283 By the reasoning of the lemma
given before, KH and DK will be mean proportionals between AK and KL. g And
since AK is to KL as AB is to BC, if AK is to KH as AB is to N , and KH is to DK
as N is to O, then [we claim] O is to BC as DK to KL. For AK is to KL as AB is
to BC.
[269]
The ratio AK to KL will be the triplicate ratio of AK to HK, that is, of AB to
N . But then the ratio AB to BC will also be the triplicate ratio of AB to N . And
therefore the ratio AB to N is equal to the ratio N to O, and the ratio of O to BC,
so there are three equal ratios between AB and BC. Therefore AB, N , O, BC are in
continued proportion, in the same way that AK, KH, DK, KL are. This is what we
had to show.
Now in fact, since it seemed difficult to Diocles to obtain the point H, located
282

Refer again to the left-hand side of the figure.
This step would require the same sort of use of the senses, or limiting process, used to find lines in
the previous methods.
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so that line DM cutting the line AG and the parallel HK in L would yield an arc
EM equal to an arc EH, he described a certain curved line most suitable for this, by
the following method.284 Let the circle ABCD whose center is E be described, with
diameters AC and BD cutting each other in right angles. Next, in the quadrant CD,
let any number of closely spaced points be taken along the circle, and let them be copied

Figure 169: [269]

in order into the quadrants DA and BC starting from D and B. After this, applying
a straightedge to the two points of the quadrants DC and BC the same distance from
B and D, let hidden straight lines be drawn a parallel to BD. And let hidden lines be a Schol. Book
drawn from C to each of the points in the quadrant DA, noting their intersections with III, Prop. 27.
the aforesaid parallels – for instance, the point T , where the line drawn through C and
the first point after D meets the first parallel to BD, and so forth. If all of these points
of intersection are accurately joined together by a curved line, CKT D, a figure will
have been constructed that is most apt for finding the two mean proportionals. For let
it be required to find two mean proportionals between F and G. In the diameter AC,
extended if necessary, let AH be equal to the larger line F . With the perpendicular
HP drawn, let HI, equal to the smaller segment G, be marked off. Draw AI, cutting
the curved line in K, and draw through K the parallel LM to BD. Finally, given LN
equal to LC, let the lines AN and AM be drawn, cutting HP in O and P . I say that
HP and HO are mean proportionals between AH and HI, that is, between F and G.
For the point K of the curved line is found by intersecting a line [through C] and a
point in the quadrant DA such that the arc to D is equal to the arc DM , as is clear
from the description of the curved line. By the lemma of Diocles, the four lines AL,
LM , LN , LK are in continued proportion.
[270]
a

Since these four lines are proportional to AH, HP , HO, HI, those are are also in a Book VI,
Prop. 4.
continued proportion, which is what we had to show.
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This is the construction of the curve often called the cissoid of Diocles, but Clavius does not use
that name. The following discussion refers to the figure from this page [269].
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METHOD OF NICOMEDES285
in the book on Conchoids
Nicomedes first constructed a certain instrument that describes a curved line that
he calls the conchoid. But we do not have this instrument, and we will construct the
curve point by point (which is sufficient for our purposes) as follows. Let AB be a
straight line, and let CE be perpendicular to it, with intersection point E. Let D
below E be a pole through which we will draw lines, and let C be another point above
E. In drawing lines, it will be agreed that D and C are equidistant from E. If therefore,
through D, many hidden lines are drawn, with small distance between them, and on
each one a portion equal to the line EC is marked off, with the initial point on the

Figure 170: [270]

line AB, and the other endpoints connected, a curved line called the conchoid will be
described. You have an example in the four lines DH, DG, DF , DN , in which LH,
KG, SF , BN are taken equal to EC, and the curved line passes through the endpoints
H, G, F , N . And the more hidden lines are drawn through D, the more numerous the
points are through which the curved line must pass.
It follows from the description of this line that it can never meet the straight line
AB, and that it can be produced indefinitely. For the points it passes through all lie
above the line AB and are the endpoints of segments of lines through D (b which all b Book I,
Pronounceintersect the line AB).
Nicomedes next demonstrates two remarkable properties of this curve. The first ment 11.[?]
is: Every point other than C is closer to the line AB than C is, and of the other
points, the farther the point is from C, the closer it is to the line AB. For, with any
line DG having been drawn, let the perpendicular GI be dropped. c And since KG c Book I,
is greater than GI, the perpendicular EC (equal to KG) will also be larger than the Prop. 19.
perpendicular IG. That is, the point C will be farther away from the line AB than G
is. And by the same reasoning, the point C will be farther from the line AB than any
other point. Next, assume that another point H is farther from C than point G is, and
let the perpendicular HA be dropped. I say that H is closer to the line AB than G is,
that is, the perpendicular HA is less than the perpendicular
[271]
285

Greek mathematician, ca. 280–ca. 210 BCE.
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GI. With the line DH drawn, a the angle DKE will be greater than the angle DLE,
b that is, the angle GKI is greater than the angle HLA. Therefore, since the right
angles I, A are equal, c the remaining angle G will be smaller than the angle AHL.
Therefore, if G is equal to AHM , the triangles KGI and M HA will be similar, d and
as M H is to HA, so KG is to GI. e And since LH is greater than M H, f (since angle
HM L is larger than the right angle A, g and HLM is smaller) h the ratio LH to HA
will be larger than the ratio HM to HA, that is, larger than the ratio GK to GI. And
since GK and HL are equal, the ratio HL to HA will be larger than the ratio HL to
GI, i and hence HA is smaller than GI. This is what we had to show.
The other property is the following. The conchoid never meets the line EB, but it
does meet any other line [lying above EB], no matter how close. For first let N O be
parallel to EB, cutting EC in O. Let the ratio EO to OD be equal to the ratio EC
to P . And since EO is less than EC, k OD will also be smaller than P . If therefore,
from the center D, an arc of a circle of radius equal to P is described, this will cut the
line ON in some point, say in N . I say that the conchoid CF , prolonged, will meet
the line ON in N . With the line DN (equal to P ) drawn, cutting EB in B, l EO is
to OD as BN is to N D. It was also true that EO is to OD as EC is to P . Therefore
BN and EC will have the same ratio to P , and m will be equal to each other; because
of this, the conchoid passes through N .
Next let QF be a line not parallel to EB, but cutting it in E, and directed toward
the conchoid. Because the conchoid meets the line ON , it will also meet QF in F , as
is easy to see.
After these things, Nicomedes solved a problem of the following kind.
Given any rectilinear angle, and a point outside the lines
making up the angle, to construct from this point, a line
intersecting the lines containing the given angle, so that the
portion of the line intercepted between the lines is equal to
a given line. In the same figure as before, let the lines EB,
EF contain the angle BEF , and let it be required to draw
line through D so that its portion between EB and EF is
equal to the given line R. From O, to the lower line EB, let
a perpendicular DE be drawn, and let EC be equal to the
given line R. From the pole D, and the interval EC, let a
conchoid be described, which from the second property will
meet the line EF in F . With the line DF drawn, cutting
EB in S, SF will be equal to EC, that is, to R, which is
clear from the description of the conchoid.286
Figure 171: [272]
With these things established, let AB and BC be two
lines meeting at a right angle at B, between which it is
required to find two mean proportionals. Let the rectangle AC be completed and let
its sides AD and CD be bisected in F and E. With a line drawn from B to E, cutting
the side AD, produced, in G, n DG will be equal to CB and AD. Since the angles
D, E of the triangle DEG are equal to the angles C, E of the triangle CEB, and also
the sides DE and CE are equal, the triangles are equal.287 Next, let the perpendicular
286
287

This discussion refers to the figure from page [270].
That is, they are congruent, not just equal in area.
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F H be cut in H so that AH is equal to CE. This will be done, if from the center A, an
arc of a circle with radius CE is drawn meeting the perpendicular at H. With the line
GH drawn, let AI be drawn parallel to this, and with DA produced, by the preceding
problem, let HK be drawn cutting AI and AK so that the intercepted segment IK is
equal to AH or to CE. This will be done if many (hidden) lines are drawn until one is
found with the intercepted portion equal to AH or CE.288 Finally, from K, through
B, let a line
[272]
be extended cutting DC, produced, in L. I say that AK and CL are two mean
proportionals between AB and BC. a For since LC is to CD as LB is to BK, that is, a Book VI,
as DA is to AK, and as CD is to CE, so is GA to DA (since CD, GA are bisected in Prop. 2.
E, D). By manipulating the ratios, LC is to CE as GA is to AK, [as appears in the
diagram],
LC. GA.
CD. DA.
CE. AK.
that is, as HI is to IK. Therefore, since CE and IK are equal by construction, b LC
will be equal to HI and the whole LE will be equal to the whole HK. c Next, since
the rectangle on DK, KA, together with the square on AF is equal to the square on
F K, adding the common square on F H, the rectangle contained by DK, KA, together
with the squares on AF and F H will be equal to the squares on KF and F H together.
d That is, the rectangle contained by DK, KA, together with the square on AH (or,
what is the same, the square on CE) is equal to the square on HK. e But the rectangle
contained by DL, LC, together with the same square on CE is also equal to the square
on LE. Therefore, the rectangle contained by DK, AK, together with the square on
CE is equal to the rectangle contained by DL, LC, together with the same square on
CE. Taking away the common square, the remaining rectangle contained by DK, AK
will be equal to the remaining rectangle contained by DL, LC. f Therefore, it will be
true that DL is to DK, g that is, AB is to AK, as AK is to LC. h But AB is to AK
as LC is to CB. Therefore, AK, LC are mean proportionals between AB and BC,
which is what was required.
If the given lines are too long for this construction to be feasible, it will be possible
to construct halves, or third parts, etc. and construct the required mean proportionals.
If the constructed lines are then doubled or tripled, mean proportionals between the
given lines will be obtained, which is also to be understood in the other methods.
PROBL. 11. PROP. 16.
To either increase or decrease a given plane figure or circle in a given ratio.
We have explained this problem, as it pertains to rectilinear plane figures, in Proposition 15 of the Scholium to Book VI, Proposition 33 of Euclid. We will now extend
it to circles as well. Therefore, let a rectangular figure with side AB or a circle with
288

This is the non-“geometric” feature of this solution. Clavius means to use the conchoid as in the
solution of the problem from the previous paragraph.
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diameter AB be given, and let it be required to construct a larger figure or a larger
circle in a ratio C to D, say three times larger. For the three lines C, D, AB,
[273]
let a fourth proportional E be constructed, and between AB and E, let a mean proportional F G be found. And on F G, let a figure similar to AB and similarly placed
be constructed. Similarly, let a circle be described with diameter F G. I say that the
rectilinear figure AB is the third part of the figure F G, as is the circle AB of the circle
F G. And in general, AB has the same ratio to F G as C does to D. For since the three
lines AB, F G, E are in continued proportion, a it will be true that the figure AB is to
the figure F G as AB is to E, that is, as C is to D. b Because the square on AB is to
the square on F G as the circle AB is to the circle F G, and the square on AB is to the
square on F G as AB is to E, the circle AB will be to to the circle F G as AB is to E,
or as C is to D.
Next, given a figure or circle HI, let it be required to construct a figure or circle in
the ratio K to L, for example, one third as large. For the three lines K, L, HI, let a
fourth proportional M be constructed, and between HI and M , let a mean proportional
N O be found, on which is constructed a figure similar to HI and similarly placed.
Also, let the circle with diameter N O be described. I say the ratio HI to N O is 3 to
1, the same as the ratio K to L.289 Since the lines HI, N O, and M are in continued
proportion, c the figure HI will be to the figure N O as HI is to M , that is as K is to
L. d And since the square on HI is to the square on N O, as the circle HI is to the
circle N O, it is also true that the square on HI is to the square on N O as HI is to
M . The circle HI will also be to the circle N O, as HI is to M , or as K is to L.
This establishes a method by which a round or square aperture of a fountain or
spring is to be constructed, proportionally larger or smaller than a given round or
square aperture.
PROBL. 12. PROP. 17.
To increase or decrease any solid figure among those discussed by Euclid in the books
on stereometry in a given ratio.290
Figures of this sort are parallelepipeds, pyramids, prisms, spheres, cones, cylinders,
and the five regular solids.
Let it be required first to increase a solid figure of side A or a sphere of diameter
A in the ratio B to C.291 Let a fourth proportional D be found for the three lines B,
C, A, and between A and D let two mean proportionals E, F be constructed. I say
that the solid of side A has the same ratio to the similar and similarly placed solid of
side E (the mean proportional that is closer to side A) as B has to C. And the sphere
with diameter A is to the sphere with diameter E as B is to C. The ratio of the solid
with side A to the similar and similarly placed solid with side E is the triplicate ratio
289

That is, both for rectlinear figures and circles.
Stereometry is three-dimensional geometry. The figure for this problem, which shows only line
segments illustrating the two mean proportionals, has been omitted.
291
That is, the volumes should have that ratio.
290
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a

Cor. Book
VI, Prop. 19
or 20.
b
Book XII,
Prop. 2.

c

Cor. Book
VI, Prop. 19
or 20.
d
Book XII,
Prop. 2.

of the side A to the side E, as has been shown in Books XI and
[274]
XII of Euclid. Similarly for the cone and cylinder the diameter of whose base is A to
the similar cone and cylinder the diameter of whose base is E. And it is the same for
the ratio of the sphere of diameter A to the sphere of diameter E – from Definition 10
in Book V of Euclid, this is the triplicate ratio of A to E. The solid [with diameter] A
to the solid [with diameter] E will be as A is to D, that is as B is to C, which is what
was to be shown.
Next, let it be required to decrease a solid figure of side, or diameter, D in a given
ratio C to B. Let a fourth proportional A be found for the three lines C, B, D, and
between D and A, let two mean proportionals F , E be constructed. I say that the
solid of side, or diameter D, is to the similar and similarly placed solid on the side F
(the mean proportional that is nearer to the given side D) as C is to B. For the ratio
of the solid D to the similar solid F is the triplicate ratio of the side D to the side F ,
as in Definition 10 of Book V of Euclid. Therefore the solid [with diameter] D is to
the solid [with diameter] F as D is to A, that is, as C is to B, which is what we had
to show.
This establishes the method by which a cube is not only to be duplicated (as the
ancients were seeking), but also increased or decreased in any given ratio. It also gives
the method by which bores of cannons are to be made larger or smaller according to a
given ratio.292
SCHOLIUM.
It has been demonstrated that the ratio of the volumes of [similar] and similarly
placed solid figures is the triplicate ratio of homologous, or corresponding, sides in the
following cases. The statement holds for parallelepipeds by Proposition 33 of Book XI
of Euclid; for pyramids by Proposition 8 of Book XII and its corollary; for prisms by
the scholium to that proposition; for spheres by Proposition 18 of Book XII (where the
corresponding sides are taken as the diameters); for cones and cylinders in Proposition
12 of Book XII (where the corresponding sides are taken as the diameters of the bases);
and finally for the regular solids in the Corollary to Proposition 17 in Book XII, since
indeed all these bodies can be inscribed in spheres.
Although we have stated this problem only for the aforesaid bodies, the same is true
for any other types of similar and similarly located polyhedra as well,293 as is evident
because they all can be divided into collections of similar pyramids, equal in number.
a Those pyramids have ratios equal to the triplicate ratio of the corresponding sides. b a Book XII,
And since this is true pyramid by pyramid, it is true for the whole collections, that is, Prop. 8 and Cor.
for the two solids. The corresponding sides of the solids have the same ratio as those b Book V,
Prop. 12.
of the similar pyramids, which shows the claim.
292

A practical problem might be to determine the dimensions of the cannon if the weight or volume
of the projectile is to be increased or decreased in a given ratio.
293
Clavius says aliis cuiusque generis corporibus similibus – “for similar bodies of all other sorts,” but
he is clearly thinking of polyhedra because of the argument he gives.

269

PROBL. 13. PROP. 18.
To find either one or two mean proportionals between two given numbers.294
One often needs to enlarge or diminish either plane or solid figures by means of
numbers. But this cannot be done without finding either one or two mean proportionals
between two given numbers. For this reason we will establish techniques
[275]
by which we can find these mean proportionals. Therefore, first let it be required to
find a mean proportional between two given numbers, such as 9 and 25. If these are
multiplied, the product is 225. The square root is extracted, yielding 15, as we have
taught in Chapter 26 of the Practical Arithmetic. a This square root will be the mean a Book VI,
proportional between the given numbers, since in 9, 15, 25, clearly the square on the Prop. 17, or
middle number is equal to the rectangle contained by the extremes. In the same way, VII, Prop. 20.
the mean proportional between 5 and 13 will be the square root of the number 65,
1
which is the product of the given numbers. The square root is slightly larger than 8 17
1
and slightly smaller than 8 16
.
Next, let 2 and 54 be two numbers and let it be required to find two mean proportionals between them. Since the product of the square of the smaller number and
the larger one is 216, whose cube root is 6, this will be the first mean proportional
after the smaller [of the two given numbers]. And if the square of the larger number
is multiplied by the smaller, the product will be the number 5832. The cube root 18
gives the other mean proportional standing next to the larger [of the two given numbers]. So the numbers are 2, 6, 18, 54. The reason for this is that these four lines295
are in continued proportion, and the parallelepiped on the square of either of the two
extreme terms and the other extreme term is the cube of the mean proportional that is
closer to it, as we will prove in the lemma to follow. As we have shown in the scholium
to Proposition 19 in Book VIII of Euclid, from the three numbers 2, 2, 54, the same
product is obtained if we first multiply 2 times 2 and then multiply 4 times 54, or
if we first multiply 2 times 54 and then multiply that product times 2. In the same
way, the product of the numbers 54, 54, 2 can be obtained by multiplying 54 times
54 to obtain 2916, then multiplying the product by 2, or by multiplying 54 times 2
to yield 108, then multiplying 54 times 108. It is clear, then, that if we multiply the
smaller number 2 times the larger number 54, then the product of that number and the
smaller gives the cube of the smaller mean proportional, and the product of 108 and
the larger number gives the cube of the larger mean proportional. In the same way,
between 4 and 100, the two mean proportionals will be the cube root of 1600 and the
cube root of 40000. The other mean proportional can be found, once the first one has
been found, by a different method – with one mean proportional having been found, it
is multiplied by the extreme that is farther away, and the square root of the product
is taken. In the given example 2, 6, 18, 54, if the mean proportional 6 has been found,
294

Clavius is still working within the traditional Euclidean framework where magnitudes (such as
lengths, areas, volumes) are treated separately from numbers. Because this is practical geometry,
Clavius uses numbers to represent magnitudes, but the distinction persists.
295
That is, lines of these lengths in some units.
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and that is multiplied by 54, the product will be 324, whose square root is the other
mean proportional 18. In the same way, if 18 has been found, the product 2 times 18
is 36, whose square root is 6, the other mean proportional. This is true because both
2, 6, 18 and 6, 18, 54 are in continued proportion.
LEMMA. If four lines are in continued proportion, the parallelepiped on the square
of either of the extremes and the other extreme is equal to the cube on the mean
proportional that is closer to the first extreme that is taken.
Let the figure from Proposition 17 be repeated, in which the four lines A, E, F , D
are in continued proportion. I say that the parallelepiped contained by the square of
the extreme A and the
[276]
other D is equal to the cube on E. a For since the square on the line A has the
same ratio to the square on E as A has to F , that is, as E has to D, the figures are
reciprocally proportional, since the base of the parallelepiped is the square on A and
the altitude is D, while the base of the cube is the square on E, while the altitude
of the cube is E. b Therefore, the parallelepiped and the cube will be equal. By the
same reasoning, the parallelepiped contained by the square of D and A will be equal
to the cube with side F . c For since the square of the side D is to the square on F ,
that is, the base of the parallelepiped is to to the base of the cube, as F is to A, that
is the altitude of the cube is to the altitude of the parallelepiped, reversing bases and
altitudes again, d the parallelepiped and the cube will be equal. This is what we had
to show.

a

Cor. Book
VI, Prop. 20.

b

Book XI,
Prop. 34.
c

Cor. Book
VI, Prop. 20.
d

Book XI,
Prop. 34.

Since we have only explained the extraction of square roots in our Practical Arithmetic, I think it will be worthwhile to insert the extraction of cube roots in this work
at this point, even though I might be digressing. This is entirely necessary in order
that Problem 13 can be put into practice. I will do this if I first lay down a certain
general method by which we are able to extract any sort of root, taken entirely from a
certain book of remarkable German arithmetic.296 I certainly trust that it will not be
unpleasing or ungrateful for the zealous reader.
PROBL. 14. PROP. 19.
To extract a root of any sort.
Extraction of a root means finding a number from a given number, which, when
multiplied by itself some number of times will produce the given number. So extraction Extraction
of a square root means finding a number from a given square number, which will produce of roots.
the given number when it is squared. And extraction of a cube root is finding a number,
296

Clavius’s source here appears to be the Arithmetica Integra of Michael Stifel, 1487–1567. The same
method was also presented in the revised and expanded edition of Die Coss by Christoph Rudolff, 1499–
1545, prepared by Stifel. This was the first algebra book published in German, and the revised edition
with Stifel’s contributions appeared in 1553. There, the method for extracting roots appears in the
Anhang to Chapter 4, written by Stifel. Clavius’s version is not just a copy of Stifel, though; he has
reorganized the presentation substantially and provided new examples.

271

which will produce a given number when it is cubed. I will explain what it means to
square a number, or cube it, or raise it to any other power shortly.
In this way there are, therefore, infinitely many ways of multiplying numbers by
themselves, and I will now say how square, solid, or cubic, etc. numbers arise, as
several younger [mathematicians] are accustomed to explain this in algebra.297 There
are infinitely many corresponding names for species of roots that come from the various
multiplications of roots. This beautifully shows us the natural progression of numbers
serving the progression of geometric quantities starting from the unit, as here:

Infinitely
many
species of
roots.

[277]

Quadratus.

Cubus.

Zensizensus.

Surdelsolidus.

6.
64.

7.
128.

8.
256.

9.
512.

10.
1024.
Zensurdesolidus.

5.
32.

Cubicubus.

4.
16.

Zensizenzensus.

3.
8.

Bisurdesolidus.

2.
4.

Zensicubus.

1.
2.
Radix.

0.
1.

&c.
&c.

First, the numbers of the upper progression signify the species of multiplications.
The “2” above the name quadratus means that squaring is done provided the radix
is taken twice and multiplied by itself, as 2 times 2 makes 4. So the “3” means that
cubing is done provided the radix is taken three times and multiplied, as 2 times 2
times 2 makes 8. In the same way “4” shows “Zensizensic” multiplication, “5” shows
“Surdesolidic” multiplication, and so forth.
Next, the same numbers signify the species of roots – as “2” signifies that a square
root produces the square by squaring, and “3” signifies that a cube root produces the
cube by cubing. And so forth.
In extractions of roots, therefore, we must take note of the marking by points of
the number from which the root is to be extracted, in the following way. In extraction How the digits
of square roots, all the figures [i.e. digits] in odd positions, starting at the right, are are marked
with points
marked, so that always alternating digits are omitted and not marked.
For square roots.
6
•

8

7
•

1

9
•

4

7
•

6

7
•

3

6
•

For cube roots.
297

Among others, Clavius may be referring to the French mathematician François Viète, 1541–1603,
here. Viète’s book In artem analyticem Isagoge, an introduction to a more extensive and very influential
treatment of algebra, used a system of names for the different powers and roots very much like the
one Clavius describes. We have not always translated the names to give the flavor of the original. It
is probably worth mentioning that notation for exponents only reached its current form in the work of
Descartes, after the time of Clavius.
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6

8
•

7

1

9 4 7 6 7
•
•
For fourth roots.

3

6
•

6

8

7
•

1

9

4

7 6
•
For fifth roots.

7

3

6
•

6
•

8

7

1

9

4
•

7

3

6
•

7

6

In extraction of cube roots always two digits are omitted [between each marked pair];
for “Zensizensic” roots three; for “Surdesolidic” roots four, and so forth, as you will
see in the accompanying examples.
These markings also correspond to the mean proportionals. For between two squares
falls one mean proportional, just as in extraction of square roots one digit is is always
omitted. Between two cubes fall two mean proportionals, as two digits are omitted,
and the same for the others.
For extraction of any species of roots, certain special numbers are used. These are
found in the following table, which is constructed as follows. The first column contains
the series of natural numbers. From this column is born the second, the third from
the second, the fourth from the third, in this way. With the numbers in the first two
cells in the first column set aside, the number in the third cell is repeated in the second
column. Next, the third number in the first column and the first in the second column
are added to give the second number in the second column. In the same way, from the
second number in the second column and the number on its left in the first column,
the third number in the second column is formed by addition. And from the third
number in the second column and the number on its left, the fourth number of the
second column is obtained, and so forth.
[278]

Construction
of the wonderful table.

273

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

3
6
10
15
21
28
36
45
55
66
78
91
105
120
136

10
20
35
56
84
120
165
220
286
364
455
560
680

35
70
126
210
330
495
715
1001*
1365
1820
2380

126
252
462
792
1287
2002
3003
4368
6188

462
924
1716
3003
5005
8008
12376

1716
3432
6435
11440
16448

6435
12870
24310

All the triangular numbers will be contained in the second column. The third column
originates from the second column and the fourth column from the third in the same
way. Two cells are always omitted at the head of a column and the number in the third
cell repeats [the number to the left]. And by addition of the number with the number
to the left in the preceding column is formed the second number, and so forth.298
With this table having been constructed, particular numbers are chosen from the
rows as follows. The numbers from any one of the rows are written, and then the
same numbers are repeated in the opposite order, the last one always excepted, and
the penultimate excepted only when it is equal to the last. So in the second row, the
number 2 itself is chosen, and since it is the last in that row, it is not repeated. In the
third, the two numbers 3, 3, and the last is not repeated because it is the same as the
first. In the fourth, these three are chosen: 4, 6, 4. In the ninth, these eight: 9, 36,
84, 126, 126, 84, 36, 9. And in the tenth, these nine: 10, 45, 120, 210, 252, 210, 120,
45, 10, etc. From which you see that always as many numbers are chosen as there are
units in the first number on the row, minus one. So in the 17th row, these 16: 17, 136,
680, 2380, 6188, 12376, 16448, 24310, 24310, 16448, 12376, 6188, 2380, 680, 136, 17,
and similarly for the others.
Next, to each of the numbers must be appended as many zeroes as there are numbers
counting from that one to the last. So to the number 2 in the second row is to be
appended one zero, in this way: 20. But the two from the third row will have zeroes
like this: 300, 30. To the eight numbers from the ninth row, 8 zeroes are appended to
the first, 7 to the second, 6 to to the third, and so on, always decreasing the number
by one. For the extraction of roots of any order, using these numbers, the first order
in the row indicates the order of the root beautifully.
[279]
298

This is a partial form of “Pascal’s triangle” for the binomial coefficients. The entry marked with
the asterisk was the subject of a misprint in the original.
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How numbers
are chosen
from the table
above for
each species
of roots.

So in the progression above, the number 2 denotes square, the number 3 denotes
cube, 4 the “Zensizensic,” and in the same way, the number 2 with its zero: 20 serves
for computing square roots, the two numbers from the third row with their zeroes: 300,
30 serve for computing cube roots, the numbers from the fourth row with their zeroes:
4000, 600, 40 for computing “Zensizensic” roots, and the four numbers: 50000, 10000,
1000, 50, for computing “Surdesolidic” roots, and so forth.
In order to approach the extraction of roots more closely, we must know how many
digits the root of a given number will have. This is the same as the number of points How many
that are drawn according to the process described above. To the last point farthest to digits a root
the left pertains the digit above that point and the others that are farther to the left. has.
If a number is subtracted, as will soon see, then we will look from this point to the
penultimate point and the digits remaining to the left, and so forth.
In order to begin the extraction of roots correctly, we will have to construct a table
of squares, cubes, “Surdesolids” (fifth powers), “Bisurdesolids” (seventh powers) which
are produced from the nine digits of arithmetic as their roots. As you see here:
Roots.

Squares.

Roots.

Cubes.

Roots.

Fifth
powers.

Roots.

Seventh
powers.

1
2
3
4
5
6
7
8
9

1
4
9
16
25
36
49
64
81

1
2
3
4
5
6
7
8
9

1
8
27
64
125
216
343
512
729

1
2
3
4
5
6
7
8
9

1
32
243
1024
3125
7776
16807
32768
59049

1
2
3
4
5
6
7
8
9

1
128
2187
16384
78125
279936
823543
2097152
4782969

The reason why I have not included tables of the fourth or sixth powers is that they
are not needed for the new process that will be taught. Now, several examples of
extractions of roots follow.
EXTRACTION OF SQUARE ROOTS
Let the number be
6
•

7

6
•

5

2
•

0

1
•

Extraction
of square
roots.

from which it is required to extract a square root.
First, from the last point, that is, the digit 6 (this point only has one digit because
no digit precedes it) let the largest square which can be subtracted be subtracted. This Square root
is 4 and we place its root 2 into the quotient at the margin. In the rest remains 2 and is 2601.
the next point. This will be 276, and the final point [i.e. on the left] is finished, which
is dealt with first.
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[280]
Next, I provide the divisor found from the digit 2 in the quotient, multiplied by
20, the particular number used for square roots, and I find 40. By this, I divide the
next point 276 and obtain a quotient of 6. Therefore I place the first quotient 2 on the
left, the particular number 20 in the middle, and the new quotient 6 on the right, and
under that I write its square, which is 36, as you see here.
2 −− 20 −−

6.
36.

After this, I multiply these three numbers 2, 20, 6 and add the square 36 to the sum,
yielding 276. I subtract this from the number in the current point and nothing remains.
That point is finished; the next following one is 52.
I provide the divisor from the whole quotient 26 multiplied by 20, that is the
particular number for square roots, and I find 520. And the point 52 cannot be divided
by this, so I place 0 in the quotient. There is no need to multiply to obtain the number
to subtract since that number will be 0, as multiplying by 0 yields a zero product. And
in all other root extractions, the same happens once whenever the divisor that has been
found is not contained in the point in question. And the point 52 is complete; the next
one is 5201.
Now, I provide the next divisor from the whole quotient found, 260 times the
particular number 20, and I obtain 5200, which this time is contained in the point
5201. Therefore I put
260 −− 20 −− 1.
1.
the whole quotient found first on the left, then the particular number 20 in the middle,
and the new quotient 1 on the right, whose square is 1 as is visible in the example.
The product of the three top numbers makes 5200. I add the square 1 from the
digit 1 that is found, to make 5201, and [subtracting from the point],
nothing remains. And therefore the extraction is complete and the
square root is 2601, since this number squared, that is, multiplied
by itself, produces the proposed number 6765201.
And this is the test for any sort of root extraction, that the
root found by the procedure be squared, or cubed, or multiplied
by itself however many times. For if in the extraction, nothing has
been left over, just as in our example, it is necessarily true that
the result of the multiplication is equal to the proposed number. Figure 172: [280]
If any number has been left over, then that added to the number
produced will make the proposed number. A test by 9 or 7 can
also be established as in division. If from the root found all 9’s or 7’s, as many as
possible, are cast away, and the remainder is placed in the left part of a cross, then in
the right [see Figure] as the counterpart of the divisor. For if this remainder multiplied
by itself – squared, cubed, etc. – and all from the product 9’s or 7’s are cast away, it
is necessary that this remainder should be the same as the remainder of the proposed
number casting away all 9’s or 7’s if there was nothing left over in the extraction of the
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root. In our example, if the test by 9 is established, the remainder is always 0. If it is
made by 7, the results will stand as appears here.
EXTRACTION OF CUBE ROOTS.
Let it be required to extract the cube root of
2

3

9
•

4

8

3
•

1

9

0
•

[281]
First, from the point 239, I subtract the 216 which is the largest cube contained in it.
I write its cube root 6 in the margin in the quotient. And since 23 is left over, the next Extraction
of a cube root.
point will be 23483.
Root is 621.
36 −− 300
6 −− 30
Next I provide a divisor in this way. Over [the digit] 6 of the root found above, I put
its square, 36. And on the right, I place the two particular numbers for cube roots,
namely, 300 and 30. I multiply the numbers on the first row, yielding a product of
10800 and I add the product from multiplying the two numbers on the second row,
180. The sum 10980 will be the divisor. (It would be enough to take the product of
the two numbers on the first row as the divisor, namely 10800, as must be understood
in other root extractions.) I divide the point 23483 by 10980 and write the quotient 2
next to the digit 6 found first. I treat what comes after this digit as follows. At the
right
36 −− 300 −− 2.
6 −− 30 −− 4.
8.
of the numbers 36 and 300, I add this digit 2 [found in the quotient] and below it, its
square, 4, and its cube, 8. Now, the three numbers on each of the first two rows are
multiplied, and the products are 21600 and 720. Adding the cube 8 makes 22328. I
subtract this from the point, leaving 1155, and the next point will be 1155190.
Now I provide the divisor as follows. Above the root so far, 62, I write its square
3844 and at the right, the two particular numbers 300 and 30 for cube roots.299
3844 −− 300.
62 −− 30.
3844 −−
62 −−

300 −−
30 −−

1.
1.
1.

Multiplication of the two numbers on the first row makes the divisor 1153200, by which
the point 1155190 is divided, yielding a quotient of 1 which is written after the two
299

The display shows the next two steps of the computation.
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digits 62. I add the digit 1 at the right, its square in the next row and its cube in the
third row.
Now, the product of the numbers in first row, plus the product of the numbers in
the second row, plus the 1 in the third row will make 1155061. Subtracting this from
the point yields 129 left over. Therefore the extraction is complete. The root found
is 621, which cubed produces 239483061. If the remainder 129 is added, yields the
proposed number 239483190.
EXTRACTION OF “SURDESOLIDIC” (FIFTH) ROOTS.
Let
1 0 3 9 5 8 9 6 2 1
•
•
be the number whose fifth root is sought. First, from the point 10395, I subtract the
largest fifth power contained in it, 7776, whose root, 6, I write in the margin in the
quotient. Since 2619 is left over, the next point will be 261989621.
Next, I provide the divisor as follows. Above the root we found, 6, I write its square,
cube, fourth (“Zensizensic”), and fifth powers, so that a geometric progression
[282]
is established in ascending order, with as many terms as there are the particular numbers required for extracting fifth roots.
1296
216
36
6

−− 50000
−− 10000
−−
100
−−
50

And on the right, I place those numbers as the example shows. I multiply the two
numbers on the first row (which is enough). The product 1296 × 50000 = 64800000 will
be the divisor, by which the remaining point is divided. From this [i.e. since we are not
using all the rows, it appears] the quotient could be 4, or 3, or 2. I take 3 since 2 is too
small and 4 is too large, as will be clear from the following discussion. This quotient 3
I write in the margin after the digit 6 found before, and I add the powers of this digit.
At the right of the numbers 1296 and 50000, I put the digit 3 and beneath it, its square,
9, its cube 27, its fourth power (“Zensizensum”), or the square of its square, and its
fifth power, so that at the right is constructed a descending geometric progression with
one more term than the number of particular numbers that are required for extracting
fifth roots:
1296 −− 50000 −−
3.
216 −− 10000 −−
9.
36 −−
100 −− 27.
6 −−
50 −− 81.
243.
so that the last number is the fifth power of the digit 3, in the same way that we had the
third power in extracting cube roots and the square in extracting square roots. If the
three numbers on each row are multiplied, and to the products 194400000, 19440000,
278

Extraction
of a fifth
root:
equal to 63.

972000, 24300, are added the fifth power 243, the number 214836543 will be produced.
Subtracted from the point 261989621, 47153078 remains. The fifth root is therefore the
63 that was found, which raised to the fifth power yields 992436453; if the remainder
47153078 is added to this, the proposed number 1039589621 is obtained.
If any points remained at this point, it would be necessary to consider the ascending
progression
15752961 −− 50000
250047 −− 10000
3969 −− 1000
63 −−
50
of four terms of powers of the current quotient as you see here. The product of the two
numbers in the first row, 78764805 would be the new divisor. Next, from the new digit
found by dividing, a descending progression of the sort made from 3 above would be
constructed.
And in this way you will extract a root of any sort if you diligently investigate
the numbers making up the proposed root as we have taught above. This has always
seemed to be very clear to me. Even if the process seems tedious, it is nevertheless not
difficult, because one always knows what must be done. In the methods for extracting
roots treated in other arithmetic texts (square roots excepted), as in the alternate
rule for extracting cube roots that will be discussed later, such is the difficulty of the
operations, and so great the memory needed to retain the things that are applied, that
the extraction of cube roots is much easier than fourth roots, and than the others in
sequence, so they eventually are almost inextricable.
Only one difficulty arises in our method, as in the other methods. There is sometimes a
[283]
doubt whether we will have taken digit that is too small in the quotient with some
points. As in the second point of the extraction of a fifth root, the quotient could have
been 4, or 3, or 2. We took 3, but if if we had wanted to be certain whether it was
possible to take the digit 4, seeing that the difference [between 63 to the fifth power
and the proposed number], 47153078, is quite large,
1296
216
36
6

−− 50000 −−
−− 10000 −−
−− 1000 −−
−−
50 −−

4
16
64
256
1024

we would form the descending geometric progression using 4. Since the four products
of the rows plus the fifth power 1024 sum to 297141824, which cannot be subtracted
from the second point 261989621, this is evidence that 4 is too large, and 2 is too small,
seeing that we can subtract using the numbers created from the digit 3. This, then, is
a remedy for this doubtful case and our method for extraction of roots will be safest if
it is employed, although it makes the process a bit longer.
In the table of squares, cubes, fifth powers, etc. above, why did we omit fourth
powers, or squares of squares? The reason is that fourth powers, sixth powers, eighth
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powers, ninth powers, tenth powers, etc. can be extracted using the rules for the other
cases, as can be deduced from their names.
For example, to extract fourth roots, or square roots of square roots, first extract
the square root, then take the square root of the square root. This will be the fourth
root which is sought.
To extract sixth roots, that is square roots of cube roots, or cube roots of square
roots, extract the square root first, then the cube root of that. Or first extract the
cube root, then take the square root of that. The final result will be the root that
you seek. Do the same when extracting an nth root for n a composite number, as for
eighth, ninth, or tenth roots.
PARTICULAR RULE FOR EXTRACTING CUBE ROOTS.
Since mathematicians make use of square and cube roots more frequently than
other roots, for the sake of the studious, it is pleasing to touch on a particular rule for
extracting cube roots, as we have done for square roots in our Arithmetica Practica.
From the other rules, which are less easy and less quick, I will select one rather new
rule for the extraction of cube roots, which is as follows.
Let it be required to extract a cube root of the number
1 8 6 0 8 6 7
•
•
•
From the first point 1. at the left, I subtract the largest cube contained in it, and
nothing remains. The following point will then be 860, and the digit 1 is found for the Particular
rule for cube
root.
I prepare the divisor, multiplying the square of the digit I found, namely 1 by 300, roots. root 123.
which will give 300. If I divide the point 860 by this, I will find the quotient 2 as the
second digit of the root. I multiply this by 300 and I make 600. Then I multiply the
square of the digit 2, that is 4 by the previous
[284]
digit 1 multiplied by 30, and I make 120. Finally, to the sum of these two products, 600
and 120, that is to 720, I add the cube of the new digit 2, or 8. I subtract the whole
sum 728 from my point 860. And since 132 remains, the final point will be 132867.
Therefore, I write the digit 2 after the previous 1.
Next, I prepare, in the same way, the new divisor for the last point. I multiply the
square of the whole root found to this point, that is 144, by 300. The product 43200
will be the divisor. If I divide my point 132867 by this, I will obtain a quotient of 3 to
put after the 12 obtained to this point. Similarly, I multiply this digit by 43200 and
I make 129600. Next, the square of this new digit, namely 9, by the part of the root
found before, 12, times 30, and I obtain 3240. Finally, to the sum of these two products
129600 and 3240, that is, to 132840, I add the cube 27 of the last digit, yielding 132867.
When this is subtracted from the last point, nothing remains. And thus the root 123
of the proposed number 1860867 is found.
If there were any remaining points, we would have to multiply the square of the
whole root 123 found to this point by 300 to obtain the new divisor and so forth. You
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see that this rule is easier, although more memory is required, When you are in doubt,
be mindful that you try a larger digit or you may have taken a digit that is too small
in the quotient, as was said above.300
PROBL. 15. PROP. 20.
To find a root, close to the true value, for numbers that are not squares, cubes, fourth
powers, fifth powers, and so forth.
When the number proposed is not a square, a cube, a fourth power, a fifth power,
etc, it is not possible to have the true root, but by the rules discussed above is found
the largest square root, cube root, fourth root, fifth root that is contained in the given
number. Therefore, in order that we should know what fraction must be added to the
root found as above to yield a root that is closer to the true value, what will be is done
is as follows.
To the proposed number are added some pairs of zeroes if a square root is required;
or if a cube root, some number of triples of zeroes, or some number of groups of four
zeroes if a fourth root is desired, or some number of groups of five zeroes if a fifth root,
and so forth. The number of zeroes in the groups corresponds to the number that was
written above the name of the type of the root at the start of the previous proposition.
That same number of zeroes repeated some number of times also corresponds to the
points that must be made in order to extract the root. Since in extraction of square

How many pairs,
or triples, or
quadruples, etc.
of zeroes are
added to find
closer approximate roots.
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roots a point is placed under each second digit, for the same reason some number of
pairs of zeroes are added. For cube roots some number of triples of zeroes are to be
added, since in the extraction, every third digit is marked with a point.
The more pairs, or triples of zeroes, etc, are appended to the proposed number, the
closer the root will be to the exact value.
With the zeroes added in this way to the number from which the root is to be
extracted, the root of the whole number is found as was treated above. Next, from
the root are removed, from the right, as many digits as pairs of zeroes, or triples, or
groups of four, were added to start. The rest of the digits will give a whole number
root, to which is added a fraction whose numerator is the digits removed, and whose
denominator is a 1 followed by as many zeroes as there were pairs, or triples, or groups
of four, etc. added. For example, the denominator is 10 if one pair, or one triple, or
one group of four, etc. zeroes was added, or 100 if two pairs, or two triples, or two
groups of four, etc. were added, or 1000 if three, and so on, so that this fraction gives
a number of tenths, or hundredths, or thousandths, etc.
Some examples: From the number 29, it is required to extract a square root. With
three pairs of zeroes added, the square root 5385 is found for 29000000. This is smaller
than the true value; indeed there will have been a remainder in the extraction. Adding
1 will make 5386 larger than the true value. Therefore we take the three rightmost
digits away because three pairs of zeroes were added, and the closer value to the root
300

The arithmetic is exactly the same here as in the first method. The difference is that the rules for
constructing the tables used before get combined into the process for finding the next divisor.
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385
386
will be 5 1000
. This is smaller than the exact value and 5 1000
is larger. For the square
385
998225
386
of 5 1000 is 28 1000000 , smaller than the proposed number 29. But the square of 5 1000000
8996
is 29 1000000 , which is larger than 29.
Again, from the number 29160, let it be required to find a cube root. Let three
triples of zeroes be added in order to obtain a fraction with denominator 1000. From
the whole number 29160000000000 a cube root is extracted, yielding 30779. This is
smaller than the exact value since there was some number remaining in the extraction.
Adding one, the number 30780 is larger than the exact value. Taking the three digits
on the right [i.e. in the fractional part], the closer approximation to the cube root will
779
388419139
be 30 1000
. This is smaller than the exact value since its cube is 29158 1000000000
. The
780
230552000
value 30 1000 is greater than the exact value, since its cube is 29161 1000000000 .
The demonstration of this method for finding close roots is this. When 00 is appended to the proposed number for computing a square root, the number itself, for
example 5, is multiplied by 100, that is by the square of the root 10. And since the
squares 500 and 5 (because we added 00, we must be seeking square roots) have the
a duplicate ratio of their roots: 500 is to 5 as 100 is to 1 because 5 multiplied by 100 a Book VIII,
Prop. 11.
made 500. The ratio 100 to 1
1. 10. 100.
5. 500.

is the duplicate ratio of 10 to 1, as appears in this example, and the square root of 500
will be 10 times as large as the square root of 5. Since the root of 500, namely 22, is
2
3
smaller than the exact value, the same will be true of 2 10
and 2 10
will be larger. And
as we said earlier, when the 00 is appended, one digit is taken from the root 22 [and
2
put over the denominator 10], leaving 2 10
.
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When 0000 is appended the proposed number, for example 5 is multiplied by 10000,
that is by the square of the root 100. And since the squares 50000 and 5 a have the a Book VIII,
duplicate ratio of the ratio of their roots: 50000 is to 5 as 10000 is to 1, since 5 multiplied Prop. 11.
by 10000 made 50000. The ratio 10000 to 1 is the duplicate ratio of the ratio 100
1.

100.
5.

10000.
50000.

to 1 as is clear in this example. The ratio of the root of the number 50000, which is
223, to the root of the number 5 is 100 to 1. So if the root 223 is divided by 100.
23
an approximate square root 2 100
will be created that is smaller than the exact value,
24
while 2 100 is larger. Therefore we correctly said before that when 0000 is appended,
23
two digits should be taken from the root [and divided by 100] to make the root 2 100
.
By the same reasoning, if 000000 is appended, a square root accurate to within
thousandths will be created, and so forth.
And again if for computing a cube root, to the proposed number, say to 5, 000 is
appended, the given number is multiplied by 1000, that is by the cube of the root 10.
And since the cubes 5000 and 5 b have the triplicate ratio of their roots,
1. 10. 100. 1000.
5. 5000.
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b

Book VIII,
Prop. 12.

5000 is to 5 as 1000 is to 1, since 5 times 1000 makes 5000. The ratio 1000 to 1 is
the triplicate ratio of 10 to 1, as appears in this example. The ratio of the root of the
number 5000, that is 17, to the root of the number 5 will be 10 to 1. So if the root 17 is
7
divided by 10, we get the approximate root 1 10
. This is smaller than the exact value
8
is larger. Therefore we correctly said before that for the cube root taking one
and 1 10
7
digit from the computed root 17 and making 1 10
would give a closer approximate root.
In a similar way if 000000 is appended, an approximate cube root accurate to
within hundredths; and if 000000000 is appended [an approximate cube root accurate]
to within thousandths, etc. will be found. [In the first case,] the number is multiplied
by 1000000, that is by the cube of the root 100, and [in the second case] the number is
multiplied by 1000000000, that is by the cube of the root 1000. The rest will be proved
in the same way.
The process is always the same for other roots. For fifth roots, for example
1. 10. 100. 1000. 10000. 100000.
when 00000 is appended, the number is multiplied by 100000, that is by the fifth power
of the root 10. And the ratio 100000 to 1 is the quintuplicate ratio of 10 to 1, as is
apparent in this example.
PROBL. 16. PROP. 21.
To extract a root of any sort of a given fraction.
In fractions, [by the most direct method] one extracts from the numerator and the
denominator the sort of root that is sought. For then a fraction is formed which is the
root of the proposed fraction. So the square root of the fraction 49 is 32 . And the cube
8
16
root of the fraction 27
is similarly 23 . And the fourth root of the fraction 81
is also 23 ,
2
32
while the fifth root of the fraction 243 is 3 by the same process, and so forth for the
other roots.
[287]
If the given fraction is a fraction of other fractions, it must first be reduced to a
simple fraction. So if a square root is sought of 24 × 98 , this must be reduced to the
16
simple fraction 36
, whose square root is 64 , or 23 , and so forth.
In a similar way, if the fraction is attached to a whole number, the integer will have
to be reduced to a fraction with the same denominator. So if a cube root is sought for
64
4
the number 2 10
27 , it will need to be reduced to the fraction 27 , whose cube root is 3 ,
that is, 1 13 , and so forth.
If either the numerator, or the denominator, or both should lack a root of the desired
type, then the fraction will not have an exact root of the type sought. So neither 47 ,
5
nor 96 , nor 12
have exact square roots, because the denominator in the first, and the
numerator in the second, and neither number in the third has a square root [that is an
integer].
You will recognize whether a given fraction has a root of the type sought, or not,
if you will reduce the fraction to lowest terms. If the reduced fraction should have a
root, then it is also said that the given fraction has a root of the same type. But if the
283

reduced fraction does not have such a root, neither will the given fraction. So, if the
fraction 20
45 is proposed and I want to know whether it has a square root, the fraction
reduced to lowest terms is 49 , which has square root 32 . Therefore the fraction 20
45 is said
6
to have the same square root. But the fraction 9 will not have a square root, since
2
3 , to which it reduces in lowest terms, does not. By the same reasoning, the fraction
24
2
8
81 will have the cube root 3 , the same as the fraction in lowest terms 27 , to which it
3
reduces. The fraction 12
20 lacks a cube root, because the fraction 5 , to which it reduces
in lowest terms, lacks one. And so for the others.
Since it is very tiresome to compute two approximate roots, one for the numerator
of the proposed fraction and the other for the denominator, Cardano301 and Tartaglia
give certain particular rules for square and cube roots, which are the types used the
most. I am pleased to explain these here, because they are needed for finding close
approximate roots.
Therefore, for a square root, multiply the numerator times the denominator, and
divide the approximate square root of the product of the numbers by the denominator, Alternate
extraction
or
of square

[288]
divide the numerator by the approximate square root of the product. For either way, and cube roots
the approximate square root of the fraction will be produced. And if indeed the ap- from a given
proximate square root of the product is less than the exact value, the first method will fraction.
give an approximate root less than the exact value, (since a smaller number is divided),
while the second will give an approximate root larger than the exact value (since the
division is done by a smaller number). The opposite will happen if the approximate
root of the product is larger than the exact value: In the first case, an approximate root
larger than the exact value will be produced, and in the second case an approximate
root smaller than the exact value, which is clear. I have also presented this rule in
Book IV, Chapter 2, Number 5, where I have proved it. You have an example of the
rule there as well.
For a cube root, multiply the numerator times the square of the denominator and
divide the approximate cube root of the product by the denominator. Or, multiply
the denominator by the square of the numerator and divide the numerator by the
approximate cube root of the product. For either way the approximate cube root of
the fraction will be produced. In the first way, if the cube root is smaller than the
true value, the approximate cube root of the fraction will also be smaller than the true
value, because a smaller number is divided by the denominator of the fraction. And if
the cube root is larger than the true value, an approximate cube root of the fraction
larger than the true value will be produced, because a larger number is divided by the
denominator of the fraction. But, in the second way, if the approximate cube root of
the product is smaller than the true value, an approximate square root of the fraction
that is larger than the true value will be produced, since the division is done by a
smaller number. And if the approximate cube root of the product is larger than the
true value, an approximate cube root of the fraction that is smaller than the true value
301

Girolamo Cardano, Italian polymath, 1501-1576. His Ars Magna presented Tartaglia’s solution of
cubic equations and his student Ferrari’s solution of quartic equations in terms of radicals.
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will be found, since then the numerator is divided by a larger number. An example
8
with the fraction 27
having exact cube root 32 : The numerator 8 multiplied by the
square 729 of the denominator produces 5832, whose cube root is 18. This, divided
2
by the denominator 27 makes 18
27 , that is 3 , as the cube root of the fraction. Again,
the denominator 27 multiplied by the square 64 of the numerator produces the number
8
1728, whose cube root is 12. If the numerator 8 is divided by this, 12
or 23 is produced
8
as before as the cube root of the fraction 27
. Another example with the fraction 57 ,
without an exact [i.e. rational] cube root. The numerator 5 multiplied by the square
49 of the denominator produces the number 245, whose approximate cube root (found
25
by adjoining two groups of three zeros) is 6 100
. Dividing by the denominator makes
625
25
the quotient 700 , that is, 28 as the approximate cube root of the fraction 57 . Again,
the denominator 7 times the square 25 of the numerator gives 175, whose approximate
59
. (found by adjoining 000000 to 175). If we divide the numerator by
cube root is 5 100
5 302
this, we will find 500
559 as the approximate cube root of the fraction 7 .
Further, in this way are obtained more accurate approximate roots of fractions than
by the method described before,303 since here only one error sneaks in because of the
one approximate cube root which is not exact, while the denominator in the first way, or
the numerator in the second maintain their exact values. But in the method described
before, two errors intervene, because of the two approximate cube roots, which are not
exact.
[289]
a
I prove both of these ways with the following reasoning.304 Let the fraction be .
b
√
√
3
3
The numbers a2 b and ab2 are the middle terms in the sequence
√
√
3
3
a, a2 b, ab2 , b.
By Proposition 18 of this book and its Lemma, these four terms are in continued
a
proportion with common ratio equal to the cube root of . (This is true because the
b
ratio of the extreme terms is the triplicate ratio of the common ratio, or equivalently,
the
common ratio is the cube root of the ratio of the extreme terms.) Hence the fraction
√
3
ab2
a
a
, is also equal to the
is equal to the cube root of . Similarly, the fraction √
3 2
b
b
a b
a
cube root of .
b
PROBL. 17. PROP. 22.
To find the square and cube roots of numbers that are not squares or cubes geometrically by lines.
302

The first is smaller and the second is larger than the exact value.
That is, taking roots of the numerator and denominator separately, then dividing.
304
This is not just a translation of Clavius’s argument from Latin into English. It would be better
to think of it as a much-streamlined and quite anachronistic algebraic restatement of Clavius’s rather
prolix and somewhat confusing argument designed for greater comprehensibility for modern readers.
Still, the translator claims that this essentially preserves Clavius’s mode of reasoning instead of only
using modern rules for manipulating exponents.
303
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Let the given number be 10 representing a square of 10 [square] palms, or feet,
[290]
or of any other [square] measure. Let A be a line of 10 palms or feet, and B be a line
of 1 palm or 1 foot. a Let a mean proportional C be found between A and B.305 I say
C is the square root, or the side of a square [of area] 10. b For since the square on side
C is equal to the rectangle contained by A and B, and that rectangle has [area] 10,
and since multiplying the unit B times the number A makes 10, it is clear that C is
the side of a square 10 [square] palms or feet [in area]. This is what we had to show.
Again, c let D and E be two mean proportionals found between A and B. I say
that E, which is closer to the smaller number B, is the side of a cube [of volume] 10, or
the cube root of the number 10. d For the cube of side E is equal to the parallelepiped
contained between the square of side B and the line A. And this parallelepiped has
[volume] 10, because 1 times 1 makes 1 and 1 times 10 produces 10. This clearly
establishes that the line E is the side of a cube of [volume] 10 [cubic] palms or feet,
&c. This is what we had to show.
END OF BOOK VI.

305

An uniformative figure has been omitted here.
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a

Book VI,
Prop. 13.
b

Book VI,
Prop. 17.
c

Prop. 15
of this book.
d

Lemma.
Prop. 18 of
this book.

[291]
SEVENTH BOOK OF THE
PRACTICAL GEOMETRY

Discussing isoperimetric figures, to which a short treatise on squaring the circle by lines
is added as an Appendix.
The debate in which it is asked which of two isoperimetric figures is truly larger, or
contains a larger area, and which is the largest of all, or contains the greatest area, is
famous and important, even habitual among all people.306 Not a few of those ignorant
of geometrical things have hallucinated in this, thinking that figures with the same
perimeter must be equal to one another, or contain the same area.307 But indeed, on
the contrary, what is surprising, and as several who call themselves geometers have
scarcely been able to believe, it is possible to construct two different figures that have
the same perimeter and the same area. We will show this most clearly in Propositions
20, 21, and 22 of this book. We have given an extensive treatment of isoperimetric
figures in our Commentary on the Sphere 308 following Theon of Alexandria,309 who
has used the same arguments in his commentary on the Almagest of Ptolemy.310 But
since one might perhaps think that was done in an unsuitable place, we will transfer
306

For instance, it is closely connected with the famous legendary incident in which Queen Dido
purchased land for her new city of Carthage after leaving Tyre, as related by Virgil: “... the Tyrians
purchased land as big as a bull’s hide could enclose, but cut in strips for size, and called it Byrsa, the
Hide, for the spread they’d bought” (Aeneid, I, 444-446, Fagles translation). Dido reputedly used those
strips to enclose a semicircular area along the coastline, hence gaining a much larger area than expected.
The first known mathematical treatment of the problem of finding the figure of largest area enclosed
by a boundary of a given length was given by the Greek geometer Zenodorus, ca. 200–ca. 140 BCE.
His work, now lost, is known only through references in Book V of Pappus’s Mathematical Collection
and in the commentary on Claudius Ptolemy’s Almagest by Theon of Alexandria (see below). Both
of these contain outlines of arguments that Clavius will present in this book. Pappus’s discussion
is introduced by a charming preface about why bees know to construct honeycombs with hexagonal
cells, related to the result of Theorem 6 in this Book VII. Modern mathematicians would say that the
arguments given here are not entirely satisfying because they effectively assume a figure of maximum
area must exist without proving that assertion. For more details, we recommend Viktor Blåsjö, “The
Isoperimetric Problem,” American Mathematical Monthly, 112 (2005), 526–566. The study of more
general isoperimetric problems has continued to the present day.
307
This is possibly an echo of a statement in the Commentary on Book I of the Elements by Proclus,
412–485 CE. See the comments on Propositions 36 and 37 at 403–404, or pages 318–319 in the Morrow
translation. Heath, in the discussion of Zenodorus’s work in Volume II of his History of Greek Mathematics (Mineola, NY: Dover, 1981), adds several additional references to these misunderstandings from
Thucydides, Polybius, and Quintillian.
308
This refers to Clavius’s commentary on the astronomical work by this name by Johannes de Sacrobosco, or John of Holywood, ca. 1195–ca. 1256.
309
Alexandrian mathematician and scholar, ca. 335–ca. 405 CE. His recension of Euclid’s Elements
was the basis for most of the texts that have survived. He was also the father of Hypatia.
310
Claudius Ptolemy, extremely influential mathematician, astronomer, and geographer, ca. 85–ca. 165
CE. The name Almagest refers to his astronomical work known as the Mathematike Syntaxis in Greek,
giving a mathematical treatment of a geocentric cosmology. The connection between the results on
isoperimetric figures and astronomy is that they were seen as a justification for the claim that the
cosmos must have a spherical shape.
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that treatment from our Commentary on the Sphere to a more proper place in our
Practical Geometry, having added three or four propositions that are wanting in that
treatment and yet are seen to pertain closely to this material.
DEFINITIONS.
I. [Plane] figures are isoperimetric when they have the same perimeter.311
[292]

Definitions
pertinent
to the treatment of isoperimetric figures.

II. A figure is said to be regular if it is both equilateral and equiangular.
III. The point that is the center of the inscribed or circumscribed circle of a regular
figure is called the center of the figure.
IIII. The area of a figure of any sort is the surface or space contained within its boundary.
V. All rectangular solids (whose bases are equidistant and equal, and whose sides are
perpendicular to the bases, so the figure is a parallelepiped) are said to be contained
by one base, and the perpendicular drawn from that base to the opposite base.
Since either of the bases indicates the length and width of the figure, the perpendicular demonstrates its height or depth.
THEOR. 1. PROPOS. 1.
The area of any triangle is equal to the area of the rectangle contained by the perpendicular drawn from a vertex to the opposite side extended, and half the base. The
triangle is also equal to the rectangle contained by the whole base and half the perpendicular. Or finally, the triangle is equal to one half of the rectangle contained by the
whole base and the whole perpendicular.

To which
rectangle
a triangle
is equal.

Let the triangle be ABC, and let AD be drawn from its vertex A perpendicular to
the
base BC. First assume this bisects base BC as in
the first figure. Through A, let EAF be drawn
parallel to the side BC, and let the rectangle
a
BEF C be completed. a This rectangle is twice
Book I,
b
Prop.
41.
the triangle ABC.
It is also twice the rectanb
gle ADBE. Hence the rectangle ADBE, which is
Book I,
Prop. 36.
contained between the perpendicular AD and half
the base BD, is equal to the triangle ABC. Now
Figure 173: [292]
suppose the perpendicular AD does not bisect the
base BC, or it meets the base CB extended as in
the second or third figure. And again, let AF be
drawn parallel to BC and let the rectangle ADCF be completed. Next, with the base
BC bisected in G, draw
311

Clavius will use the same term to refer to solid figures with the same surface area.
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[293]
the lines BE, GH, parallel to the same AD. a GH will be equal to the perpendicular
AD. b Therefore since the rectangle BCF E is twice the triangle ABC, c and twice the
rectangle BEHG, the rectangle BEHG, which is contained between the perpendicular
GH, or AD, and half the base, BG, will be equal to triangle ABC.
Now, let the perpendicular AD, or GH be bisected in I, and draw a parallel KL to
BC through I. I say the same triangle ABC is also equal to the rectangle BCLK in
figures 1 or 2. The same is true for the rectangle BCLM in the third figure, contained
by ID, or IG, half the perpendicular AD, or HG. d Therefore, triangle ABC is one
half the rectangle EC, and rectangle BL is half the same rectangle. e Since BL, LE
are on equal bases, they are equal. Hence triangle ABC and rectangle BL are equal. f
And since rectangle BF , contained by the perpendicular AD, or BE, and the base BC
of the triangle is twice the triangle ABC, the triangle is half the rectangle. Therefore,
the area of any triangle is equal, etc.312 which is what we had to show.

a

Book I,
Prop. 34.
b

Book I,
Prop. 41.
c
Book I,
Prop. 36.
d

Book I,
Prop. 41.
e
Book I,
Prop. 36.
f

Book I,
Prop. 41.

PROBL. 2.313 PROPOS. 2.
The area of any regular figure is equal to the area of the rectangle contained by the Rectangle
perpendicular drawn from the center to one side and half the perimeter of the figure. to which an
arbitrary reg-

Let ABCDEF be an arbitrary regular figure, and let G be its center. Let GH ular figure
be a perpendicular drawn to one side, namely to AB. Also let rectangle IKLM be is equal.
contained between IK, which is equal to GH, and KL, which is taken as one half of
the perimeter of the figure ABCDEF . I say the regular figure ABCDEF is equal

Figure 174: [293]

to this rectangle. For let lines be drawn from G to each of the vertices, so that the
whole figure is divided into triangles. These triangles will all be equal to one another,
as was proved by us in the Corollary to Proposition 8 in Book I of Euclid–the sides
exiting from G are all equal to one another, and the triangles have equal bases, namely
the sides of the regular figure. g This makes all the angles at G equal, so that by the g Book I,
corollary mentioned above, the triangles are all equal to one another. h Therefore, the Prop. 8.
h
312

In this Book VII, Clavius is closely following the typical format of a Euclidean proposition as
described by Proclus in his commentary on Book I of the Elements. He apparently chooses to elide the
final restatement of what was to be proved, the sumperasma, to avoid excessive wordiness.
313
This is not consistent with the labeling of the other results of this book. Moreover, this is another
theorem, not a problem as described by Proclus.
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Prop. 1
of this book.

rectangle contained by the perpendicular GH and half the base AB is equal to the
triangle ABG. If as many of these rectangles are taken as there are triangles in the
regular figure, taken together, they will equal the figure ABCDEF , since
[294]
each of the triangles is equal to the triangle ABG. a Therefore, together they are a Book II,
also equal to the rectangle IKLM , since KL is taken equal to half the perimeter of Prop. 1.
ABCDEF , that is, to half of all the bases taken together, and IK is equal to GH.
The regular figure ABCDEF will be equal to the rectangle IKLM . Therefore, the
area of any regular figure is equal, etc. This is what we had to show.
THEOR. 3. PROPOS. 3.
The area of any regular figure is equal to the area of the right triangle with one side
adjacent to the right angle equal to the perpendicular drawn from the center of the
figure to one side, and the other side adjacent to the right angle equal to the perimeter
of the same figure.

To which right
triangle a
regular figure is equal.

Again, let the regular figure be ABC, whose center is D, from which the perpendicular DE is drawn to the side AB. Let the right triangle DEF be drawn having right
angle at E, one side equal to the perpendicular DE, and the other side EF equal to

Figure 175: [294]

the perimeter of the figure ABC. I say that the triangle DEF is equal to the figure
ABC. For let the rectangle DEF G be completed, and having bisected EF in point H,
let HI be drawn parallel to the line DE. b The rectangle DEHI contained between b Prop. 2
the perpendicular DE and the EH, half the perimeter of the figure ABC, will be equal of this book.
to the figure ABC. Now the rectangle DEHI is half the rectangle DEF G, c because c Book I,
the rectangles DEHI, IHF G are equal. d And the triangle DEF is half the same Prop. 36.
rectangle DEF G. Therefore the triangle DEF will also be equal to the figure ABC. d Book I,
Hence the area of any regular figure is equal to the right triangle, etc. This is what we Prop. 41.
had to show.
THEOR. 4. PROPOS. 4.
The area of any circle is equal to the area of the rectangle contained by the semidiameter To which rectangle a cirand half the circumference of the circle.
cle is equal.

Let the circle be ABC, whose semidiameter is DB, and let the rectangle DBEF
290

be contained by DB, the semidiameter of the circle, and BE, which is equal to half
the circumference of the circle. I say that the area of the circle ABC is equal to the
area of the rectangle DBEF . For let BE be produced in a line, and take EG equal to
BE, so that the line BG is equal to the whole circumference of the circle. Finally, let
points
[295]
D, G be joined by the line DG. a Therefore, since the circle ABC is equal to the a Prop. 1
triangle DBG, b and the triangle DBG is equal to rectangle DBEF , since the base Archimedes
Measurement
of the Circle.
b

Schol. Book
I, Prop. 41.

Figure 176: [295]

of the triangle is twice the base of the rectangle (which is clear from the proof of the
preceding proposition, where we showed that triangle DEF was equal to rectangle
DEHI 314 ), the circle ABC, will also be equal to the rectangle DBEF . Therefore, the
area of any circle is equal to the area of the rectangle, etc. This is what we had to
show.
THEOR. 5. PROPOS. 5.
In every right triangle, if a line is drawn from one of the acute angles to the opposite A certain
side, the ratio between that side and its segment towards the right angle will be larger property of
than the ratio between the aforesaid acute angle, and its part opposite the said segment right triangles.
of the side.
Let the triangle be ABC, whose angle C is a right angle, and let the line AD be
drawn in any way from the acute angle A to the
the opposite side BC. I say that the ratio of the
line BC to the line CD is greater than the ratio of
the angle BAC to the angle CAD. c Since the line c Book I,
AD is greater than the line AC, and smaller than Prop. 19.
the line AB, if a circle is described with center
A and radius AD, it will cut AC, produced, in
a point E below C, and AB in a point F above
B. And since the ratio of the triangle BAD to
Figure 177: [295]
the sector F AD is greater than the ratio of the
triangle DAC to the sector DAE (because the first
is the ratio of a greater term to an unequal term
314

See the previous figure on page [294].
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and the second is the ratio of a smaller term to an unequal term) d permutando, the d Book V,
ratio of triangle BAD to triangle DAC will be larger than the ratio of sector F AD to Prop. 27.
sector DAE. e Therefore, componendo, the ratio of the triangle BAC to the triangle e Book V,
DAC, that is of the line BC to the line CD, will be greater than the ratio of the sector Prop. 28.
F AE to the sector DAE, that is of the angle BAC to the angle CAD. (This follows
because f the triangles have the same ratio as the bases BC, CD and g the sectors f Book VI,
have the same ratio as the angles.) Hence in every right triangle, etc. This is what we Prop. 1.
g
Book VI,
had to prove.
Cor. Prop. 33.

This proposition is also true in a non-right triangle as long as the angle C is greater
than the angle ADC, as is clear, h since then AD is greater than AC but smaller than h Book I,
Prop. 19.
AB, etc.
[296]
THEOR. 6. PROPOS. 6.

Among [regular] isoperiOf two isoperimetric regular figures, the larger is the one that contains more vertices, metric figures,
the one containor more sides.
ing more verLet ABC, DEF be two regular isoperimetric figures, and let ABC have more sides tices or sides
or vertices than DEF . I say that ABC is larger than DEF in area. Let circles be is larger.

Figure 178: [296]

described about the figures and from the centers G, H, let perpendiculars GI and HK
be drawn to the sides BC, EF , a bisecting those sides. Since ABC has the same a Book III,
perimeter as DEF , but ABC has more sides, the side BC is less than the side EF .315 Prop. 3.
Moreover BI, which is half of the side BC, is less than EK, which is half of the side
EF . Let KL be equal to BI, and let the lines LH, HE, HF , GB, GC be drawn.
b And since equal angles at the center subtend equal arcs of the circle, the same b Book III,
multiple of the line EF that gives the perimeter of the figure DEF , will be the multiple Prop. 28.
of the arc EF that gives the circumference of the circle DEF . By the same reasoning,
the same multiple of the line BC that gives the perimeter of the figure ABC, will be
the multiple of the arc BC that gives the circumference of the circle ABC. c But the c Book VI,
arc EF is to the circumference of the circle DEF as the angle EHF is to four right Cor. 2. Prop. 33.
angles. Therefore, the line EF will also be to the perimeter of the figure DEF , that is
315

Since the idea is clear, an additional sentence in Clavius’s argument has been omitted.
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to the perimeter of the figure ABC (which is equal), as the angle EHF is to four right
angles. But the perimeter of the figure ABC is to the line BC as the circumference of
the circle ABC is to the arc BC, d that is, as four right angles is to the angle BGC. Ex
aequo, therefore, the line EF is to the line BC, that is, e the line EK is to the line BI
(equal to KL), as angle EHF is to angle BGC, f that is, as angle EHK is to angle
BGI. g But the ratio of the line EK to the line KL is greater than the ratio of the
angle EHK to the angle KHL. h From this, it follows that the ratio of angle EHK
to angle BGI is greater than the ratio of the same angle EHK to the angle KHL. i
And hence angle KHL will be greater than angle BGI. Therefore, since the angles
HKL, GIB are equal (since they are right angles), k the remaining angle HLK will
be smaller than the remaining angle GBI. Let therefore angle KLM be made equal
to GBI, and LM will fall outside LH and meet KH, produced past H, in point M .
Therefore, since the angles B, I of the triangle GBI are equal to the two angles L, K
in the triangle M LK, and the sides BI, LK are equal, l the lines GI and M K will be
equal. The line GI is therefore greater than the line HK.
[297]

d

Book VI,
Cor. 2. Prop. 33.
e
Book V,
Prop. 15.
f

Book V,
Prop. 15.
g
Prop. 5
of this book.
h

Book V,
Prop. 13.
i

Book V,
Prop. 10.
k

Book I,
Prop. 32.
l

Book I,
Prop. 26.

For this reason, the rectangle contained by GI and half the perimeter of the figure
ABC will be greater than the rectangle contained by HK and half the perimeter of
the figure DEF , which was taken to be equal to half the perimeter of the figure ABC.
a Since it has been shown that the first rectangle is equal to the figure ABC, and the a Prop. 2
second is equal to the figure DEF , it will also be true that figure ABC is greater than of this book.
figure DEF . Therefore, among isoperimetric regular figures, the greater one is, etc.
This is what we had to prove.
PROBL. 1. PROPOS. 7.
Given a triangle with two unequal sides, to construct a triangle on the remaining side Method to
construct an
that is isoperimetric with the first triangle and has two equal sides.
Let ABC be the triangle whose two sides AB and BC are not equal, with
AB greater than BC. It is required to construct
an isosceles triangle on the side AC that is isoperimetric with the triangle ABC. Let DE be equal
to AB, BC together, and bisect DE in F . And
since AB and BC together are greater than AC,
DF and F E together will also be greater than
AC. From this, any two of the three lines AC,
DF , F E together will be greater than the third. b
Therefore if the triangle AGC is constructed [with
Figure 179: [297]
AG = GC = DF = F E], then what is proposed
has been accomplished. For the sides AG, GC will
be equal, and together equal to the two sides AB,
BC together. With the common side AC having been added, the triangles ABC and
AGC will be isoperimetric. Therefore, given a triangle with two unequal sides, we have
described a triangle on the remaining side, etc. This is what we had to do.
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isosceles
triangle isoperimetric
to a given
non-isosceles
triangle.
Book I, Prop. 16.

b

Book I,
Prop. 22.

SCHOLIUM.
The point G will necessarily fall outside the triangle ABC. If it fell on the side
AB, say in point H, the line c HC would be less than the two sides HB, BC together c Book I,
so AHC and ABC could not be isoperimetric. The contrary of this was proved by Prop. 20.
the construction. Nor will the point G fall inside the triangle ABC. Hence it will lie
outside, which is what we claimed.
THEOR. 7. PROPOS. 8.
Of two isoperimetric triangles on the same base, one of the two having two equal sides An isosceles
triangle is
and the other having unequal sides, the larger will be the one with two equal sides.
greater than a

Let ABC be a triangle with AB greater than BC, and d and let an isoperimetric non-isosceles
triangle ADC be constructed on the base AC with AD and DC equal and AB, BC isoperimetric
triangle.
together equal to AD, DC together. I say that the triangle
d

Prop. 7
of this book.

Figure 180: [298]

[298]
ADC is greater than the triangle ABC. For let AD be produced in the direction of D
and let DE be equal to AD, or what is the same, to DC. Also let the lines DB, BE
be drawn. a Therefore since AB, BE together are greater than AE, that is, than AD
and DC together, and hence greater than AB and BC together, with the common AB
removed, BE will be greater than BC. The sides ED and DB of the triangle EDB
are equal to the sides CD and DB of the triangle CDB and the base BE is greater
than the base BC. b Hence the angle EDB will be larger than the angle CDB. From
this, angle EDB is greater than half the angle EDC, but angle DAC is half the angle
EDC, c because the angles DAC and DCA are equal, and taken together equal the
external angle EDC. d Therefore angle EDB will be greater than angle DAC. e Let
angle EDF be equal to the interior angle DAC. The line DF will fall above the line
DB, f and it will be parallel to the line AC. Let DF be produced until it meets AB,
in F , and let the line F C be drawn. g Therefore triangles ADC and AF C are equal,
but the triangle AF C is greater than the triangle ABC. It follows that triangle ADC
is greater than triangle ABC. Hence of two isoperimetric triangles having the same
base, etc. This is what we had to show.
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a

Book I,
Prop. 20.

b

Book I,
Prop. 25.
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Book I,
Prop. 5.
d
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e
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g
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THEOR. 8. PROPOS. 9.
In similar right triangles, the square on the sides that subtend the right angles, taken Property of
together as one line, so to speak, is equal to the two squares together, each of which two similar
has a side that is a pair of proportional sides in the triangles taken together as one line. right triangles.

Let the similar right triangles be ABC and DEF , so that angles B and E are
right angles, C and F are equal, and A
and D are equal. The sides AB and
DE, BC and EF , AC and DF are proportional. I say that the square on AC
and DF taken together as one line, so
to speak, is equal to the two squares together, the first of which is described on
AB and DE taken together as one line,
and the other is described on BC and
EF taken together as one line. With
DE produced in the direction of E, let
EG be equal to the line AB, and let GH
be drawn parallel to the line EF until
Figure 181: [298]
it meets DF , produced, in the point H.
Next let F I be drawn through F parallel
to EG. The triangles F IH and DEF will
therefore be similar, and hence F IH and ABC are also similar. (This follows because
h angle F IH is equal to angle G, and that i is equal to angle DEF , that is to angle B. h Book I,
Prop. 29.
Angle H is also equal to angle
i

Book I,
Prop. 29.

[299]
to angle DF E, that is, to angle C. a Therefore angle IF H is equal to angle A.) The
sides AB and F I are equal b because F I is equal to EG, and EG has been taken equal
to AB. c Therefore also BC and IH will be equal and the same is true for AC and
F H. It follows that DH will be equal to a line composed from AC and DF , similarly
DG from AB and DE, and finally GH from BC and EF , d since GI is equal to EF .
e And therefore since the square on the side DH is equal to the squares on DG, GH
taken together, what was proposed is true. In similar triangles the square on the sides
that subtend the right angles, etc. This is what we had to show.
PROBL. 2. PROPOS. 10.
Given two isosceles triangles, whose bases are unequal, but having the two [equal] sides
of the first equal to the equal sides of the other, to construct on the same bases two
other isosceles triangles that are similar, and that, taken together, are isoperimetric
with the first two triangles, taken together.316

a

Book I,
Prop. 32.
b

Book I,
Prop. 34.
c
Book I,
Prop. 26.
d

Book I,
Prop. 34.
e
Book I,
Prop. 47.

How to construct two
similar isosceles triangles
that, taken
Let AEB and CF D be two isosceles triangles on the unequal bases AB and CD, together, are
isoperimetric
316
This means that the sum of the perimeters of the first pair of triangles must equal the sum of the to two other
perimeters of the second pair.
isosceles
triangles.
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and let the four lines AE, EB, CF , F D be equal. Let AB be greater than CD, so
that f angle E is greater than angle F . Assume the triangles are not similar, that is,

f

Book I,
Prop. 25.

Figure 182: [299]

not equiangular. It is necessary to construct two other similar isosceles triangles on
the same bases AB and CD, that together have the same perimeter as the perimeters
of the first two triangles together. Let the line GH be equal to the four lines AE, EB,
CF , F D taken together, and g let it be divided in point K as the line composed of AB g Book VI,
and CD is divided in point B: that is, let the ratio GK to KH be the same as AB to Prop. 10.
CD. And since AB is greater than CD, GK will also be greater than KH since both
are ratios of a greater thing to an unequal thing. Let both GK and KH be bisected
in points L and M . Since GK is to KH as AB is to CD, componendo, it will be true
that GH is to KH as AB and CD taken together are to CD. But GH is greater than
AB and CD taken together, since h the four lines AE, EB, CF , F D, together are h Book I,
equal to GH and AE together with EB is greater than AB, and CF together with Prop. 20.
F D is greater than CD. i Therefore KH will also be greater than CD, and by the i Book V,
same reasoning, GK will be greater than AB. Hence of the lines AB, GL, LK, having Prop. 14.
selected any one, the remaining two taken together are larger. (For GL, and LK are
larger than AB, since the whole GK is larger than AB in the way that has been shown.
It is clear that AB and GL taken together are greater than LK and also AB and LK
taken together are greater than GL, since GK is bisected in L.) The same is true of
k
CD, KM and M H. k From the three
Book I,
Prop. 22.

[300]
lines AB, GL, LK, let triangle AN B be constructed, which will be isosceles. The point
N will fall outside the triangle AEB, since AE and EB taken together constitute half
of the line GH and AN and N B taken together are larger than half the line GH. a
Again, from the three lines CD, KM , M H, let triangle COD be constructed, which a Book I,
will be isosceles, and point O will fall within the triangle CF D, since CF and F D Prop. 22.
together make half the line GH, and CO and OD together are less than half the line
GH. And since both the four sides AE, EB, CF , F D taken together, and the four
sides AN , N B, CO, OD taken together equal the line GH, the first four taken together
equal the second four taken together. Having added the common bases AB, CD, the
six sides AE, EB, BA, CF , F D, DC taken together equal the six sides AN , N B,
BA, CO, OD, DC taken together. Hence triangles AN B, COD taken together are
isoperimetric to triangles AEB, CF D together. I say now that AN B and COD are
also similar. First, AB is to CD as GK is to KH, b that is, as GL is to KM , AN is to b Book V,
CO, and N B is to OD. Permutando, AB is to AN as CD is to CO, and AN is to N B Prop. 15.
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as CO is to OD. Therefore, the corresponding sides of the triangles AN B and COD
are proportional, c so the triangles will also be equiangular, and hence similar. From c Book VI,
the two given isosceles triangles, whose bases are unequal, etc. we have constructed Prop. 5.
what was required.
THEOR. 9. PROPOS. 11.

Two similar
isosceles triTwo similar isosceles triangles on unequal bases, taken together, are greater than two angles are
other isosceles triangles on the same bases, taken together, that have four equal sides greater than two
isosceles triand are isoperimetric with the first pair, but not similar to each other.
angles that
On the unequal bases AC, CE let ABC, CDE be non-similar isosceles triangles are not similar,
such that the four sides AB, BC, CE, ED are equal. d And on the same bases but are on the
same bases
AC, CE, let two isosceles triangles AF C, CGE, be constructed that are similar and
and are isoperimetric.
d

Prop. 10
of this book.

Figure 183: [300]

isoperimetric to the first pair of triangles, taken together. I say that the two triangles
AF C, CGE taken together are greater in area than the two triangles ABC, CDE,
taken together. For let AC, CE be taken along a single straight line, and let
[301]317
the base AC be greater than the base CE. Next, from F , through B, let the line F BK
be drawn, cutting the line AC in point K. Also, from D through G, let the line DGH
be drawn, cutting the line CE in H. And since the sides AF , F B of the triangle AF B
are equal to the corresponding sides CF and F B of the triangle CF B, and AB equals
BC, a the angle AF B will be equal to the angle CF B. Again, since the sides AF , F K a Book I,
of the triangle are equal to the corresponding sides of CF , F K of the triangle CF K Prop. 8.
and the angle AF K is equal the angle CF K, b the bases AK and KC will be equal and b Book I,
the angles at K are also equal, hence are right angles. By the same reasoning, we will Prop. 4.
conclude that the line CE is bisected at H, and the angles at H are right angles. Let
the line DH be produced in the direction of H, and let HL equal DH. Let line LCN
be drawn passing through C. Since the sides DH, HC of the triangle DCH are equal
317

The figure from page [300] is repeated on this page, but it has been omitted here.
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to the sides LH, HC of the triangle LCH and the angles at H are equal (since they are
right), c the sides DC and LC will be equal, and the angles DCH, LCH will be equal.
But the angle DCH is greater than the angle GCH, and the angle GCH is equal to the
angle F AK, because of the similarity of triangles GCE and F AC. That is, the angle
GCH is equal to the angle F CA, d which is equal to the angle F AC. Therefore, the
angle DCH (equal to LCH) and angle N CK, e which is equal to LCH at the vertex,
will be greater than the angle F CA. And because of that, the line CN will necessarily
fall outside the line CF , and the lines LC and CB will contain an angle BCL in the
direction of K. From this, if the line BL is drawn, it will cut the line CK in some
point between C and K; let this point be M . Now, since the lines AB, BC, CD, DE,
together, are equal to the lines AF , F C, CG, GE, together because the triangles are
isoperimetric, the halves of these will also be equal, for instance BC and CD, that is
BC and CL together equal F C and CG together. f But BC and CL together are
greater than BL. Hence also F C and CG together will be greater than the same line
BL. Hence the square on F C, CG, taken together as one line, will be greater than the
square on BL. g The square on F C, CG together is equal to the square on F K, GH
together as one line, together with the square on KC, CH together as one line. h And
the square on LB is equal to the square on BK and LH, that is, to the square on BK
and DH, taken together as one line, together with the square on KM and M H taken
together as one line, since the right triangles BKM , LHM are similar. (i This is true
because the angles at the vertex M are equal,

c

Book I,
Prop. 4.
d

Book I,
Prop. 5.
e
Book I,
Prop. 15.

f

Book I,
Prop. 20.
g

Prop. 9
of this book.
h

Prop. 9
of this book.
i

Book I,
Prop. 15.

[302]318
and the angles K and H are right angles. a Hence the remaining angles KBM and a Book I,
HLM are also equal.) Therefore the square on F K, GH as one line, together with the Prop. 32.
square on on KC and CH as one line, that is on KH, is greater than the square on
BK, DH as one line together with the square on KM and M H as one line, that is, the
square on KH. With the common term of the square on KH taken away, the square
on F K and GH as one line, will be greater than the square on BK and DH as one
line. And it follows that F K together with GH as a line is greater than BK together
with DH as one line. And because of this, if the common segments BK and GH are
taken away, the remaining F B will be greater than DG. But KC is also greater than
HC, since the whole AC, whose half is KC, is taken to be larger than the whole CE,
whose half is HC. Because of this, the rectangle contained by F B, KC is greater than
the rectangle contained by DG, HC. And since the triangle F BC is half the rectangle
contained by F B, KC (if on F B a rectangle with altitude KC is constructed, then
the triangle and the rectangle are between the same parallels, so b the triangle is one b Book I,
half of the parallelogram, which is equal to the rectangle contained by F B and KC). Prop. 41.
And the triangle DGC is half the rectangle contained by DG and HC (c [by the same c Book I,
argument as in the last set of parentheses; omitted here]). Hence the triangle F BC Prop. 41.
will be greater than the triangle DGC. It follows that the quadrilateral AF CBA is
greater than the quadrilateral CDEGC since the quadrilaterals are twice the triangles.
Hence, having added the common term equal to the triangles ABC, CGE together [to
both sides of the last inequality], the triangles AF C, CGE together are greater than
318

The figure from pages [300] and [301] is also repeated on this page, but we have omitted it.
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the triangles ABC, CDE, together. Therefore two isosceles triangles on unequal bases,
etc., which is what we had to show.
[303]
THEOR. 10. PROPOS. 12.
Among isoperimetric figures having equal numbers of sides, the largest is both equilateral and equiangular.
Let the figure ABCDEF having any number of sides be the largest among all
isoperimetric figures having the same number of sides, so that it is not possible to be
given one that is larger.319 I say that it is equilateral and equiangular. For if possible, first suppose that the figure is not equilateral and let adjacent sides AB, BC be
unequal. Therefore, having drawn the line AC, a if an isosceles triangle AGC is constructed on the base AC that is isoperimetric with the triangle ABC, the whole figure
AGCDEF will be isoperimetric with the figure ABCDEF . b And because triangle
AGC is greater than triangle ABC, if the common polygon ACDEF is adjoined to
both, the figure AGCDEF will be greater than the figure ABCDEF . This is contrary to the hypothesis. Therefore the sides AB, BC must be equal. With the same
reasoning, we will show that the adjacent sides BC, CD are equal, and the same for
all adjacent pairs of sides. Therefore the largest figure among those isoperimetric with
it, having the same number of sides, is equilateral. This shows the first part of the
statement.
Next, if possible, let figure ABCDEF , which is equilateral as has just been proved,
be non-equiangular, with unequal non-adjacent
angles B, D. Assume angle B is greater than angle D. Because it has been proved that the largest
figure is equilateral, the two triangles ABC, CDE
will be isosceles, and the two sides AB, BC, will
be equal to the two sides CD, DE. Since angle B
is taken to be greater than angle D, c the line AC
will be greater than the line CE. d Therefore, if
on the bases AC, CE are constructed two other
isosceles triangles AGC, CHE, similar to each
other, and isoperimetric with the triangles ABC,
CDE, e the triangles AGC, CHE taken together,
will be greater than the triangles ABC, CDE,
taken together. If the common polygon ACEF
is adjoined, the figure AGCHEF will be larger
Figure 184: [303]
than the figure ABCDEF , which would conflict
with the hypothesis that this was taken to be the
largest of all. Therefore, the angles B, D are not unequal, but equal. With the same
319

Modern treatments of this result would also include an easy argument that convexity is necessary,
but Clavius does not mention this. As mentioned before, it is also not clear a priori that such a figure
must exist. In modern terms, we might rely on a compactness result for the space of similarity classes
of isoperimetric polygons with a given number of sides, continuity of the area function, and a version
of the Extreme Value Theorem to say this.
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Among isoperimetric figures
having equal
numbers of sides,
the largest is
both equilateral and
equiangular.
a

Prop. 7
of this book.
b

Prop. 8
of this book.

c

Book I,
Prop. 24.
d

Prop. 10
of this book.
e

Prop. 11
of this book.

reasoning, we will show that the non-adjacent angles C, E are equal, and the same
for all other pairs of non-adjacent angles. With this it is accomplished that the whole
figure is equiangular, namely that the adjacent pairs of angles are equal as well. For
example, suppose that angle B is said to be unequal to angle C. Since C is equal to the
non-adjacent angle E, the same will be true for B, which is absurd.320 For all pairs of
non-adjacent angles are equal, as we have shown. Therefore, the largest figure among
all figures isoperimetric with each other
[304]
and having equal numbers of sides is not only equilateral, but also equiangular. Because
of this, of all isoperimetric figures having equal numbers of sides, the largest is both
equilateral and equiangular, which is what we had to show.
SCHOLIUM.
With regard to the proof of the first part of this proposition, it should be observed
that the two unequal sides must be taken adjacent to one another, so that no other sides
are interposed between them, and so that having taken the sides AB, BC, the angle
B is formed. For in this manner, with the line AC having been drawn, the triangle
ABC will have been made, whose two sides AB, BC are unequal, as was assumed in
the proof. Neither can one doubt that in a non-equilateral figure, such as ABCDEF ,
two adjacent unequal sides can be taken. For if it was stated that AB, BC were equal,
we would take AB and AF . If these were also equal we would take AF and F E, and
if those were equal, we would take EF and ED, and so on until we would come to
two adjacent sides that were not equal and that would constitute an angle. We would
necessarily reach two such sides, because otherwise the figure would be equilateral,
which is not what was assumed.321
Concerning the last part of the proof, it should be noticed that in figures with several
sides, we must take two unequal angles that are not adjacent to each other, so that one
or several angles are interposed between them; this is true for angles B, D in the figure,
between which is placed angle C. In this way, the two lines AC, CE subtending the
aforesaid angles do not intersect [in the interior], and two figures ABCDEF , AGCHEF
are formed by adjoining the common figure ACEF to the triangles constructed on the
bases AC and CE. This will not be true if two adjacent unequal angles are used.
One should not doubt that two such angles can be determined. In all many-sided nonequiangular figures,322 there will necessarily be two non-adjacent angles that are not
equal. For in the proposed figure ABCDEF , we will compare angle B with all of the
non-adjacent angles, D, E, F (there will necessarily be two in a pentagon, three in a
hexagon, and so forth). If one of these is unequal to B, then we will have two unequal
non-adjacent angles, namely B and the one that is not equal to it. If all of those angles
are equal, then B must be unequal to one of its adjacent angles, or else the whole
figure is equiangular. If therefore angle A is unequal [to B], angle A and angle D or
320

This argument for equal angles doesn’t work for triangles and quadrilaterals; separate arguments
are needed for those cases, which will be provided in the following Scholium.
321
This argument works for all numbers of sides, three or more.
322
That is, having five or more sides.
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What things
should be observed in the
proof of this
Proposition.

angle E will be nonadjacent and unequal, since both of those are taken equal to angle
B. If angle C were unequal to angle B, then angle C and angle E or angle F will be
nonadjacent and unequal, since both of those are taken equal to angle B.
But now the proposition is only proved for many-sided figures because we have said
that two unequal and non-adjacent angles can be found. For triangles and quadrilaterals
angles of this sort cannot be found, since in equilateral triangles, all the angles are equal
(as is shown in the corollary to Proposition 5 in Book I of Euclid), and in quadrilaterals
with all sides equal (since these are all parallelograms,
[305]
as we have shown in the Scholium to Proposition 34 in Book I of Euclid), a each pair of a Book I,
opposite angles is equal. For this reason, we will now prove the whole proposition for Prop. 34.

Figure 185: [305]

triangles and quadrilaterals. First let triangle ABC be the greatest among all triangles
isoperimetric with it. I say that this triangle is equilateral and equiangular. For if it is
not equilateral, but AB and BC are unequal, b if on the base AC an isosceles triangle
ADC is constructed, so that the sides AD and DC together are equal to the sides
AB and BC together, the triangles ABC and ADC will be isoperimetric, c and ADC
will be greater than ABC, which is contrary to the hypothesis. Therefore the sides
AB and BC are not unequal, but equal. The same reasoning applies to all adjacent
pairs of sides. Therefore triangle ABC is equilateral. Therefore, from the Corollary to
Proposition 5 in Book I of Euclid, it is also equiangular. This is what we had to show.
Next, let the quadrilateral ABCD be the greatest among all quadrilaterals isoperimetric with it. I say it is both equilateral and equiangular. For if it is not equilateral,
let sides AB, BC be unequal (if this possible), and let the line AC be drawn. d Therefore, if an isosceles triangle AEC is constructed on the base AC that is isoperimetric
with ABC, then triangle AEC will be greater than triangle ABC. With the common
triangle ACD having been adjoined, e the quadrilateral AECD will be greater than the
quadrilateral ABCD. This is contrary to the hypothesis, since ABCD is taken to be
the greatest. Therefore AB and BC are not unequal, but equal. The same reasoning
applies to all adjacent pairs of sides. Therefore the figure ABCD is equilateral.323
Now let the quadrilateral ABCD be the greatest of all the quadrilaterals isoperimetric with it. ABCD is equilateral, as has been shown, but suppose it is not equiangular,
with angles BAD and CDA unequal. Therefore, being equilateral, ABCD is a par323

Instead of using of the fact that the argument showing the figure is equilateral does not depend
on the number of sides, Clavius has repeated that argument for triangles and quadrilaterals. This may
have been done for pedagogical reasons.

301

b

Prop. 7
of this book.
c

Prop. 8
of this book.

d

Prop. 7
of this book.
e

Prop. 8
of this book.

allelogram, as we have shown in the Scholium to Proposition 34 in Book I of Euclid,
and neither of the angles A and D is a right angle f (otherwise, since they sum to two
right angles, they would both be right angles) but rather one is acute and the other is
obtuse. If perpendiculars AH and DG to AD are drawn from A and D, meeting the
side BC, produced, in H and G, AHGD will also be a parallelogram. g Since the sides
AB and DC are greater than the sides AH, DG, let these be produced to make AE
and DF equal to the sides AB and DC, and let EF be joined. With this having been
done, the figure AEF D will be isoperimetric with the parallelogram ABCD, since the
sides AE and DF are equal to the sides AB, DC, the side AD is common, and the side
EF is equal to the side BC, h because both are equal to the opposite side AD. Since
the figure AEF D is greater than the parallelogram AHGD, i and this is equal to the
parallelogram ABCD, the figure AEF D will also be greater than the parallelogram
ABCD. And since they are isoperimetric, ABCD will not be the greatest among all
figures that are isoperimetric with it. This is contrary to the hypothesis. Therefore,
angles BAD and CDA are not unequal, but rather equal. And since ABCD is a parallelogram, k the opposite angles B and C will be equal to these angles A and D; because
of this the whole figure will be equiangular, which is what we had to show.

f

Book I,
Prop. 29.
g

Book I,
Prop. 19.

h

Book I,
Prop. 34.
i

Book I,
Prop. 35.

k

Book I,
Prop. 34.

[306]
THEOR. 11. PROPOS. 13.
The circle is greater than all regular rectilinear figures isoperimetric with it.

The circle is
greater than
Let the circle be ABC, and let DEF be a regular rectilinear figure isoperimetric all regular
with the circle, with any number of sides. I say that the circle ABC is greater than rectilinear
the figure DEF . For let G be the center of the circle ABC, and let H be the center figures isoof the figure DEF . Let figure BIKC be circumscribed about the circle ABC, with as perimetric
with it.

many sides as DEF has, and equal angles, by what we have presented in the scholium
to Proposition 16 in Book IV of Euclid. Next, from the point of contact A, let the

Figure 186: [306]
line AG be drawn to the center G, a which will be perpendicular to IK. Again, let a Book III,
HD be drawn perpendicular to LM . b The lines GA and HD will bisect IK and LM Prop. 18.
respectively, which is clear if circles are circumscribed about the figures BIKC and b Book III,
DEF . And let lines GI and HL be drawn, bisecting the angles I, L, as is clear from Prop. 3.
the proof of Proposition 12 in Book IV of Euclid. Therefore since the angles I and L are
equal because of the similarity of the figures, the same will be true for their halves (for
instance the angles AIG, DLH). Since the angles IAG, LDH are also equal (right
302

angles), c the triangles AIH, DLH will be equiangular. Since the perimeter of the
figure BIKC is greater than the circumference of the circle (by the first proposition
in Book I of Archimedes’ On the Sphere and Cylinder ), if the perimeter of the figure
DEF is taken to be equal to the circumference of the circle, then the perimeter of
figure BIKC will also be greater than the perimeter of the figure DEF . Therefore
since the figures are regular and similar, the side IK will be larger than the side LM ,
and from that, IA, half of the side IK, will be greater than LD, half of the side LM .
d In turn, as IA is to GA, so LD is to DH, and IA is greater than LD. e And hence
AG is greater than DH. For this reason, the rectangle contained by AG and half
the circumference of the circle, f which is equal to the circle in area, is greater than
the rectangle contained by DH and half the perimeter of the figure DEF , g that is,
greater than the area of the figure DEF . Therefore the circle is greater than all regular
rectilinear figures isoperimetric with it, which is what we had to show.
COROLLARY.

c

Book I,
Prop. 32.

d

Book VI,
Prop. 4.
e
Book V,
Prop. 14.
f

Prop. 4
of this book.
g
Prop. 2
of this book.

From all that has been shown, it is clear that the circle is greater than all rectilinear
figures isoperimetric with it.
The circle is
[307]
We know from Proposition 5 that among regular isoperimetric figures, the larger
is the one that contains more sides, and further, from Proposition 12 that among
isoperimetric figures having equal numbers of sides, the one that is regular is the largest.
Finally from this Proposition 13 it is transparent that the circle is greater than all
regular isoperimetric figures. Manifestly, it is concluded that the circle is simply and
absolutely larger than all rectilinear figures isoperimetric with it. This is what we had
to show.

greater than all
rectilinear
figures isoperimetric with it.

THEOR. 12. PROPOS. 14.
The volume of any pyramid is equal to the volume of the rectangular solid contained Paralleleby the perpendicular from the vertex to the base, produced, and the third part of the piped equal
to a pyramid
base.
of any sort.

Let the base of the pyramid be ABCDE, with any number of sides, and let the
vertex be F . Also let GN be a rectangular solid whose base GHIK is equal
to the third part of the base ABCDE
and whose altitude or perpendicular GL
is equal to the altitude of the pyramid,
or the perpendicular drawn from the vertex of the pyramid to the base, produced.
I say that the rectangular solid GN is
equal to the pyramid ABCDEF . For let
lines be drawn from all the vertices of the
base GHIK to some point on the opposite face, for instance to L, so that a pyraFigure 187: [307]
mid GHIKL is formed, having the same
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base as the solid GH, and the same altitude as the solid GN and the pyramid ABCDEF . a Therefore since the pyramid a Schol. Book
ABCDEF is triple the pyramid GHIKL, and b the solid GN is also triple the same XII, Prop. 6.
pyramid GHIKL, c the solid GN will be equal to the pyramid ABCDEF . For this b Cor. Book
reason, the volume of any pyramid is equal to the rectangular solid, etc. This is what XII, Prop. 7.
c
Book V,
we had to show.
Prop. 9.

THEOR. 13. PROPOS. 15.
The volume of any body contained in plane surfaces, and circumscribable about some
sphere, that is, so that from some point in the interior, all the perpendiculars drawn
to the faces are equal,324 is equal to the volume of the rectangular solid contained by
one of the perpendiculars and the third part of the surface area of the body.
[308]

A parallelepiped equal
to a body
in which a
sphere can be
inscribed.

Let the body contained by plane surfaces be ABCD, described about the sphere
EF GH, with center I, in which the lines IE, IF , IG, IH drawn from I to the points of
contact are perpendicular to the faces of the solid body. Now if for instance through the
line IE a plane is drawn, it makes a circle EF GH in the sphere, by Proposition 1. in
Book I of Theodosius.325 a If AB is the line of intersection of the face and that plane, it a Book XI,
will be tangent to the circle EF GH in point E, because the sphere is tangent to the face Prop. 3.
and does not cut through it. b Therefore IE will be perpendicular to the line AB. By b Book III,
the same reasoning, if another different plane is drawn through IE, it will make another Prop. 18.
circle in the sphere and another line in the same face, cutting the line AB in E, to which
IE will also be perpendicular. c And for this reason IE will be perpendicular to the c Book XI,
Prop. 4.
face of the solid through these lines. In the same
way, we will show that the lines IF , IG, IH are
perpendicular to the other faces. And let LR be
a rectangular solid whose base KLM N is equal
to the third part of the surface area of the body
ABCD, and whose altitude or perpendicular LP
is equal to one of the perpendiculars from the
center I falling on the faces of the body, which
are equal to one another by the definition of a
sphere. I say that the solid LR is equal to the
body ABCD. For let straight lines be drawn from
the center I to all the vertices of the body ABCD,
so that the whole body is divided into pyramids,
out of which it is composed. The bases of the
pyramids are the same as the faces of the solid
Figure 188: [308]
d
body, and the common vertex is the point I.
d
Therefore any one of these pyramids is equal to
Prop. 14
324

That is, a special type of polytope. The word faces here is used to translate bases in the Latin; in
contemporary terminology for polytopes, these are only the facets, not the lower-dimensional faces.
325
Clavius is referring to the Spherics of Theodosius of Bithynia, a Greek astronomer who lived
ca. 169–ca. 100 BCE.
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of this book.

the rectangular solid contained by the perpendicular LP , which is taken equal to all
the perpendiculars of the solid ABCD, and the third part of its base. If as many of
these rectangular solids are made as there are pyramids, then together, they will be
equal to the rectangular solid LR. (For if the rectangle KLM N is divided into as
many rectangles are there are faces in the solid body in question, so that the first is
equal to the third part of one of the faces, the second is equal to the third part of
another, and so on, then because the rectangle KLM N is taken to be the third part of
the surface area of the solid, and parallelepipeds are understood to be constructed on
those rectangles, then together, they will be equal to the parallelepiped LR.) e Since e Prop. 14
each parallelepiped is equal to one of the pyramids, all of the pyramids together, that of this book.
is, the solid body ABCD, composed from them, is equal to the rectangular solid LR.
Therefore, the volume of any solid body contained by plane surfaces, etc. This is what
we had to show.
THEOR. 14. PROPOS. 16.
The volume of any sphere is equal to the volume of the rectangular solid contained by Parallelepiped to which
the semidiameter of the sphere and the third part of the surface area of the sphere.
a sphere is

Let ABC be a sphere with center D and semidiameter AD; also let E be the equal.
rectangular solid contained by the semidiameter AD and the third part of the surface
area of the sphere
[309]
ABC. I say that the body E and the sphere ABC are equal. If they are not equal,
suppose first that E is greater and let the excess of the solid E over the sphere ABC
be a quantity F . Let a sphere GHK be described about the center D, larger than the
sphere ABC, so that the excess of sphere GHK
over the sphere ABC is not larger than the quantity F , but either equal to it or smaller. That is,
the sphere GHK is either equal to the solid E,
or exceeds the sphere ABC by a quantity smaller
than F . For there will necessarily be such a sphere,
whose volume is either equal to the magnitude
E, and hence is greater than the sphere ABC,
or larger than the sphere ABC, but less than the
quantity E, which was assumed to be greater than
the sphere ABC. a Next, let a body be inscribed a Book XII,
in the sphere GHK that is not tangent to the Prop. 17.
sphere ABC, so that any one of the perpendiculars
Figure 189: [309]
drawn from the center D to the faces of this body
are greater than the semidiameter AD. Therefore,
if from the center D, straight lines are drawn to
all the vertices of this solid, so that the whole is divided into pyramids, whose bases are
the same as those of the body inscribed in GHK, b each of those pyramids is equal to b Prop. 14
the rectangular solid contained by its perpendicular and the third part of the area of of this book.
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its base. And because of this, the rectangular solid contained by the semidiameter AD
and the third part of the base of any one of these pyramids will be less than the pyramid. Since all those rectangular solids contained by the perpendiculars to the faces of
the body from the center and the third part of the bases of the pyramids are together
equal to the whole body, and the third parts of the bases, taken together make the
third part of the whole surface area of the body, the rectangular solid contained by the
semidiameter AD and the third part of the surface area of the body inscribed in the
sphere GHK, will be less than that inscribed body. Since the surface area of the body
is larger than the surface area of the sphere ABC, as Archimedes shows in Proposition
27 in Book I of On the Sphere and Cylinder,326 and from that also the third part of the
surface area of the body is greater than the third part of the surface area of the sphere
ABC, the rectangular solid contained by the semidiameter AD and the third part of
the surface area of the sphere ABC, that is, the solid E, will be smaller in volume than
the body inscribed in the sphere GHK. But the sphere GHK was taken to be either
equal to the solid E or less. Therefore also the sphere GHK will be less than a body
inscribed in it, the whole to the part, which is absurd. Therefore, the solid E will not
be greater than the sphere ABC.
Next, suppose that the solid E is less than the sphere ABC, and the sphere exceeds
its volume by a quantity F . Let a sphere LM N be described with center D, less than
the sphere ABC, so that the excess by which sphere ABC is greater than LM N is not
larger than the quantity F , but is either equal or smaller. That is, assume the sphere
LM N is either equal to the solid E, if for instance the sphere ABC exceeds the sphere
LM N by exactly F , or greater than E, but not as large as the sphere ABC. For a
sphere will necessarily
[310]
exist that is either equal to the solid E and smaller than sphere ABC because of that,
or less than sphere ABC, but larger than E, which was assumed smaller than sphere
ABC. a Next, let a body be described in the sphere ABC that is at least tangent to a Book XII,
the sphere LM N , but so that the perpendiculars drawn from the center D to the faces Prop. 17.
of this inscribed solid are less than the semidiameter AD. Therefore, if straight lines
are drawn from the center D to all the vertices of this body, so that the whole body is
resolved into pyramids with the common vertex D. b Any one of these pyramids will b Prop. 14
be equal to the rectangular solid contained by the perpendicular to that face, and the of this book.
third part of the area of the face. And from that the rectangular solid contained by
the semidiameter AD and the third part of the area of the same face will be larger
than that pyramid. Since all the rectangular solids contained by the perpendiculars
to the faces and the third part of the area of the face together are equal to the whole
body, and since the third parts of the faces together make the third part of the surface
area of the whole body, the rectangular solid contained by the semidiameter and the
third part of the surface area of the whole body will be greater than the whole body
inscribed in the sphere ABC. Therefore since the surface area of the sphere ABC is
greater than the surface area of the body inscribed in it, and the third part of the
326

The statement needed is Proposition 30 in Netz’s modern translation and in Heath’s version.
Similar shifts of 2 or 3 are needed for the citations in the next several propositions.
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surface area of the sphere ABC is greater than the third part of the surface area of
the inscribed body, the rectangular solid contained by the semidiameter AD and the
third part of the surface area of the sphere ABC, that is E, is greater than the body
inscribed in the sphere ABC. But the sphere LM N was taken to be either equal to
the solid E or larger. Therefore the sphere LM N will also be larger than the body
inscribed in the sphere ABC, the part in the whole, which is absurd. Therefore the
solid E will not be less than the sphere ABC. Because it was shown not to be greater
either, it will be equal. And because of this the volume of any sphere is equal to the
volume of the rectangular solid contained by the semidiameter of the sphere and the
third part of the surface area of the sphere. This is what we had to show.
THEOR. 15. PROPOS. 17.
The sphere is greater than all isoperimetric bodies that are contained by plane surfaces,
and that are circumscribable about other spheres, that is, such that all perpendiculars The sphere is
greater than all
drawn from some interior point to the faces are equal.
Let A be a sphere with center A and semidiameter AB. Let C be a solid isoperimetric with the sphere and circumscribable about some other sphere, with a perpendicular
CD. I say that the sphere A is greater than the solid C. For let a solid similar to C
be circumscribed about the sphere A so that each of the faces is tangent to the sphere
A, that is, so that all the perpendiculars, of which AB is one, are equal because they
are semidiameters of the sphere. Now, since the surface area of the body about the
sphere A is greater than the surface area of the sphere A (by what has been proved by
Archimedes in Proposition 27 of Book I of On the Sphere and Cylinder ), the surface
area of this body will also be greater than the surface area of the body C. From this,
the perpendicular AB, that is, the semidiameter of the sphere A will be greater than
the perpendicular CD.

isoperimetric
bodies contained by plane
surfaces, and
circumscribable about
other spheres.

[311]
For this reason, the rectangular solid contained by the semidiameter AB and the third
a part of the surface area of the sphere, which is
a
Prop. 16
of
this book.
equal to the sphere, will be greater than the rectangular solid contained by the perpendicular CD
and the third part of the surface area of the body
b
C, b that is, greater than the body C. Therefore
Prop. 15
of this book.
the sphere is greater than all isoperimetric bodies
contained by plane surfaces, etc. This is what we
had to show.
COROLLARY.
It follows that the sphere is greater than any
isoperimetric regular solid, since then the perpendiculars drawn from the center to all the faces are
equal to one another, and equal to the semidiameter of the sphere c that can be inscribed in the
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Figure 190: [311]

The sphere
is greater than
any regular
solid isoperimetric with it.
c

Book XV,
Prop. 21.

body.
THEOR. 16. PROPOS. 18.
The sphere is greater than all isoperimetric bodies that are circumscribable about other
spheres and that are contained in conical surfaces all of whose slant heights are equal. The sphere
is greater than

Let ABCD be a circle, and let a regular figure EF GHIKLM be circumscribed all isoperiabout it, whose number of sides is a multiple of four, so that it is a square, or a figure metric bodies
circumscribable about
other spheres
and contained
in conical
surfaces.

Figure 191: [311]

of 8, 12, 16, 20, 24, or 28, etc. equal sides and angles. Let a straight line EI be drawn
from vertex E through the center to the vertex I. Keeping the line EI fixed, let the
plane containing the circle ABCD and the figure EF GHIKLM be rotated. The circle
will describe a sphere and the figure
[312]327
EF GHIKLM will describe a body contained in surfaces of frustums of cones, and
the slant heights of those frustums are all equal, namely the same figures that were
considered by Archimedes in Propositions 22 and 27 of Book I of On the Sphere and
Cylinder. Now let N be a sphere that is isoperimetric with the body EF GHIKLM ,
described about the sphere ABCD. I say that sphere N is greater than the aforesaid
body. For since the surface area of the solid EF GHIKLM is greater than the surface
area of the sphere ABCD (by Prop. 27 of Book I of Archimedes’ On the Sphere and
Cylinder ), the surface area of the sphere N will also be greater than the surface area
of the sphere ABCD, and the semidiameter of the sphere N will be greater than the
semidiameter of the sphere ABCD. And since the surface of a sphere is 4 times the
area of the largest circle in the sphere (by Proposition 31 of Book I of Archimedes’ On
the Sphere and Cylinder ) take the circle OP four times larger than the largest circle
in the sphere N . (This is easily done if the diameter OP is taken twice as large as
the diameter of the largest circle in the sphere N . a For since the circle OP is to the
327

The second figure from page [311] is repeated on this page in the original, but omitted here.
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a

Book XII,
Prop. 2.

largest circle in the sphere N , as the square on the diameter OP is to the square on the
diameter of the largest circle in the sphere N , b and the ratio of a square to a square is b Book VI,
the duplicate ratio of their corresponding sides, it will also be true that the ratio of the Prop. 20.
circle OP to the largest circle in the sphere N is the duplicate ratio of their diameters.
Since one diameter is taken twice as large as the other, the one circle will be four times
as large as the other. Hence the circle OP will have the same area as the surface of
the sphere N .) Let also circle ST be equal to circle OP . Next, let a right cone ST V
be constructed having altitude V X equal to the semidiameter of the sphere N , and
on the circle OP , let another cone OP Q be constructed having axis QR equal to the
semidiameter of the sphere ABCD. The altitude of the cone ST V will be larger than
the altitude of the cone OP Q, and the bases will be equal. From this, the cone ST V
will be greater than the cone OP Q c because cones with equal bases have the same c Book XII,
ratio as their altitudes. The sphere N is four times as large as the cone with base equal Prop. 14.
to the largest circle in the sphere and height equal to the semidiameter of the sphere,
as Archimedes showed in Proposition 32 of Book I of On the Sphere and Cylinder. And
the cone ST V is four times that same cone d since cones having the same altitude have d Book XII,
the same ratio as their bases. e Therefore the cone ST V will be equal to the sphere N . Prop. 11.
e

Book V,
Prop. 9.

[313]
For the same reason, since the base of the cone OP Q is equal to the surface of the
body EF GHIKLM , and that is equal to the surface area of the sphere N , since the
body and the sphere are isoperimetric, and the altitude is equal to the semidiameter of
the sphere ABCD, the solid EF GHIKLM will be equal to the cone OP Q, by what
Archimedes showed in Proposition 29 of Book I of On the Sphere and Cylinder. Hence
the sphere N will be greater than the solid EF GHIKLM , contained in surfaces of
cones. Therefore, the sphere is greater than all isoperimetric figures circumscribable
about other spheres, etc. This is what we had to show.
THEOR. 17. PROPOS. 19.

The sphere
is larger than
The sphere is larger than any isoperimetric cone or cylinder.
any isoperimetric cone or cylFor any sphere having been proposed, if a cone is made having a base equal to inder.

the surface area of the sphere, that is, four times the largest circle in the sphere, and
altitude equal to the semidiameter of the sphere, a then the sphere will be equal in a Book V,
volume to this cone [using Proposition 32 in Book I of On the Sphere and Cylinder of Prop. 9.
Archimedes and b ]. Therefore the surface area of the cone having base equal to the b Book XII,
surface area of the sphere is greater than the surface area of the sphere, since it also Prop. 11.
includes the rest of the surface apart from the base. Hence it is clear that if a cone is
made isoperimetric with the sphere, it will be smaller than this first cone, hence also
smaller than the sphere.
Again, if a cylinder is made having base equal to the surface area of the sphere,
and altitude equal to the semidiameter to the sphere, c this cylinder will be three c Book XII,
times as large as the cone having the same base and altitude (i.e. altitude equal to Prop. 10.
the semidiameter of the sphere). We just showed that that cone and the sphere are
equal in volume, so the cylinder is also three times as large as the sphere. The third
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part of this cylinder will be equal to the sphere (for instance, a cylinder on the same
base, having an altitude the third part of the semidiameter of the sphere d because that d Book XII,
cylinder is three times this one). This cylinder will have a surface area greater than Prop. 14.
the area of the sphere, since it also includes the rest of the surface apart from the base.
Hence who will not see that if the cylinder is made isoperimetric with the sphere, it
will be smaller than this first cylinder, hence also smaller than the sphere? Therefore,
the sphere is greater than any isoperimetric cone or cylinder. This is what we had to
show..328
SCHOLIUM.
All of these things have been chosen from the commentary on the Almagest of
Ptolemy by Theon of Alexandria, and Pappus of Alexandria in the Mathematical Collection, although we may have proved most of the statements more clearly and more
easily. The following results were found and proved by us.
PROBL. 3. PROPOS. 20.
To construct a rectangle equal to and isoperimetric with a given semicircle or quadrant, To construct
or eighth part, or sixteenth, etc. if a straight line equal to the circumference is given. a rectangle
[314]
Let ABC be a semicircle, ABD a quadrant,
AN D the eighth part of the circle, and AOD the
sixteenth part, etc. Let a rectangle AE be constructed contained by the semidiameter AD and
the line AF , which is equal to one fourth of the
circumference of the circle; also rectangle AG, contained by the semidiameter and AH, one eighth of
the circumference; also rectangle AI, contained by
the semidiameter AD and AK, one sixteenth of
the circumference; also rectangle AL, contained
by the semidiameter AD and AM , one thirtyFigure 192: [314]
second of the circumference. By the results we
have showed in Book IV, Chapter 7, at the end of
Number 1, the rectangle AE is equal to the semicircle ABC, AG is equal to the quadrant ABD,
AI is equal to the eighth part AN D, AL is equal to the sixteenth part AOD, etc. I
say that each of these same rectangles is isoperimetric with the aforesaid parts of the
circle, each to each, which is clear from the construction. For AD, EF are equal to
328

These statements are perhaps clear intuitively, but Clavius has not completely justified either one
by considering every possible combination of a radius and a height for the cylinder and the cone. For
2
cones, this is a constrained optimization problem in which πr3 h is to be maximized subject to the
√
constraint πr2 + πr r2 + h2 = 4πR2 , where r, h are the dimensions of the cone, and R is the radius
of the sphere. Using the method of Lagrange Multipliers, the maximum
occurs when r = R and
√
√
3
3
h = 2 2R. The volume of the largest isoperimetric cone is equal to 2 23πR < 4πR
. For cylinders,
3
√
3
3
4 6 πR
4πR
the maximal isoperimetric cylinder has volume
< 3 .
9
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the semidiameter AC, and AF and DE [together] are equal to half the circumference
of ABC, since each of AF , DE is one quarter of the circumference. And AD, GH
are equal to the semidiameters AD, DB, while AH and DG are two eighth parts of
the circumference, that is, together one quarter of the circumference, equal to AB.
Similarly, AD and IK are equal to the semidiameters AD, DN , while AK and DI
are two sixteenths of the circumference, hence together equal to one eighth of the circumference, equal to AN . Similarly, AD and LM are equal to the semidiameters AD,
DO, while AM and DL are two thirty-seconds of the circumference, hence together
equal to one sixteenth of the circumference, which is equal to AO. And so forth if the
circumference and the line AM are continually halved. Therefore, given a semicircle,
or quadrant, etc, we have constructed an equal and isoperimetric rectangle, which was
what we had to do.
Rev. Odo van Maelcote,329 a gifted mathematician, recently drew attention to this
problem pertaining to the semicircle and the quadrant when he presented it to his
listeners at the Collegio Romano, although he stated it in the form of a theorem.
PROBL. 4. PROPOS. 21.
To construct a parallelogram equal to and isoperimetric with any given triangle.

To construct
a paralleloLet ABC be a triangle of any sort. Through A, let AM be drawn parallel to the gram equal
base BC. And because, if neither angle B, C is a right angle, a both sides AB, AC are and isoperimetgreater than the perpendicular from A, or dropped from B, C, D, in the opposite side, ric with a given
both sides AB, AC together are greater than twice that perpendicular. On the other triangle.
a
Cor. Book
hand, if one of the angles B, C is a right angle, the same will be true, since then the
I, Prop. 19.

sum of AB, AC together will still be greater than twice the perpendicular. That is, if
GH is taken equal to AB and HI is equal to AC, so that the whole GI is equal to AB
and AC taken together, and GI is bisected in K, the half GK will be larger than the
perpendicular DE. Therefore if from the midpoint D
[315]

of the base BC, an arc of a circle of radius GK is described, you will cut the line in
some point L. With LM being taken equal to BD, let the lines DL, BM be drawn, a
that are parallel to one another. From this, the parallelogram DM b will be equal to a Book I,
triangle ABC. I say it is also isoperimetric with the triangle, which is clear from the Prop. 33.
construction. Certainly since DL, BM are both equal to GK, that is, to half of the b Schol. Book
sides AB, AC together, the sides DL and BM together equal AB and AC together. I, Prop. 41.
The sides BD and LM together are equal to the side BC. Therefore a non-rectangular
parallelogram has been constructed that is both equal to and isoperimetric with the
triangle ABC.
If you wish to find a rectangle equal to and isoperimetric with the same triangle
ABC, this is what must be done. Having drawn perpendiculars BF , DE, c the rectan- c Schol. Book
gle BE will be equal to the triangle ABC, but not isoperimetric with it, d because BF I, Prop. 41.
and DE are smaller than the sides AB, AC, but BD and EF together are equal to d Cor. Book
329

Jesuit priest, mathematician, and astronomer, 1572–1615, Clavius’s student, and later colleague,
at the Collegio Romano.
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I, Prop. 19.

Figure 193: [315]

the base BC. Therefore the perimeter of the rectangle BE is less than the perimeter
of the triangle ABC. If BF and DE are produced to make each half the sides AB,
AC together, then the rectangle will be made isoperimetric with the triangle ABC,
but it will be larger than the triangle, since it will be greater than the rectangle BE.
e Having found a mean proportional N between BF and BD, f the square with side
N will be equal to the rectangle BE, and hence to the triangle ABC. g Now, since
BF and BD together are greater than twice N , h and BM is greater than BF , BM
and BD together will definitely be greater than twice the line N . Having taken QP
equal to BD and P O equal to BM , so that the whole line QO is equal to BD and
BM together, QO will also be larger than twice the line N . i Let QO be cut in R so
that N is a mean proportional between the segments QR and RO making it up, and
let the rectangle QS be contained by the segments QR and RO. k The rectangle QS
will be equal to the square on N , that is, the rectangle BE, and hence equal to the
triangle ABC. I say QS is also isoperimetric with the triangle ABC. For since QR
and RS together, that is the line QO, are equal to the lines BD and BM , together, the
remaining sides ST , T Q will be equal to the remaining sides LM and LD. Therefore
the rectangle QS will be isoperimetric with the parallelogram BL, and hence also with
the triangle ABC (the parallelogram BL has been shown to be isoperimetric with this).
Therefore, given any triangle, we have constructed a parallelogram, etc. This is what
we had to do.
[316]330
SCHOLIUM.
If any point V is taken between R and O, the rectangle contained by QV , V O
will be isoperimetric with the triangle ABC, but less in area. If any point X is taken
between R and Y (Y bisects QO), then the rectangle contained by QX, XO will be
isoperimetric with the triangle ABC, but greater. Finally, the square on the line QY
is also isoperimetric with the triangle ABC, but greater. We will show all of this
as follows. It is clear that each of the aforesaid rectangles and the square on QY
330

The figure from page [315] is repeated on this page in the original, but omitted here.
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are isoperimetric with the triangle ABC, because the two sides about the right angle
together are always equal to the line QO, that is to the two sides of the rectangle QS.
I show that they are not equal to the triangle ABC as follows. a The squares on QV a Lemma Book
and V O together are greater than the squares on QR and RO together. b But the two X, Prop. 42.
squares on QV and V O together with twice the rectangle contained by QV , V O is the b Book II,
same as the two squares on QR and RO together with twice the rectangle contained Prop. 4.
by QR, RO, because both collections equal the square on QO. Therefore twice the
rectangle contained by QV , V O will be less than twice the rectangle contained by QR,
RO, and for the same reason the rectangle contained by QV , V O will be less than the
rectangle contained by QR, RO. In the same way, we will show the rectangle contained
by QR, RO is less than the rectangle contained by QX, XO, that is, the rectangle
contained by QX, XO is greater than the rectangle contained by QR, RO. Finally,
since c the rectangle contained by QX, XO, together with the square on XY equals c Book II,
the square on Y O, or QY ,331 the square on QY will be greater than the rectangle Prop. 5.
contained by QX, XO, and hence definitely greater than the rectangle contained by
QR, RO, that is, the triangle ABC. This is what we had to show.
From this it follows that the square on QY (half the line QO) is the largest of all
the rectangles contained by segments of the line QO, which is clear from Proposition
12 of this book.
PROBL. 5. PROPOS. 22.

To construct
a rectangle
To construct a rectangle equal to and isoperimetric with a given rectilinear figure. But equal and isoit is necessary that the side of the square equal to the rectilinear figure in area is not perimetric
with a given
greater than half of the semiperimeter of the given rectilinear figure.
figure.

[317]
Let hexagon A be given, equilateral, but not equiangular. Assume that B, the side
of the square a constructed equal to it in area is not greater than half the semiperimeter a Book II,
of the hexagon. Given the line CD, equal to half the perimeter of the hexagon, B will Prop. 14.
not be greater than half of this CD, but equal to it or less. b With CD cut in E so that b Schol. Book
B is the mean proportional between DE and EC, let the rectangle EG be contained VI, Prop. 13.
by the segments DE and EC. I say that rectangle is equal to and isoperimetric with
the hexagon A. For since the three lines DE, B, EC are in continued proportion, c
the rectangle EG, will be equal to the square on B, that is to the hexagon A. And c Book VI,
since the two sides DE and EF are together equal to the line CD, that is to half the Prop. 17.
perimeter of the hexagon A, the other two sides F G, GD, will equal the other half,
and the whole rectangle EG will be isoperimetric with the whole hexagon. Therefore
we have constructed a rectangle equal to and isoperimetric with the given rectilinear
figure.332 This is what we had to do.
SCHOLIUM.
331

Clavius says Book II, Proposition 6 but this should be Proposition 5.
There is nothing special about the fact that A is a hexagon here. The same argument would apply,
mutatis mutandis, to any figure A satisfying the condition that the side of the square equal in area is
not greater than half the semiperimeter.
332
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Figure 194: [317]

If B were larger than half of the semiperimeter of the rectlinear figure A, that is,
larger than the segment CD, then it would not be possible for CD to be cut so that
B was the mean proportional between the segments, as clearly holds.
Now if any point H between C and E is given, the rectangle contained by DH and
HC will be isoperimetric with the figure A, but less. If any point I is taken between
E and L, the midpoint of the segment CD, the rectangle contained by DI, IC will
be isoperimetric with the figure A, but greater. The square on the half DL, will be
isoperimetric with the same figure and greater. All this will be shown as has been said
in the scholium to the previous problem.
APPENDIX.333
On squaring the circle by lines.
At this point, it occurs to me that, since it was to be shown in this book that
the circle is the greatest of all figures isoperimetric with it, I might briefly teach the
process by which a square equal to a given circle, and conversely a circle equal to a
given square, may be constructed, and this by lines.334 In Chapter 7 of Book IV, it
has been shown, using the facts found by Archimedes, how the area of a circle is to be
found when its diameter or its circumference is known. Then the square root of the
area is the side of the square which is equal to the circle. And in the other direction,
in Chapter 8 of the same book, in rule 1, number 1, we have shown how, from the area
of a circle, the circumference or the diameter of the circle are to be determined. That
is, given a square, if the diameter of the equal circle is found
[318]
by the aforesaid rule 1 number 1 in Chapter 8 of Book IV, this will be what is sought. It
seems right to add this appendix to this seventh book since the squaring, or quadrature,
333

The short treatise contained in this appendix apparently dates to around 1589. A somewhat
different earlier version was also included as an appendix after Book VI in the second edition of
Clavius’s Euclid.
334
As will become clear, there is also a close connection between the construction of the quadratrix
curve and the proof of Proposition 20 above.
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of the circle is closely related to the discussion of isoperimetric figures.335
But the quadrature of the circle by numbers that Arabs have handed down, and that
Joseph Scaliger believes to be true in his Cyclometrica Elementa,336 must be entirely
rejected, because it is outside the limits of Archimedes, by which it is known that the
ratio of the circumference to the diameter must be less than 3 71 and greater than 3 10
71 .
This is not seen in the numbers of the Arabs, for they say that the square of the ratio
of the circumference to the diameter is 10, so that if the square of the circumference
is set to 10, then the diameter is 1, which is false. The square root of the number 10
43
is greater than 3 17 , since the square of that number is only 9 49
. The square root of 1
is 1, so the ratio of the circumference to the diameter would be greater than 3 17 , while
it is less according to Archimedes. Likewise, if the diameter is 7, the circumference is
less than 22 according to Archimedes, and the square of the circumference will be less
than 484, so the ratio to the square of the diameter will be less than 484
49 , which is less
than 10. Therefore, the ratio of the square of the circumference to the square of the
diameter is less than 10 to 1.
In a similar way, the method of Albrecht Dürer337 for squaring circles by numbers
must be rejected. Dürer supposes that, having divided the diameter of the circle into
eight equal parts, the diameter of the square equal to the circle is to the diameter of
the circle as 10 is to 8. This is also false. The square with diameter 10 a has area 50.
But the circle with diameter 8 has area greater than 50 72 , as we have shown in Chapter
7, Number 4, of Book IV. The true area of the circle will be greater than 50 27 , and
therefore certainly greater than 50. Therefore Dürer’s square is less than the area of
the circle, and not equal to it.338
2. Now, so that we might approach the quadrature of the circle by lines, it shames
me to refute something that seems to be true to the inexperienced, and that some
ignoramus, I know not who, has added to the book of Campanus,339 a not-untrained
mathematician, and put into writing. It is of this sort. Let a straight line equal to the
circumference of a circle (how a line of this sort is to be found is not said) be cut into
four equal parts from which a square is composed. This ignoramus says that square is
equal to the circle. This is completely shameful for a geometer and plainly ridiculous.
For if this square is isoperimetric with the circle, and b the circle has the largest area
of all the figures isoperimetric with it, who does not see that the square is less than
the circle?
3. Of the quadrature of Hippocrates of Chios,340 I would say nothing except that in
335

Note that Clavius is contrasting these solutions, which he would call solutions by numbers, from
what he will develop in this appendix. A construction by lines gives a geometric construction of the
side of the square equal to the circle in area, or a geometric construction of the diameter of the circle
equal to the square.
336
See the note on Scaliger from page [184] in Book IV.
337
The well-known German artist, 1471–1528. His geometrical work is contained in his Underweysung
der Messung mit dem Zirckel und Richtscheyt (Instruction in Measurement with the Compass and
Ruler), first published in 1525.
338
The methods Clavius criticizes are not exact mathematically, but they are not bad as rough and
ready approximations–certainly
both better than using π = 3. The “Arab” approximation is equivalent
√
.
to π = 10 = 3.1623, while Dürer’s approximation is equivalent to π = 25
= 3.125. Neither value lies
8
10
in the Archimedean interval he mentions: 3 71
< π < 3 17 .
339
Italian mathematician, ca. 1220–1296. He made a Latin translation of Euclid’s Elements.
340
ca. 470–ca. 410 B.C.E., author of a pre-Euclidean Elements. He is also credited with the reduction
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its proof it conceals the sharp point of genius, although it does not reach its intended
target. For it goes like this. Let it be required to square the circle AF BE, on whose
diameter AB a square is drawn. c Let a circle ABCD be circumscribed about that c Book V,
square, whose diameter cuts the given circle AF BE in E. With the line AE added, Prop. 9.
d angle AEB in a semicircle will be a right angle, e and for the same reason, the d
Book III,
perpendicular AE bisects the base BD of the isosceles triangle ABD. Hence E will be Prop. 31.
the center of the circle ABCD. f The square on the diameter BD, is twice the square e Schol. Book
I, Prop. 26.
on the diameter
f

Schol. Book
I, Prop. 27.

[319]

AB. a Moreover, the square on BD is to the square on AB as the circle ABCD is to a Book XII,
the circle AF BE. Thus the larger circle will be twice the circle, the semicircle BAD Prop. 2.
will be twice the semicircle AF B, and the half of the semicircle BAD, that is, the
quadrant ABE b (ABE is a quadrant since the angle at the center E is a right angle) b Cor. Book
will equal the semicircle AF B. With the common segment AGB taken away, therefore, IV, Prop. 15.
the remaining triangle AEB will be equal to the remaining lune AF BGA. Hence if a
square is made equal to the triangle, that square will also be equal to the lune AF BGA.
And thus the lune AF BGA is squared.341

Figure 195: [319]

Next, let the line HI be twice the diameter AB, let a semicircle be described, and
fit three lines HK, KL, and LI equal to half the length HI, equal to AB, containing
half of a hexagon. c The side of the hexagon is half of the diameter of the circumscribed c Schol. Book
circle. With three semicircles HM K, KOL, LQI described on these three lines, which II, Prop. 4.
are equal to the semicircle AF B, because their diameters are equal, the square on the
line HI will be four times the square on the line HK, since the side of one is twice the
side of the other. d Also, the circle with diameter HI will be four times the circle with d Book XII,
diameter HK, and the semicircle HKLI will be equal to the semicircles HM K, KOL, Prop. 2.
LQI, AF B taken together. Hence with the common segments HN K, KP L, LRI
of the duplication of the cube to the construction of two mean proportionals, as discussed in Clavius’s
Book VI. His work on lunes, which Clavius will discuss next, was preserved in a commentary on
Aristotle’s Physics by Simplicius of Cilicia, ca. 490–ca. 560 CE, drawing on the history of pre-Euclidean
mathematics written by Eudemus of Rhodes, ca. 370–ca. 300 BCE.
341
The Arab mathematician Hasan Ibn al-Haytham, ca. 965–ca. 1040, known in medieval Europe as
Alhazen, generalized this result by showing that if ABC is any right triangle with right angle opposite
C, then the two lunes bounded by arcs of semicircles on the legs AC and BC of the triangle and by
the circumscribed circle of the triangle have areas that sum to the area of the triangle.
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removed, the remaining trapezoid HKLI will be equal to the three lunes HN KM ,
KP LO, LRIQ, together with the semicircle AF B. Therefore, if these three lunes are
squared, as has been described, and a rectlinear figure equal to those three squares is
taken away from the trapezoid, that is, e the excess of the trapezoid over those three
squares is found, the excess will be a rectilinear figure equal to the semicircle AF B. f
If therefore a square is made equal to this figure, it will also be equal to the semicircle
AF B, and the square on the diameter of that square will be equal to the whole circle
AF BE, g because one square is twice the other, as the circle is to the semicircle. The
circle is therefore squared.
This is the quadrature of Hippocrates, in which the lune AGBF has been correctly
squared, but which must be judged defective concerning the three lunes HN KM ,
KP LO, LRIQ. For from this proof a lune is only squared if its lower boundary is a
fourth part of some circle, and its upper boundary is a semicircle of some other circle,
as was true for the lune AGBF , where AGB is the fourth part of the circumference of
ABCE, and AF B is half the circumference of AF BE. But the three other lunes are not
of this sort, since their lower boundaries are the sixth parts of a whole circumference,
although their upper boundaries are semicircles. So these are not yet squared. If a
method for squaring lunes of this sort were found, the circle would most truly also be
squared, without constructing a line equal to the circumference of the circle, as would
be very clear.
[320]
Therefore, it is inferred from this reasoning of Hippocrates that the quadrature of
the circle is possible. Because the lune AGBF is squared, it should also be possible to
square the lune HN KM , although thus far this has not been done.342 And certainly
since this was shown by Hippocrates for the lune AGBF , which is a part of the circle
ABE, nothing prevents this from being known for the whole circle, but as yet other
parts of circles have not been investigated because only a way to square the lune
HN KM is lacking. But indeed the quadrature of lunes leads to even more unsolved
problems than the problem for circles.343
4. Many things should also be said about false quadratures by others, but they
either lack something in constructing a square equal to the circle, as is easily seen in the
way they proceed (of this sort is the quadrature of the Spanish knight Iacobus Falconis,
who tries to square the circle without finding a line equal to the circumference), or
they have long since been disproved by others (for example, the quadrature of Cardinal
Nicholas of Cusa disproved by Ioannes Regiomontanus and Giovanni Buteone; the
quadrature of Oronce Fine, disproved first by the same Buteone, then by Pedro Nunes
of Portugal in his book on the errors of Oronce Fine). Both of these authors thought
they had found lines equal to the circumference of the circle in different ways. Hence I
judge that nothing at all needs to be said, lest I seem to waste time to no useful purpose.
342

It is known today that this is not possible using only straightedge and compass because, as Clavius
√
says, it would give a completely geometric squaring of the circle. But π, and hence π, are transcendental numbers, as was first proved by Ferdinand Lindemann, 1852–1939.
343
It is now known that there are only five similarity classes of lunes that can be squared with straightedge and compass. See Postnikov, M. M. “The problem of squareable lunes,” American Mathematical
Monthly, 107 (7) (2000), 645–651.

317

e

Schol. Book
I, Prop. 45.
f

Book II,
Prop. 14.
g
Schol. Book
I, Prop. 45.
Fallacy of
the quadrature of
Hippocrates.

What is lacking in the
quadrature
of Hippocrates.

Why nothing
is said about
other false
quadratures
here.

Here I will only propose, and more fully explain than before, what I have written at
the end of Book VI of Euclid, namely the quadrature by the quadratrix curve. It is
pleasing to name it so because it produces a straight line equal to the circumference of
a circle. This allows the [approximate] geometric construction of a certain point sought
by several of the other methods. But it is more accurate than all the others that I have
been able to see, so we will not leave the realm of the practical. To proceed clearly and
in an orderly fashion, I will resolve all the difficulty in a few propositions.

Which quadrature by lines
will be explained here.

PROPOSITION I. To describe the quadratrix curve.
Dinostratus and Nicomedes,344 as we know from Book IV of the Mathematical
Collection of Pappus of Alexandria, invented a certain curved line for the quadrature
of the circle that they called the τετραγωνίζουσα.345 For the same reason, we call it the
quadratrix. The aforementioned authors tried to describe the curve by two imaginary
motions of two mutually intersecting lines. In this way they begged the question (as
is said by philosophers).346 For this reason their approach was rejected by Pappus
as useless and as something that could not be described. We will describe the curve
geometrically without making use of motion, by finding as many points as are needed
to draw the curve, as is commonly done in descriptions of conic sections.
5. Therefore, in the square ABCD, let the quadrant BD have been described.
Description
of the quadratrix.
As the inventors of the quadratrix said, let the
semidiameter AD be rotated at a constant rate
about the center A, so that the point D moves
along the circumference DB. At the same time,
the upper side CD of the square moves downward
uniformly so that it arrives at the side AB at the
same time as the rotating segment, and remains
always parallel to AB,
[321]
making right angles with the sides AC, BC. Then
Figure 196: [321]
this line will continually cut the rotating segment
AD in points that describe the quadratrix, that
is, through which the quadratrix curve passes, so
that it forms a curved line. But since the these
two uniform motions, of which one is made along
the circumference DB, and the other is made along the straight lines DA, CB cannot
344

It is thought now that Dinostratus, ca. 390–ca. 320 BCE actually realized that a curve first developed by a certain Hippias (of Elis?) for trisecting angles could also be used for this problem. This might
be the sophist Hippias appearing in two of Plato’s dialogues, although that is disputed. Dinostratus
was also the brother of Menaechmus, whose solution of the problem of the two mean proportionals via
conic sections was mentioned in passing in Book VI. As Clavius says, Nicomedes was mentioned in
connection with the quadratrix by Pappus. He is better known for his conchoid curves and the solution
of the problem of the two mean proportionals presented by Clavius in detail in Book VI.
345
That is, tetragonizousa, or literally, “[the] squaring [curve].” The name quadratrix is a direct Latin
translation of that Greek name.
346
As Clavius points out a bit later, the objection was essentially that unless the arclength of the arc
of the quadrant was already known, it would not be possible to set up the required motions.
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be made unless the circle has some known ratio to the line, according to Pappus, this
description is faulty. Indeed, up to now, this ratio is unknown, and it is proposed to
investigate it by this very curve. For this reason, we describe this same quadratrix curve
geometrically in the following way. Let the arc BD be divided into any number of equal
parts, and the two sides AD, BC into the same number of equal parts. The division will
be very easy if the arc DB and the two sides AD, BC will be first bisected, then both
halves bisected again, and so forth, as many times as desired. The more divisions have
been used, the more accurately the quadratrix will be described. To avoid confusion,
we have divided the arc and the two sides AD, BC in eight equal parts in the figure.
Next, let the two points of the sides AD, BC at equal distance from the side DC,
or AB, be joined by hidden straight lines, and from the center A, other hidden straight
lines be extended to the various points in the division of the quadrant DB. For through
the points where pairs of these lines will intersect, the first with the first, the second
with the second, etc. the quadratrix curve is to be drawn appropriately, so that it is
not winding or sinuous, but always proceeds smoothly, not making humps or corners
anywhere, such as the curved line DE cutting the semidiameter AB in E in the figure.
6. But since it is not possible to construct the point E in the side AB geometrically
since the intersection of lines ceases there, so that we may find it without noticeable
error that would be apparent to our senses, we will use this artifice. If the lower part
AF of the side AD is not sufficiently small, we will bisect it continually until the lower
part is extremely small. In the same way, we will bisect the lower part BI of the arc
DB continually, until we make as many subdivisions as were made in the part AF , and
so that the tiny part BK is the same part of the whole arc DB as AG is a part of the
whole side AD. Then we take small lines BL, BN , AM , equal to AG, and draw the
hidden lines GL, M N . With the hidden line AK drawn from the center A, this will cut
GL in point H. Let this be most accurately noted (applying, for instance the Lemma
to Problem 1 in Book II, so that the intersection H is found as accurately as possible),
and let us take GH equal to M P . For if we continue the quadratrix described up to
H continuously and extend uniformly to P , the quadratrix will cut the side AB in
the point E that is desired. Geometrically speaking the line AE is always a bit larger
than GH or M P no matter how close H and P are. But because of the small distance
between them, [eventually] the excess cannot be taken with a compass. So the arc of
the circle with center at A and passing through H and P seems to indicate the true
point E as far as the senses are concerned.
[322]
The lines GL, AB, M N , if they differ little among themselves, will all be judged to
lie in a circle, although AB is in fact larger than the others. And so, if the lines GH,
AE, M P differ very little, it is not possible to doubt that the point E (constructed as
above) will not differ notably from the true point in which the quadratrix curve cuts
the line AB as long as the points H and P are found meticulously and by applying the
highest diligence.
In the following, we call AD the side of the quadratrix, and the line AE the base. Side, base, and
center of the
Finally the we call the point A the center.
quadratrix.
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7. We will find a true point of the quadratrix very close to the base by perpendicular
lines in the following way. (This does not use intersections of lines which are strongly
oblique there.) Let the chord BQ of the quadrant be drawn, and bisected in D. This
is done if the line from A to C, the midpoint of the quadrant is drawn. a For this line
will bisect the line BQ. Next, let the line AE be taken equal to AD, and the line DE
be drawn, which is bisected in F . This will be done if from A, a line is drawn to I,
the midpoint of the arc BC. b For this line will bisect the chord BC (if it is drawn),
c and hence also the line DE, d which is parallel to the chord BC. Hence the sides
AB, AC in the triangle ABC are cut proportionally in D and E, and in fact AE and
AD are equal, just as AB and AC are equal.
Again, let AG be taken equal to AF , F G be
joined, and bisected in H. This will be done
by the line AK drawn to the midpoint K of
the arc BI. And in the same way, if a line
equal to AH is taken and the rest is done to
find another point between H and G, we will
find any number of other points closer to AB,
by perpendicular lines, and not by oblique sections as in the previous figure. e For AD is
Figure 197: [322]
perpendicular to DB, f and AF to DE, and
DH to F G, etc.
Next I show that all the points D, F , H,
etc. are points of the quadratrix. With DL, F M , N H, drawn parallel to AB and
intersecting BD in O and P , g BD will be to DQ as AL is to LQ, and AQ will be
bisected in L. And the arc BQ is also bisected. Therefore as has been shown, point D
is on the quadratrix. Again, since DE is bisected in F , h DB will also be bisected in
O, and hence i as EF is to F D, BO is to OD. But as BO is to OD, AM is to M L,
and as EF is to F D, so is the arc BI to IC. Therefore, as we have shown, AI and
M O will intersect at a point of the quadratrix. The method is the same for all the
points found in this way.
8. It is clear that this curved line DE,347 described geometrically by us, is the same
as the one Dinostratus and Nicomedes were conceiving as being described by those two
imaginary motions. Now if the semidiameter is uniformly moved about the center A in
the previous figure along the arc DB, at the same time as the side DC is moved down
uniformly, when the semidiameter has moved through any part of the arc DB, the side
DC has moved through a similar part of the sides DA, CB. Otherwise either the two
motions would not be uniform, or
[323]
DC and AD would not arrive at AB at the same time. Since the lines from A to DB
created by parts of the arc and the parallel lines between parts of the sides DA and
CB always cut similar parts from the arc DB and from the sides DA and CB, as is
347

This is not the same as the point E in the previous paragraph, but rather the limit of the sequence
D, F, H, · · · constructed there.
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Book III,
Prop. 3.
f

Schol. Book
I, Prop. 26.
g

Book VI,
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Book VI,
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Book VI,
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clear from the construction, the curve DE found geometrically by us does not differ
from the one found from the two motions.
Therefore this description of the quadratrix is geometrical in a certain way,348 and
in the same way as the descriptions of the conic sections, which, as treated by Apollonius, are also constructed by points.349 Those constructions are said to be geometrical
although they are more susceptible to error than ours: finding many mean proportional lines is necessary for the construction of the conics, but this is not the case for
the quadratrix. Therefore, unless one is willing to reject the whole doctrine of conic
sections, which Apollonius of Perga developed with such sharp genius, and because of
which he was called the Great Geometer, as useless and ungeometrical, one will be
forced to admit that our description of the quadratrix curve is geometrical in a certain
way. Moreover, I do not think that this will be done by anyone knowledgable in geometry because the most outstanding geometers have applied conic sections in their proofs.
Menaechmus made use of the hyperbola and the parabola in the construction of the
two mean proportionals between any two lines. Archimedes splendidly proved many
things about the same conic sections. And finally the same curves have prominent use
in gnomonics, as is apparent in our book on that subject. In addition, the conchoid
curve, by which Nicomedes most astutely investigates the two mean proportional lines,
is described by points, as we have said in Book VI, Proposition 15.
This quadratrix curve has many and distinguished uses, a few of which we have
demonstrated at the end of Book VI of Euclid. It is not necessary to repeat them here.
Therefore we will only discuss its use for squaring the circle. For this we will need the
final point E in the previous figure even if none of the other points of the quadratrix
have been found. This point cannot be found exactly geometrically, but if the procedure
of the previous figure is applied, we will not be noticeably distant from the true point,
as we have said before. For when the last perpendicular AH has been dropped, and
if this is equal to the transferred line AG, so that no difference between them can be
discerned with the compass, this point G can be taken as the extreme point of the
quadratrix with no noticeable error. If AG is less, then other perpendiculars must be
drawn by this process until no difference is observed between the final perpendicular
and the last line found in the semidiameter AB. Indeed, practice will be the best
teacher of this.
COROLLARY.
9. From the description of the quadratrix, it is deduced that if any line AQ is drawn
from the center cutting the arc of the quadrant in Q, and the quadratrix in O, the arc
BD is to the arc BQ as the semidiameter AD is to the line AR, where OR is first
drawn parallel to AB, and then a perpedicular is dropped from O to AB. For the arc
348

By this point Clavius seems to have started to recognize that characterizing this construction
of the quadratrix as geometrical is problematic and he is careful to say geometrical “in a certain
way” (quodammodo). In particular, the construction of the point E discussed here goes beyond finite
straightedge and compass constructions and essentially involves a limiting process. Clavius falls back
next on the rather unsatisfying argument that the quadratrix is “just as geometrical” as the conic
sections and no one rejects conics or questions Apollonius’s moniker as “the great geometer.”
349
Strictly speaking, this is not true. Apollonius first defines the conics as plane sections of a cone in
Book I of the Conica, then gives relations that could be used to construct points on the curves. Plane
sections of a cone are unimpeachably geometrical.
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DQ is the same part of the whole arc DB as

a

Book I,
Prop. 34.

[324]350
the line DR is of the whole semidiameter DA, when the lines AQ and RO intersect
in a point O of the quadratrix. Neither is this similarity impeded if the ratio of DQ
to the whole arc DB, and DR to the whole side DA is incommensurable, since the
quadratrix goes uniformly through all of its points. For if the line DR is not the same
part (commensurable or incommensurable) of the whole side DA as DQ is of the whole
arc DB, and if [that part] is considered as a part of the line DA, either less or greater
than DR, then, by the description of the quadratrix, the parallel from its extreme point
will cut the line AQ either above or below O. Therefore it does not pass through O,
which is absurd and counter to the hypothesis. Since I say the arc DQ is the same part
of the whole arc DB as the line DR is of the whole line DA, a the remaining arc QB a Book V,
will be the same part of the whole arc DB as the remaining line RA is of the whole Prop. 19.
line DA, so that the ratio of the whole DB to DQ will be the same as the ratio of the
whole DA to DR. And permutando, the whole DB is to the whole DA as the arc taken
out DQ is to the line taken out DR. From this it will follow that the whole arc DB is
to the arc QB, as the whole side DA is to the line RA, that is, to the perpendicular
b
dropped from point O to the side AB, b which is equal to RA.
Book I,
Prop. 34.

PROPOSITION II. If the centers of the quadrant and the quadratrix are the same,
then the arc of the quadrant, the semidiameter, and the base of the quadratrix will be
in continued proportion.
This is the distinguishing and remarkable property of the quadratrix. Let the
quadrant and the quadratrix described from it be as above. I say that the arc BD,
the semidiameter AD, and the base of the quadratrix AE are in continued proportion,
that is, the arc BD is to AD as AD is to AE. If not, let the arc BD be to AD as AD
is to AF , either greater or less than AE. First suppose AF is greater than AE. With
a quadrant F G described with center A, passing through F and cutting the quadratrix
in H, let a semidiameter
[325]
AHK be drawn, and a perpendicular HI be dropped. Since it is assumed that arc
BD is to the line AD, as AD, that is AB, is to AF , it is also the case that the
semidiameter AB is to the semidiameter AF as arc BD is to arc F G (since, as we
have shown in Book IV, Chapter 7, Proposition 1, as the diameters are to each other,
so are the circumferences, a the semidiameter AB will also be to the semidiameter a Book V,
AF as the circumference is to the circumference, b therefore as the fourth part of the Prop. 15.
circumference is to the fourth part of the circumference, that is, as arc BD is to arc b Book V,
F G). c Also, arc BD will be to the line AD, as the same arc BD is to arc F G. d Prop. 15.
And for this reason, the line AD and the arc F G will be equal. Since, by the previous c Book V,
corollary, arc BD is to arc BK, as the line AD is to the line HI, and arc BD is to Prop. 11.
arc BK as arc F G is to arc F H (since e the arcs BD, BK are similar to the arcs F G, d Book V,
350

The figure from page [321] is repeated at the top here, but we omit it.
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Prop. 9.
e
Schol. Book
VI, Prop. 33.

Figure 198: [324]

F H, f the line AD will also be to the line HI as the arc F G is to the arc F H). Since
the line AD and the arc F G have been shown to be equal, g the line HI and the arc
F H will also be equal, which is absurd. For the line HI is smaller than the arc F H,
because it is half the chord subtending twice the arc F H h (for AF bisects this chord
and i therefore also the arc) and a chord is always smaller than its arc. Therefore it is
not true that the arc BD is to the semidiameter AD, as AD is to a line greater than
the base AE of the quadratrix.
Next, if possible, let BD to AD be as AD is to AI, with AI less than the base AE.
With a quadrant IL described with center A, passing through I, let IH be erected
perpendicular to AE, cutting the quadratrix in point H, through which semidiameter
AK is drawn, cutting the arc IL in M . We will show, as before, that the arc IL and
the line AD are equal. Then the arc BD is to arc BK, that is, the arc IL is to the
arc IM , as the line AD is to the line HI. Hence, since the arc IL has been shown
equal to the line AD, k the arc IM will also be equal to the line HI, which is absurd.
For the line HI is greater than the arc IM . If another line is drawn from H, toward
G, tangent to the circle IL, as HI is at I, l then those two tangents would be equal,
and the arc between them would be bisected by M . m Hence the angle contained by
them would be bisected by the line AH, n and if a line is drawn from the center to
the other point of tangency, the angles at the center o and the arcs would be equal.
Therefore, since those two tangents together are greater than the arc they contain (as
we will show in Book VIII, Proposition 1 following Archimedes), it will also be true
that the half HI is greater than half the arc, IM . Therefore it is not true that the
arc BD is to the semidiameter AD, as AD is to a line less than the base AE of the
quadratrix. But neither is arc BD to AD as AD is to a larger line, as has been shown.
Therefore arc BD is to AD as AD is to AE. This is what we had to show.
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COROLLARY I. Because of this we easily obtain a line equal to the arc of the quadrant
from which the quadratrix is described, therefore also lines equal to the semiperimeter To find a line
equal to the
and the whole circumference.
circumference
of a circle.
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Since the arc BD is to the semidiameter AD as AD is to the base AE of the
quadratrix, convertendo, it will be true that AE is to AD as AD is to the arc BD. If
therefore a third proportional is found for the two lines AE, AD, p AD will be to that p Book V,
Prop. 11.
third proportional as it is to the arc BD.
[326]351
a

Therefore that third proportional will be equal to the arc BD of the quadrant. If it a Book V,
is doubled, a line will be made equal to the semicircumference of the the same circle; Prop. 9.
if it is quadrupled, a line will be made equal to the whole circumference.

COROLLARY II. It also follows from this that if the base AE of the quadratrix is
equal to the semidiameter of some circle, its side AD will be equal to the fourth part
of the circumference of that circle, the double of AD will equal the semicircumference,
and the quadruple of AD will equal the whole circumference.
For as we have shown in Book IV, Chapter 7, diameters of circles and their circumferences are proportional, b the semidiameters, the semicircumferences. and the b Book V,
quadrants will also be proportional. Therefore, it will be true that AD is to AE, that Prop. 15.
is, the aforesaid third proportional is to AD as the quadrant BD with semidiameter
AD is to the quadrant with semidiameter AE. Therefore, since this third proportional
has been shown equal to the quadrant BD, c the line AD will also be equal to the c Book V,
quadrant with semidiameter AE. Therefore the double of the same AD will be equal Prop. 14.
to the semicircumference of the circle with semidiameter AE, and the quadruple will
be equal to the whole circumference.
COROLLARY III. From this it is concluded that if two lines N , O in the preceding figure have the same ratio as AD has to AE, with O the smaller, taken as the
semidiameter of a circle, the larger line N is equal to the arc of a quadrant of this
circle.
For since AD is to AE as N is to O, permutando, it will be true that as AD is to
N , so is AE to O. But as AE is to O, so is the quadrant with semidiameter AE to the
quadrant with semidiameter O, as we have proved in Book IV, Chapter 7, Proposition
1. d Therefore, AD will also be to N as the quadrant with semidiameter AE is to the d Book V,
Prop. 11.
quadrant with semidiameter O. Since
[327]
therefore AD has been shown equal to the quadrant with semidiameter AE, a N will a Book V,
Prop. 14.
also be equal to the quadrant with semidiameter O. This is what was to be shown.
PROPOSITION III. To construct a square equal to a given circle.
Let it be required to square the circle described with semidiameter BC. With a
fourth proportional F found for the three lines AE, the base of the quadratrix, AD, To construct
the side in the previous figure, and the line BC. By the previous Corollary 3, F will a square equal
351

The figure from page [325] is repeated on this page with one small change: the labels on the lines
N and O are reversed so that now N is larger. We omit the figure even so.
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to a given
circle.

equal the quadrant of the given circle, and its double will equal the semicircumference.
With a mean proportional GH constructed between the semidiameter BC and twice
the line F , I say that the square on the side GH is equal to the circle with radius BC.
b Since the rectangle contained by the semidiameter BC and the semicircumference of
the circle, that is, twice the line F , is equal to the circle, and c the aforesaid rectangle
is equal to the square with side GH, the square with side GH is equal to the circle
with semidiameter BC.
In order for the line equal to the fourth part of the circumference of the given
circle, and hence the semicircumference or the whole circumference, to be found expeditiously, a figure of the following sort is to be constructed. Let the angle DAE
be a right angle, let the line AD be equal to the semidiameter of the quadrant, from
which the quadratrix is defined, and let AE be equal to the base of that quadratrix.
From the center A, let a new quadratrix DE be
described, with side AD and base AE. With the
line DE drawn, a figure will be drawn that is most
apt for finding a line equal to the circumference of
a given circle. For let AF , equal to the semidiameter of the circle to be squared be cut off, and let
F G be drawn parallel to DE. From the preceding
Corollary 3, AG will be equal to the fourth part
of the circumference of the given circle whose diameter is AF (just as AD is the fourth part of the
circumference of the circle with semidiameter AE,
which holds by the preceding Corollary 2). This is
true d since AF , AG have the same ratio as AE,
AD. By the same reasoning, with HI, KL, M N ,
all parallel to the same DE, it will be true that
AI, AL, AN are the fourth parts of the circumferences of the circles described with semidiameters
AH, AK, AM . The doubled lines will be equal
Figure 199: [327]
to the semicircumferences, etc. And in this way a
line equal to the fourth part of the circumference
of any circle will be found if a line equal to its
semidiameter is cut off along the line AE, and we draw a parallel to the line DE from
its endpoint.
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circumference.

d

Book VI,
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[328]
So that we might produce a square equal to a given arbitrary circle without any
labor,352 we will have to use the following method. Having found one side of a square
equal to a given circle, as we showed just now, we will construct a figure that is most
convenient for squaring other circles in the following way. Given a circle ABC, with
diameter AC, let AB be a mean proportional between the semidiameter and the line
equal to the semicircumference found from the previous figure, so that the square on
352

This paragraph describes an easy way to find the required mean proportional between the radius
and one quarter of the circumference.
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Easy construction of a square
equal to a
circle.

the side AB and the circle with diameter AC are equal. a The arc AB is found most
certainly if one uses a compass set to the given distance AB and one draws an oblique
arc intersecting the circle. With two lines, for example AC and AB, the construction
of the square uses the third proportional AD. The perpendicular DB falls on point
B, the point to which the side must be drawn, b because the lines AC, AB, AD are
in continued proportion, just as the line AC, the constructed side of the square, and
AD are in continued proportion from the construction. It is clear that between AC
and AD, there can be only one mean proportional. With this figure constructed, I
say again that we will square any given circle. Now indeed if we cut off AF equal
to the diameter of the given circle, about which a semicircle is described, and let the
line AB cut this semicircle in E, then the side AE is the one whose square is equal to
the given circle. For since the exterior angle AEF is equal to the interior angle ABC
c since both are right angles inscribed in semicircles, d EF and BC will be parallel, and triangles
AEF , ABC similar. e Therefore, CA will be to
AB as F A is to AE. And permutando, CA will
be to F A, as AB is to AE. f And for the same
reason the square on AC is to the square on AF ,
g that is, the circle on the diameter AC is to the
circle on the diameter AF , as the square on AB
is to the square on AE. Now, the circle with diameter AC is equal by construction to the square
on AB. h Therefore also the circle with diameter
AF , will be equal to the square on AE. And the
square on the side AG will equal the circle with
diameter AH, and so forth for the others.
Now we have shown in Book IV, Chapter
6, Proposition 3, following Archimedes, that the
square on the diameter has approximately the ratio 14 to 11 to the circle [with the same diameter].
Figure 200: [328]
Hence if one wants to use this ratio to construct a
square equal to the circle, it will be necessary to
divide the line AC, into 14 equal parts, and from
the eleventh part D (so that AD contains 11 parts and DC 3 parts) erect a perpendicular to the circumference AC. For with the line AB drawn, that will be the side of
a square [approximately] equal to the circle with diameter AC. i For since the three
lines AC, AB, AD are in continued proportion, k the square on AC is to the square
on AB as AC is to AD, that is as 14 to 11, approximately. l The square on AC will
be to the square on AB, as the square on AC is to the circle with diameter AC. m
Therefore, the square on AB and the circle with diameter AC will be equal. If circles
are described from A on
[329]
several diameters [all tangent at A], these circles cut from the line AB the sides of
squares equal to those circles. Thus you have an easy way for finding the square equal
to a given circle, if you apply our quadratrix, or if you follow what was shown by
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Archimedes.
PROPOSITION IV. To construct a circle equal to a given square.
Let the square with side AE be given, and suppose we have to describe a circle
equal to this. In the last figure, from the line AB, let AE be cut off equal to the side
of the given square. And from E, let EF be drawn perpendicular to AB, cutting AC
in F . The circle with diameter AF , and the square with side AE are equal, as is clear
from the previous proof.
COROLLARY. From what is been proved, we will construct a circle equal to any rectilinear figure. And conversely, we will construct a rectilinear figure equal to any given
circle that is similar to some other rectilinear figure. a If we describe a square equal a Book II,
to the given rectilinear figure, and to that square an equal circle by this Proposition 4; Prop. 4.
this circle will also be equal to the given rectilinear figure.
Again, if by Proposition 3 we construct a square equal to a given circle, and we
construct b a rectlinear figure equal to that square and similar to some other given b Book VI
rectilinear figure, then this rectilinear figure will also be equal to the given circle. This Prop. 25.
is what was proposed.
PROPOSITION V. To construct the circumference of a circle equal to a given line.
In the second figure in Proposition 3, let it be required to produce a circumference
of a circle equal to the line O. Let its fourth part be taken equal to AI in the side of
the quadratrix AD, and let IH be drawn parallel to DE from I. The circumference
of the circle with diameter AH will be equal to the given line O, since the fourth part
of its circumference is equal to the line AI, as has been shown. Therefore the whole
circumference will be four times the line AI, which is equal to the line O, whose fourth
part was taken as the line AI. Therefore we have found a circumference equal to a
given line. This is what we had to do.
END OF THE SEVENTH BOOK.
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[330]
EIGHTH BOOK OF THE
PRACTICAL GEOMETRY
Demonstrating various theorems and geometrical constructions.
So that we might put the last touches to our practical geometry, we will conclude
with several theorems and geometrical constructions, some taken from other geometers,
and some of our own, devised and proved, as they say, in battle. We have in this matter
an illustrious example in Pappus of Alexandria, who wrote eight books in all of his
Mathematical Collection. Nor should anyone just take our word in this: by geometrical
proofs of these sorts, the manifold ways of investigating similar geometrical speculations
are opened for the studious reader, so that in them he or she has the broadest field
for exercising ingenuity. There are also other reasons I have been moved to write this
eighth book, for instance so that so many theorems and constructions found with great
labor should not perish, since they pertain to no part of geometry so much as to this
practical geometry, especially since several of them investigate geometrical practices.
In addition, several learned and serious men have encouraged me and been supporters
to me in writing this book.
THEOR. 1. PROPOS. 1.
A regular figure circumscribed about a circle has a perimeter greater than the circumference of the circle.
This is the first proposition in Book I of On the Sphere and Cylinder by Archimedes,
which he proves having assumed the following principle:
[331]
If two curves in the plane have the same endpoints and are concave in the same
direction, the one containing is greater than
the one contained.353 That this principle is
true can clearly be understood because from
it, not only Archimedes, but truly also many
other geometers, some older, some more recent, have proved almost innumerable admirable theorems and problems and these
have been received by all as true. No absurdity has ever been derived from it, and up to
Figure 201: [331]
now, after nearly two thousand years, nothing
strange has been remarked about it. Assuming this principle, Archimedes’ proof is easy.
353
This rather vague statement is to be taken in modern terms as follows: If the first curve lies in
the closed region bounded by the second curve and the straight line segment joining the endpoints,
and both curves taken together with that line segment are convex, then the second curve is greater in
length. In Netz’s modern translation of this work of Archimedes, this is Postulate 2 (page 36).
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Let therefore ABCDEF be a regular figure circumscribed about a circle, whose center
is N , and which is tangent to the figure at the points G, H, I, K, L, M .354 Therefore,
by the preceding principle, the lines AG, AM are greater than the arc GM , BG and
BH are greater than the arc GH, and so on for the others. The lines taken together,
constituting the perimeter of the figure, will be greater than the arcs making up the
circumference of the circle. This is what was to be shown.
SCHOLIUM.
Cardano, in Proposition 201 in Book V of On proportions,355 tries to prove that
two lines touching the circle, such as AG and AM , are greater than the intercepted arc
GM (which Archimedes deduced from his assumed principle) from three lemmas and
one principle. The first of the lemmas is as follows.
LEMMA 1.
Let there be four quantities, and let the excess between the first and the second be less
than the excess between the third and the fourth; also let the first be not less than the
third and larger than the second. Also let the third be greater than the fourth. Then
the ratio of the first to the second will be less than the ratio of the third to the fourth.
Let the four quantities be A, BC, D, EF , and let GB, the excess of
the first, A, over the second, BC, be less than the
excess, HE, of the third, D, over the fourth, EF .
Also, let the first, A, be greater than or equal to
the third, D. Let the third, D, be greater than
the second, BC. And finally, let the third, D, be
greater than the fourth, EF . I say the ratio of the
first, A, to the second, BC, is less than the ratio
of the third, D, to the fourth, EF . Since A is not
a
less than D, and GB is less than HE, a the ratio
Book V,
Prop.
8.
Figure 202: [331]
of A to GB will be larger than the ratio of A to
HE. But if A is equal to D, then A is to HE as
D is to HE and if A is greater than D, then the
ratio of A to HE is greater than D to HE. Therefore, the ratio of A to GB is greater
than the ratio of D to HE. So, if D is to HE as A is to GI, the ratio of A to GB will
be greater than that of A to GI, b and hence GI is greater than GB, and from that b Book V,
IC will be smaller than BC. c Therefore the ratio of A to IC will be greater than that Prop. 10.
c
Book V,
of A to BC.
Prop. 8.

[332]
354

The label M is missing in the figure; it is the point of tangency on the line between A and F .
Girolamo Cardano, 1501–1576, Italian physician, mathematician, and general “Renaissance man.”
The reference is to Cardano’s book Opus novum de proportionibus numerorum, motuum, ponderum
sonorum, published in 1570. Cardano’s best known work today is the Ars Magna, an immensely
influential treatment of algebraic methods for equation-solving, including the solution of general cubic
equations he learned from Nicolo Fontana (“Tartaglia”).
355
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And since GC (that is, A) is to GI as HF (that is, D), is to HE, by conversionem
rationis, it will also be true that GC (that is, A) is to IC as HF (that is D) is to EF .
Therefore, since it has been shown that the ratio of D to EF is greater than that of A
to BC, the ratio of A to BC will be less than the ratio of D to EF . This is what was
to be shown.
LEMMA 2.
If two lines meeting in a point are tangent to an arc of a circle, and if any number of
equal chords divide the same arc into equal parts, the two lines together will be greater
than those chords taken together.
Let two lines AK, BK be tangent to the arc AB, meeting in K, and let
any number of equal chords such as AC, CD,
DE, and EF , F G, GB in the figure divide
the arc into the same number of equal parts.
I say the lines AK, BK together are greater
than all those equal chords AC, etc. together.
With the lines AC, BG produced until they
meet in H, and the lines CD, GF produced
until they meet in I, and so forth if there are
a
more lines, a the lines DI, F I will be greater
Book I,
Prop. 21.
than DE, F E. Having added the equals DC,
F G, the lines CI, GI will be greater than
Figure 203: [332]
the lines CD, DE, EF , F G, taken together.
b But CH, GH, are greater than CI, GI.
b
Book I,
Prop.
21.
Therefore, CH, GH, are certainly greater than CD, DE, EF , F G. With the equals
AC, BG added, AH, BH together are greater than AC, CD, DE, DF , F G, GB, taken
together. c But AK, BK are greater than AH, BH. Therefore AK, BK together are c Book I,
definitely greater than AC, CD, DE, EF , F G, GB together. This is what was to be Prop. 21.
shown.
LEMMA 3.
If three lines are tangent to the arc of a circle, and meet in two points, so that the
middle point of contact bisects the arc, and equal numbers of equal chords make equal
arcs on either side, then these three tangents are greater than all of the chords taken
together.
In the lower portion of the preceding figure, let the three lines AC, CD, DB meeting
in the two points D, C, be tangent to arc AB and bisect it in E. Let equal numbers
of equal chords AF , F E, and EG, GB cut the halves of the arc. I say the three lines
AC, CD, DB, taken together are greater than AF , F E, EG, GB, taken together. By
the previous lemma AC, CE are greater than AF , F E, and BD, DE are greater than
BG, GE, Hence together, AC, CD, DB will be greater than AF , F E, EG, GB taken
together. This is what was to be shown.
[333]
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These are the three lemmas that Cardano states first, to which he adds the following Cardano’s
postulate or principle: Since any arc whatsoever is greater than any number of equal Principle
lines it subtends taken together, and the more lines there are, the less the excess by
which the arc is greater, it is possible to take enough lines so that the excess is less than
any given line. This principle seems to be obvious, since such a small arc can be taken
that the chord is almost equal to it, so that no difference between the arc and the chord
is perceptible. A posteriori,356 this can also be confirmed numerically. Let the ratio
between the circumference and diameter of the circle be taken as nearly 31415926 to
10000000, as we have taken it from reliable authors in Book IV, Chapter 7, Number
5. We will find that if the arc is repeatedly bisected by chords subtended by the arc,
from the preceding excess always more than one half is taken away. a And therefore a Book X,
eventually the remaining area will be less than any given quantity.357 For instance if Prop. 1.
the arc is 4 degrees, the length will be 698131 and its chord from the table of sines
is found to be 697990, so that the arc exceeds the chord by this number: 141. Then,
the sum of two chords subtended by arcs of 2 degrees will be 698096 which is exceeded
by the arc of 4 degrees by 35, which is less than half of the previous excess of 141.
Again, the sum of 4 chords of 1 degree arcs will be 698120, which the arc of 4 degrees
exceeds by 11, and this is less than half the previous excess of 35. Then the sum of 8
chords subtended by arcs of 30 minutes will be 698128 and the excess here is 3, which
is less than half the previous excess of 11, and so forth. I know this confirmation of the
stated principle is not a demonstrative proof, since the ratio between the circumference
and the diameter is deduced from what we are trying to prove, namely that the figure
circumscribed about the circle has perimeter greater than the circumference of the
circle. Yet no one will doubt that it is probable, since it seems scarcely credible (if that
ratio was far from true) that those excesses would be so small, so that always a smaller
number than half the previous excess would remain, and so that eventually hardly any
difference difference between the arc and the sum of the subtended chords would be
found.
358

With these things established, let two lines AB, AL be tangent to the arc BCL.
I say they are greater than the arc. For, if possible,
suppose they are not greater, and hence the arc BCL
is either equal to the lines AB, AL together, or greater.
With the arc bisected by C, and the tangent DEC to
the arc at C drawn, let arcs CB and CL be bisected
by G, F and let the lines BG, GC, CF , F L be joined.
We claim first that DL and EB are equal. This is true
since having drawn the lines N A, N B, N L, from the
center N , since the three sides of the triangle ABN
Figure 204: [333]
are equal to the three sides of the triangle ALN , c the
d
angles at N and at A will also be equal. From this,
the arcs CB and CL will be equal. And it follows that
356

That is, assuming an accurate approximation to π as found in Book IV.
This is also the key point in many of Archimedes’ proofs by the method of exhaustion. See, for
instance, the proof of Proposition 1 of the Measurement of the Circle, presented in Clavius’s Book IV.
358
For readability, this proof has been rearranged. The lengthy parenthesis showing that DL and EB
are equal is separated from rest of the argument in this translation.
357
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Cardano’s
proof.

c

Book I,
Prop. 8.
d

Book III,
Prop. 26.

the line N A will go through the point of contact C, e and be perpendicular to DE. e Book III,
Therefore, since the two angles DAC, CDA are equal to the two angles EAC, CEA, Prop. 18.
and the adjacent side AC is common, f the sides AD, AE will be equal and because of f Book I,
this the remainders DL, EB will also be equal, since the tangents AL, AB are equal. Prop. 26.
b And since AD, AE together are greater than DE, having added the equal lines DL, b
Book I,
EB to these, AL and AB together are greater than the three lines LD, DE, EB. Let Prop. 20.
the excess be H. Again, since the arc BL is greater than the lines BG, GC, CF , F L
together, let the excess be I, which is smaller than the excess H. For if it is not less,
let us bisect the arcs
[334]
LF , F C, CG, GB, and bisect those again and connect the lines, until the excess is
made less than H, by the above principle of Cardano. Therefore, the arc LB, the first
quantity, exceeds the second, namely the lines LF , F C, CG, GB taken together by
the excess I. And the third quantity, namely the sum of the lines AL, AB exceeds the
fourth, that is the sum of the lines LD, DE, EB, by the excess H. The excess I is
less than the excess H. And the first quantity, that is, the arc BL, was taken to be
not less that the third (the sum of AL, AB taken together). And the third AL, AB, is
greater than the fourth, LD, DE, EB. By Lemma 1, the ratio of the arc BL (the first
quantity) to LF , F C, CG, BG (the second) is less than the ratio of the third quantity
(AL, AB) to the fourth (LD, DE, EB). a And permutando, ratio of the arc LB to AL, a Schol. Book
AB, taken together, will be less than the ratio of the lines LF , F C, CG, GB together V, Prop. 27.
to the lines LD, DE, EB together. Therefore let the sum of LF , F C, CG, GB be to
the sum of LD, DE, EB as the arc BK is to the lines AL, AB together. And from
this the ratio of the arc BL to AL, AB together is less than the ratio of arc BL to arc
BK. b From this arc BK will be greater than arc BL. Therefore, since the ratio of b Book V,
the lines LF , F C, CG, GB, together to the lines LD, DE, EB together is the same Prop. 10.
as the ratio between arc BK and AL, AB, together, by Lemma 3, the lines LF , F C,
CG, GB together are less than LD, DE, EB together. And arc BK will be less than
AL, AB together. Therefore BL will also be less than AL, AB together. From this,
the arc BL is also definitely less than the tangents AL, AB together, which is what we
had to show.
This proof of Cardano is admirable and not dissimilar to the one Euclid used in
Book IX, Proposition 12. For in each of them the affirmative conclusion is reached
from its negation, as is clear.
I have presented this proof of Cardano, not because it is only truly geometrical if
his principle is admitted, but because it is ingenious and acute. Yet even without this
proof it must be conceded that the perimeter of the circumscribed polygon is greater
than the circumference of the circle because of the demonstration of Archimedes, since
nothing has ever been produced to contradict it, as we have said above.
THEOR. 2. PROPOS. 2.
Diameters of circles are to each other as are their circumferences.
We have proved this in Book IV, Chapter 7, Number 3, Proposition 1, but
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we will prove the same statement here following Pappus,359 in this way. Let ABCD and EF GH be two
circles whose diameters are AC, EG. I say the circumference is to the circumference as the diameter is
c
to the diameter. c For since the circle is to the circle as
Book XII,
Prop. 2.
the square on the diameter is to the square on the did
ameter, d but the circle ABCD is to the circle EF GH
Book V,
Prop. 15.
Figure 205: [334]
as four times the circle ABCD is to four times the
circle EF GH, four times the circle ABCD is to four
times the circle EF GH as the square of the diameter
AC is to the square of the diameter EG. But the rectangle contained by the diameter
AC and the line equal to the circumference of the circle ABCD is four times the circle
ABCD, and the rectangle contained by the diameter EG, and the circumference of
EF GH is four times the circle EF GH
[335]
from the corollary to Proposition 2 in Chapter 5, Number 1 of Book V. Therefore,
the rectangle contained by the diameter AC and the circumference of ABCD is to
the rectangle contained by the diameter EG and the circumference of EF GH as the
square on AC is to the square on EG. And permutando, the rectangle contained by the
diameter AC and the circumference ABCD is to the square on AC as the rectangle
contained by the diameter EG and the circumference of EF GH is to the square on
EG. a But the rectangle contained by AC and the circumference of ABCD is to the a Book VI,
square on AC as the line equal to the circumference of ABCD is to the diameter AC, Prop. 1.
and hence, similarly, that ratio is equal to the ratio between the line equal to the
circumference of EF GH and the diameter EG. Permutando, the circumference is to
the circumference as the diameter is to the diameter, which is what was to be shown.
SCHOLIUM.
There are those who think that it was unnecessary for this theorem to be proved
by Pappus because it seems he knew already that the circumference of any circle is
to its diameter as the circumference is to the diameter for any other circle, and hence
permutando, the circumference is to the circumference as the diameter is to the diameter. But in this matter they are deceived in a surprising way. For although it was
proved by Ptolemy (and by us in Proposition 10 of the Sines), that the ratio of a larger
arc to a smaller arc of the same circle is greater than the ratio of the chord to the
chord (and this is is true for arcs and chords in unequal circles only when the arcs
are similar, as we will show in the following theorem), who would concede without a
proof that the ratio between the circumferences was the same as the ratio between the
diameters? So if it were shown that an arc of a circle was to a similar arc of another
circle as the chord was to the chord, then at least it would hold that the ratio of the
circumference to the circumference, b and hence also the ratio of the semicircumference b Book V,
to the semicircumference, was the same as the ratio of the diameter to the diameter, Prop. 15.
because the arcs of semicircles are similar, and their chords are diameters. But this
359

This is Proposition 11 in Book V of the Mathematical Collection.
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can not actually be proved unless it is first proved that the circumference is to the
circumference as the diameter is to the diameter, as will be evident in the following
theorem. Thus the preceding theorem was proved for a good reason, and not without
cause by Pappus.
THEOR. 3. PROPOS. 3.
An arc of a circle is to a similar arc of another circle as the chord is to the chord. And
conversely, if two arcs have the same ratio as their chords, then they are similar.
In the figure of the previous proposition, let perpendiculars P B and QF to the
diameters be drawn from the centers P , Q, dividing the semicircles into two quadrants.
Let the arcs BI, BK be equal and assume the arcs F L, F M are similar
[336]360
to them so the whole arcs IK and LM are similar. Their chords IK, LK are bisected
by the semidiameters in N , O. I say the arc IBK is to arc LF M as the chord IK is
to the chord LM , etc. a For the circumference ABD is to the circumference EF H,
b or the quadrant AB is to the quadrant EF , as the diameter AC is to the diameter
EG, or the semidiameter P B is to the semidiameter QF . c But the quadrant AB is
to the quadrant EF as the arc IB to the arc LF (since they are taken to be similar).
Therefore the arc IB will also be to the arc LF as the semidiameter P B is to the
semidiameter QF . Therefore, since by the Lemma to Proposition 1 of our Gnomonica,
or by Lemma 5 of Book I of our Astrolabe, since the total sine P B is to the total sine
QF as the sine of IN is to the sine of LO, the arc IB will be to the arc LF as the sine
IN is to the sine LO. d That is, the double of the arc, IK, is to the double of the arc,
LM , as the chord IK, the double of IN , is to the chord LM , the double of LO. This
is what was to be proved.
Now suppose the arc IK is to the arc LM as the chord IK is to the chord LM .
I say the arcs are similar. Having made the same construction, e the arc IB will be
to the arc LF (the half to the half) as IN is to LO (the half to the half). f But IB
is to LF as the quadrant AB is to the quadrant EF . g And so the quadrant is to
the quadrant as the semidiameter P B is to the semidiameter QF . Therefore the sine
IN will be to the sine LO as the total sine P B is to the total sine QF . And from
this, by the Lemma to Proposition 1 of our Gnomonica, or by Lemma 5 of Book I of
our Astrolabe, the arcs IB and LF will be similar, and hence their doubles IBK, and
LF M will also be similar. This is what was to be shown.
COROLLARY.
If follows from this that if arcs IBK, LF G are not similar, then they do not have
the same ratio as their chords. For if the ratios were the same, then the arcs would be
similar, as has been shown in the second part of the proposition. But this is absurd,
since the arcs are assumed not similar.
360
The figure from page [334] is repeated on this page with the proof of Theorem 3. We have omitted
it here.

334

a

Prop. 2
of this Book.
b

Book V,
Prop. 15.
c
Book V,
Prop. 15.

d

Book V,
Prop. 15.

e

Book V,
Prop. 15.
f

Schol. Book
VI, Prop. 33.
g
Prop. 2.
of this book.

PROBL. 1. PROPOS. 4.
To construct a parallelogram equal to a given quadrilateral in a given angle (more easily
than by Proposition 45 in Book I of Euclid).
Let ABCD be any quadrilateral and let the given angle be K. With the diameter
BD drawn, and bisected in E, let a line F G be drawn
through E making an angle F ED at E equal to angle
K. Then, let HI be drawn through D parallel to F G,
and through A and C let parallels AH and CI be
drawn to BD cutting F G, HI in the points F , H and
G, I. Then a parallelogram F I will be constructed
h
with the angle G, h which is equal to the angle F ED,
Book I,
Prop.
29.
(internal angle to exterior angle) hence equal to the
Figure
206:
[336]
given angle K. I say
[339]361
this parallelogram is equal to the given quadrilateral
ABCD. a For since the parallelogram F D is equal to the triangle ABD, and the a Schol. Book
parallelogram EI is equal to the triangle CBD, the whole parallelogram F I will also I, Prop. 41.
be equal to the whole quadrilateral ABCD. This is what was to be shown.
PROBL. 2. PROPOS. 5.
To construct a rectangle equal to a given rectangle on a given line (more easily than
by Proposition 45 in Book I of Euclid).
Let it be required to construct a rectangle equal to the given rectangle ABCD on
a given line. Take any side, for instance AB, and let BE be equal to the given line.

Figure 207: [339]

Produce AB to AE whether the given line is greater than AB or less than AB. From
E, through C, let a line be drawn cutting AD, produced, in F , and complete the
rectangle AH and the lines BC, DC, extending to G, I. b The complement CH will b Book I,
be equal to the complement CA. Therefore since the side CI is equal to the side BE, Prop. 43.
that is, to the given line, what was required has been done.
Alternatively, given the line BE and two sides AB, BC of the given rectangle, c
let the fourth proportional CG be found. d Then the rectangle contained by the first,
361

Pages [337] and [338] do not exist in the original, apparently due to a printer’s error.
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c

Book VI,
Prop. 17.
d

Book VI,
Prop. 16.

BE, and the fourth, CG, say the rectangle CH, will be equal to the given rectangle
AC contained by the second, AB, and the third, BC. This is what was to be done.
PROBL. 3. PROPOS. 6.
To construct a rectangle equal to a given rectilinear figure (more easily than by Proposition 45 in Book I of Euclid).
This will be easily accomplished by the two previous propositions. For if the rectilinear figure is resolved into triangles, any two of them having a common side will
constitute a trapezium, and the common side is a diameter. d,362 Therefore if a rectangle is constructed equal to each of the trapezia and also to the last triangle, if the
number of triangles happens to be odd, then, as has been said in the previous proposition, e if a fourth proportional is found for one of the sides of the first rectangle and e Prop. 4.
the two sides of the second, f the rectangle contained by the side chosen from the first of this book.
rectangle and the fourth proportional will be equal to the second rectangle. From this, f Book VI,
if the other side of the first rectangle is produced g and from the produced line is cut Prop. 12.
out a line equal to the fourth proportional, and the whole rectangle is completed, then g Book VI,
a rectangle will be obtained from the two rectangles together that is equal to the first Prop. 16.
two trapezia together. [And the same construction is repeated with any additional
rectangles, one at a time.]
[340]
a

Next, if there is a final triangle, an equal rectangle will be constructed on half the a Schol. Book
I, Prop. 41.
base with the same altitude as the triangle.
THEOR. 4. PROPOS. 7.363
Let two lines be drawn from two points to one point on a straight line, which is the
common intersection of two planes containing the two points, and let those lines make
equal angles with the straight line. Then those two lines together will be shorter than
any other two lines drawn from the same two points to a different point on that line.
From two points A, B let two lines AC, BC be drawn to a point C lying on the
line CD, so that a plane containing CD revolved about that line will go through both
A and B. Let the lines AC, BC be drawn making equal angles ACF , BCD. From
the same two points A, B first let two lines AD, BD be drawn to another point D to
the right of C. I say AC, BC together are shorter than AD, BD together. For with
AC produced toward C, let CE be equal to CB and join DE. And since angle ACF
is assumed equal to angle BCD, b and the angle ACF is equal to the angle ECD at b Book I,
the vertex, the angles BCD and ECD will also be equal. Therefore since the two sides Prop. 15.
362

The marginal reference is missing here.
This geometrical fact and the deduction of the equality of the angles of incidence and reflection in
reflection by a plane mirror in the following scholium ultimately goes back to the Catoptrica of Heron
of Alexandria, a work that has survived only in a medieval Latin translation and that was at one time
attributed to Claudius Ptolemy. For an overview of the history and textual issues, see A. Boutot,
“Modernité de la catoptrique de Héron d’Alexandrie,” Philosophie Antique, 2012. Clavius does not
indicate his source.
363
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BC, CD are equal to the two sides EC, CD, c the
base DB will be equal to the base DE. And hence
AD, DB together will be equal to AD, DE together.
d Now indeed, AD, DE together are greater than AE,
that is, than AC, CB together, since CB and CE are
assumed equal. Therefore also AD, BD will be greater
than AC, BC. This is what we had to show.
Next, let lines AF , BF be drawn from A, B, to a
Figure 208: [340]
point F on the left of C. I say again that AC, BC
together are less than AF , BF together. With AC
produced and CE equal to CB, join EF . And since the angles ACF , BCD are
assumed equal, e ACF is equal to angle ECD at the vertex; the angles BCD, ECD
will also be equal, and hence the supplementary angles BCF , ECF will also be equal.
Therefore, since the two sides BC, CF are equal to the two sides EC, CF , f the base
BF will also equal the base EF . Hence AF and F E together will equal AF and F B
together. g But AF and F E together are greater than AE, that is, greater than AC
and BC together, because BC and CE are assumed equal. Therefore AF and BF
together are greater than AC and CB together. This is what was to be shown.
SCHOLIUM.
Therefore since Nature unhindered acts along shortest lines, suppose a ray of the
sun, or a visual ray from A, falling on a smooth plane DF , is reflected to the point B.
[341]
Then it falls necessarily on the point C where the angle ACF (which the experts in
Perspective call the angle of incidence) is made equal to the angle BCD (which they
call the angle of reflection). For if the ray fell on point D or F , and was reflected to
B, Nature would not act along the shortest lines, since AD, BD together and AF , BF
together are both longer than AC, BC together, as we have shown. But this is absurd.
And thus is proved what the experts in Perspective accept, that the angle of incidence
equals the angle of reflection.
PROBL. 4. PROBL. 8.
If someone holds a whole number in his or her mind, to determine how many units it
contains by the remainder after three commanded operations.
Order the number to be multiplied by some number such as 2 or 3 or 4 or 10, and
a number divisible by this multiplier to be added to the product. Then order the sum
to be divided by the multiplier and the number of times the multiplier goes into the
number added to be subtracted. The remainder will be the number.364
364
Translator’s Comment: Clavius’s sense of whimsy and playfulness is seen in this non-geometrical
and tangential mathematical palate cleanser. His extensive discussion has not been translated in full.
The idea is this: If A is the other person’s number, you tell them to multiply A by some number m
you choose, then add some multiple B = mk of the same m that you choose to the product. Then
they must divide the sum mA + B = mA + mk = m(A + k) by your chosen m, yielding A + k. If your
known k = B/m is subtracted from this, the number A remains, presumably to the amazement of your
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[342]
PROBL. 5. PROPOS. 9.
To partition a given square number into any number of squares of numbers.365
Although this problem might seem to be almost impossible (for, some would say,
how can a square number be divided into any number of other numbers that are all
squares?) the solution is not actually difficult. Let the given square be 36, and let it
be required to decompose this into a sum of 5 [rational] squares. By what we have
written in Proposition 47 of Book I of Euclid, let three numbers be obtained, such that
the square of the largest is equal to the sum of the squares of the others, for instance
5, 4, 3. Then say, if 5 gives 4, what will 6 give as the square root of the given square?
18
4
And if 5 gives 3, what does 6 give? And you will find that 24
5 and 5 , that is, 4 5 and
3
3 5 are the roots of the two squares equal to the given 36. For since 6 is to these two
numbers as 5 is to 4 and 5 is to 3, the sides 6, 4 45 , 3 53 make a right triangle similar
to the 5,4,3 right triangle. a Therefore the sum of the squares of 4 45 and 3 35 is the a Book I,
square of 6. Again if 5 is to 4 as 3 35 is to some number and 5 is to 3 as 3 35 is to some Prop. 47.
number (taking the smallest root found at the previous step so that the roots we find
4
will not coincide with any found previously) another two numbers 2 22
25 and 2 25 will be
3
found, the sum of whose squares equals the square of 3 5 . And now (leaving out the
3
4
3 25
), three numbers 4 54 , 2 22
25 , 2 25 have been found, the sum of whose squares is the
4
proposed square number 36. In the same way, if 5 is to 4 as 2 25
is to some number
4
91
37
and 5 is to 3 as 2 25 is to another number, then the two numbers 1 125
and 1 125
will
4
be obtained, the sum of whose squares is the square of 2 25
. From which we have now
4
22
91
37
found four numbers (leaving out the 2 25
), 4 45 , 2 25
, 1 125
and 1 125
, the sum of whose
37
squares also gives 36. Finally if again 5 is to 4 as 1 125 is to some number and 5 is to
37
23
486
3 as 1 125
is to another number, the two roots 1 625
and 625
are obtained, the sum of
37
37
), we have found five
whose squares is the square of 1 125 . Hence (leaving out the 1 125
4
22
91
23
486
numbers 4 5 , 2 25 , 1 125 , 1 625 , and 625 , the sum of whose squares,
1
23 25
,

8 184
625 ,

2 15406
15625 ,

29279
1 390625
, and

236196
390625 ,

is the given square 36.366 And in this way more squares can be found whose sum is
486
equal to 36, for instance if 5 is to 4 as 625
is to some number, and 5 is to 3 as 486
625 is to
some other number, etc.
[343]
THEOR. 5. PROPOS. 10.
Given two unequal fractions, the fraction whose numerator is the sum of the numerators
and whose denominator is the sum of the denominators is greater than the smaller of
the two given fractions and less than the greater.
partner. Similar number games have been preserved in Latin texts from the early medieval period, but
it is not known whether Clavius was drawing on any such source.
365
As will be clear from the proof, Clavius is thinking of rational numbers.
366
A transposition of digits between two denominators has been corrected here.
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Let the two unequal fractions be 35 (the larger) and 47 (the smaller). Let the nu7
merators and the denominators be added to give the fraction 12
. I say this is greater
3
3
4
than 7 and less than 5 . For since the fraction 5 is greater than 74 , by Proposition 8 on
fractions in Book IX of Euclid, the ratio of 3 to 5 is greater than ratio of 4 to 7. a And a Book, V,
Prop. 27.
permutando,
3
5

4
7

7
12
b Therefore,

the ratio 3 to 4 is greater than the ratio 5 to 7.
componendo, the proportion
of 3 and 4 together, that is 7, to 4 is greater than the proportion of 5 and 7 together,
that is 12, to 7. c And permutando, the proportion of 7 to 12 is greater than the
proportion 4 to 7. And hence by Proposition 8 on fractions in Book IX of Euclid, the
7
is greater than the fraction 47 , which is the first part.
fraction 12
Then since 47 is less than 35 , by Proposition 8 on Fractions in Book IX of Euclid,
the ratio 4 to 7 is less than the ratio 3 to 5. d And permutando, 4 to 3 is less than 7 to
5. e Therefore, componendo, the ratio of 4 and 3 together, that is, 7, to 3 is less than
the ratio of 7 and 5 together, that is, 12, to 5. f And permutando, the ratio 7 to 12
is less than the ratio 3 to 5. And hence by Proposition 8 on Fractions in Book IX of
7
is less than the fraction 35 , which is the second part.
Euclid, the fraction 12

b

Book V,
Prop. 28.
c

Book V,
Prop. 27.

d

Book V,
Prop. 27.
e
Book V,
Prop. 28.
f

Book V,
Prop. 27.

THEOR. 6. PROPOS. 11.
If two relatively prime numbers are not both squares or both cubes, then equal multiples
of those numbers will not both be squares or cubes. And if equal multiples of the two
[relatively prime] numbers are both squares or both cubes, the original numbers were
also both squares or both cubes.
Let A, B be relatively prime numbers, not both squares or both cubes, while
A
4.
C
12.

B
11.
D
33.

one of them is a square or a cube.367 Let C, D be equal multiples of A, B.368 I say that
C and D are not both squares and not both cubes. For if it were possible, suppose that
C, D were both squares or both cubes. And since it is the same number multiplying
A and B that makes C and D, g A is to B as C is to D. h But between C and D
lie one or two mean proportionals.369 i Therefore, also between A and B lie one or
two mean proportionals. Since k the extremes A, B are assumed relatively prime, the
three or four proportionals will be minimal among the numbers with the same ratios.
l And hence A and B will be both squares or both cubes. But this is contrary to the
hypothesis. Hence C, D cannot both be squares or cubes, which is the first part of
what we had to show.
But if now C and D are equal multiples of relatively prime numbers A, B, and
they are both squares or both cubes, I say that A and B are also both squares or both
cubes. If
367

This is true in the example but it is not necessary to assume this.
That is, C = mA and D = mB for some integer m.
369
That is, consider one mean proportional for the case of squares, and two for the case of cubes.
368
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[344]
they are not, then neither are C and D as has been proved. This is contrary to the
hypothesis.
COROLLARY.
From this it follows that if the numerator and denominator of a fraction are both
squares or both cubes, then the numerator and denominator of that same fraction
reduced to lowest terms will also be both squares or both cubes. This is true because
the numerator and denominator of the fraction in lowest terms are relatively prime and
have the same proportion as the numerator and denominator of the original fraction.
Also, if one of the numbers in a fraction in lowest terms is not a square or not a cube,
then in any equivalent fraction, either the numerator or the denominator will not be a
square or not be a cube.
THEOR. 7. PROPOS. 12.
In every rectilinear quadrilateral, any three sides together are greater than the remaining side.
Let the quadrilateral be ABCD. I say that any three sides, for instance DA,
AB, BC, taken together, are greater than the remaining side DC. Having drawn

Figure 209: [344]
the diameter BD, a the lines BD, BC together are greater than DC. By the same a Book I,
reasoning, AB and AD together are greater than BD. Thus the three sides AD, AB, Prop. 20.
BC together will be greater than the two sides BD and BC, and hence also larger
than DC. The same conclusion will be derived in the same way for any three of the
sides, as is clear. Therefore in every rectilinear quadrilateral, any three sides together
are greater than the remaining side. This is what was to be proved.
PROBL. 6. PROPOS. 13.
Given three points, through which a circle is to be drawn, to find other points, through
which the same circle must pass.
Sometimes, three given points lie close together, or almost lie on a straight line, so
that it is not possible to find their center easily because the perpendicular bisectors
of the lines joining the points may intersect too obliquely in the center. So that the
center can be found more precisely, two or several other points should be found that
340

must lie on the same circle, in the following way. Let the three given points be A, B,
C. Having joined the lines AB, AC, BC, let a triangle BCD be constructed on the
base BC having the same sides as ABC, but so that the angle D tends toward the part
of the circle toward which the circumference to be drawn must pass. In addition, let
the equal sides not start from the same points, that is, let the side CD be equal to BA
and the side BD be equal to CA. This can be done370 if an arc is drawn with center at
C and radius equal to BA, and another arc with center at B and radius equal to CA
intersect at D. b For angle D will equal angle A, and c hence the circle drawn through b Book I,
Prop. 8.
the points A, B, C, will also pass through the fourth
c

Schol. Book
III, Prop. 21.

[345]
point D. By the same reasoning, if a triangle CDE on the base CD is constructed
with sides equal to the sides in triangle BCD in the aforesaid order, so that side DE is
equal to side CB and side CE is equal to side BD, another point E will be found which

Figure 210: [345]

falls on the circumference of the circle. And by the same method, another point F will
be found from a triangle DEF , having sides equal to triangle EDC, and so forth. In
the same way, in the other direction, another point G will be found by constructing a
triangle ABG with sides equal to the triangle BAC, and so forth. Therefore, if three
points are chosen so that the lines connecting them make an angle close to a right angle,
as do A, C, D in the figure, and from the endpoints A, C two intersecting arcs are
drawn with the same radius, and the process is repeated at C and D, the lines through
the intersections of the arcs will meet in the center H. Also most suitable would be
370

That is, with a non-collapsing compass.
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the three points G, B, D, even though the angle DBG is acute. The three points G,
B, E, or C, E, F would be similar.
PROBL. 7. PROPOS. 14.
To construct a square, rhombus, rectangle, or rhomboid, given in the first case the
excess of the diameter of the square over the side; or, in the second case, given the
excess of the diameter of the rhombus over the side, or of the side over the diameter
(when the side is greater), together with one angle of the rhombus; or, in the third
case, given the excess of the diameter of the rectangle over either of the unequal sides,
together with the angle the diameter makes with that side, or together with the ratio
between the two unequal sides; or finally, given the excess of the diameter of the
rhomboid over either one of the unequal sides, or of either of the unequal sides over the
diameter (when it is larger) together with one angle of the rhomboid, and in addition
the angle that diameter makes with that side, or the ratio between the two unequal
sides.
[346]
We have solved this problem for the square by a different method at the end of
Book II of Euclid. Let A be the given excess of the diameter of the square over the
side. Let BCDE be any square, whose diameter exceeds its side by DF . If this were

Figure 211: [346]

equal to the given excess A, then what is demanded would have been done. If they are
unequal, then a let DF be to the given excess A as the diameter BD is to BG and let
the square HI be completed. I say that this square is what is sought. Having taken
GK equal to A, since by construction the whole BD is to the whole BG as DF is to
A (that is, to GK) b BD will also be to BG as the difference BF is to the difference
BK. And permutando, as BD is to BF , so BG is to BK. c But BD is to BF as BD
is to BC (because BF and BC are equal, since DF is taken to be the excess of the
diameter BD over the side BC). d And BD is to BC as BG is to BH. Therefore, BG
will also be to BK, as BG is to BH. e And hence BK and BH are equal. Therefore
the diameter BG exceeds the side BH, that is, BK, by the line GK, which is equal to
the given excess A. This is what was to be done.
Next let A be the the excess of the diameter of any rhombus over the side, and
let L be a given angle. Let BCDE be any rhombus having an angle C equal to the
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given angle L, as in the first rhombus in the figure below, or angle B as in the second
rhombus in the figure.371 Therefore either the diameter of the rhombus is opposite the
angle C as in the first, or it cuts angle B as in the second. Let the diameter BD be
drawn, exceeding the side BC by the line DF . If this were equal to the given excess
A, what was demanded would have been done. If they are actually unequal, f let

Figure 212: [346]
f

Book VI,

DF be to the given excess A as the diameter BD is to BG. Let the rhombus HI be Prop. 12.
completed, which I say is the rhombus that is sought. With GK, equal to the given
excess A removed, exactly the same demonstration as has been made for the square is
applied.
[347]
If the diameter of the rhombus is smaller than the side, let the excess A of the
side of rhombus over the diameter be given, together with angle L. Let any rhombus
BCDE be constructed having an angle D equal to the given angle L as in the third
rhombus in the figure [from page [346]]. And since the side is longer than the diameter,
the diameter is to be drawn between the obtuse angles a (since the diameter drawn a Book I.
between the acute angles is always greater than the side of the rhombus). Let the Prop. 19.
diameter BC be drawn, and let the side BD exceed BC by the line DF . If this were
equal to the given excess A, what is demanded would have been done. If they are
unequal, let DF be to the excess A as the side BD is to BG, and let the rhombus GI
be completed about the same diameter. I say that this is the rhombus that is sought.
For with GK equal to the excess A taken away, the proof will be made as for the
square, as is clear if the role of the diameters BD, BG for the square is taken here by
the sides BD, BG.
Then the side of the rhombus will be greater than the diameter (as we remind the
reader in passing) since half of the obtuse angle is greater than the acute angle in the
same rhombus. For if in the third rhombus in the last figure, the angle CBD (which
is half of the obtuse angle B, as we have shown in the scholium to Proposition 34 in
Book I of Euclid) is greater than the acute angle D, b the side BD, that is CD,372 b Book I,
Prop. 19.

371

Note that the label for point D is missing on the left in the figure; it should be the fourth vertex
of the smaller rhombus.
372
Note: triangle BCD is always isosceles with BD = CD since these are rhombi.
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will be greater than the diameter BC in the triangle BCD. Indeed, when half of the
obtuse angle is less than the acute angle, as in the second rhombus, c the diameter will c Book I,
Prop. 19.
be greater than the side in the triangle BCD.
Third, let A be the given excess of the diameter of a rectangle over one of the
unequal sides, and let L, the angle the diameter makes with that side, or the ratio M
to N that that side has to the other one also be given. If therefore the angle L is less
than half a right angle or M is greater than N , as in the first rectangle in the figure,

Figure 213: [347]

A will be the excess of the diameter over the longer side. If, on the other hand, L is
greater than half a right angle, or M is less than N , then A will be the excess of the
diameter over the smaller side. Let therefore an angle CBD equal to the angle L be
constructed, and make the rectangle BCDE with BD taken as the diameter (or, let
BC be perpendicular to CD with lengths in the ratio M to N , and having competed
the rectangle CE, let the diameter BD be drawn). Let the diameter BD exceed the
side BC by DF . If this DF were equal to the given excess A, then the rectangle CE
that is sought would have have been constructed. If they are unequal, then let DF be
to the given excess A as BD is to BG, and let the rectangle HI be completed, which
will be the one that is sought. Having taken away the line GK, equal to the excess A,
the proposition will be proved as for the square.
Fourth and finally, in any rhomboid, let A, the excess of the diameter over either
of the unequal sides, together with the angle O of the rhomboid, and
[348]
in addition the angle L that the diameter makes with the side for which the excess
above is known, or in addition the ratio M to N that side has to the other, all be
given. Let angle BCD in the first figure [from page [348]], or CBE in the second be
constructed equal to the given angle O. Then the diameter must either be opposite
the given angle C, as in the first figure, or else it must cut the given angle CBE as in
the second figure. So in the second, at B, let angle CBD be equal the given angle L,
and CD will cut the line BD in D. Or let M be to N as BC is to CD, and let the
rhomboid CE be completed, whose diameter exceeds the side BC by the line DF . If
this were equal to the given excess A, then what was demanded would have been done.
If they are unequal, let DF be to the excess A as BD is to BG, and complete the
rhomboid HI, about the same diameter BD. I say this is the rhomboid that is sought.
344

Figure 214: [348]

For if the line GK (equal to the excess) is cut off, the same proof should be applied as
in the preceding cases.
Suppose the diameter of some rhomboid is less than the larger side, as in the
third figure. The givens are the excess A of the greater side of the rhomboid over the
diameter, the angle O of the rhomboid and either the angle L that the diameter makes
with the longer side, or the ratio, M to N , that the longer side has to the shorter side.
Let angle BDC be constructed equal to the given angle O. If this is acute, at B, let
angle DBC be equal to angle L (if the given angle of the rhomboid should be obtuse,
for instance as is DBE, then DBC should be constructed in this given angle), and the
line BC will cut the line DC in C. Or let M be to N as BD is to BC, and let the
rhomboid DE be completed. The side BD exceeds the diameter BC by DF . If this
were equal to the given excess, then what was demanded would have been done. If
they are unequal, then let DF be to A as BD is to BG, and complete the rhomboid
GI. I say this is what is sought. For if GK is taken equal to A, the proposition will be
proved as before for the square, if the role of the diameters BD, BG of the squares is
played here by the sides BD, BG, as is clear.
Then the larger side exceeds the diameter when the angle the diameter makes with
the smaller side is greater than the acute angle of the rhomboid. For if in the third
figure, angle BCD is greater than angle D, a the line BD will be greater than BC.
THEOR. 8. PROPOS. 15.
In a rectangle, given the excesses of the diameter over the two sides, the rectangle
contained by the difference of the excesses and twice the smaller excess,
[349]
together with twice the square on the smaller excess is equal to the square on the line
by which the smaller side exceeds the smaller excess.373
Let the rectangle be AC, whose diameter BD is equal to the line BE, so that the
373

The diameter is the diagonal of the rectangle. In algebraic terms, this is saying that if a > b are
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smaller excess, by which the diameter exceeds the greater side BC, is CE. Given BF
equal to the smaller side CD, then EF is the excess of the diameter over the smaller
side and hence CF is the difference between the excesses EC, EF . a And since the
sides BC, CD together are greater than BD, (that is, the line BE), with the common
length BC removed, the remaining CD will be greater than
CE, and BF (equal to CD) will be greater than CE. With
F G (equal to CE) taken away, BG will be equal to the difference between the smaller side (BF ) and the smaller excess (F G). I say that twice the rectangle contained by F C
(the difference between the excesses) and CE (the smaller
excess), together with twice the square on CE (the smaller
excess) is equal to the square on BG (by which the smaller
Figure 215: [349]
side BF exceeds the smaller excess CE). b For the square
on BE is equal to the squares on BC and CE, together
with twice the rectangle contained by BC and CE, (which equals the rectangle contained by BC and twice the line CE). c This rectangle equals twice the rectangle
contained by BF and CE, together with twice the rectangle contained by F C and
CE. Hence the square on BE will equal the sum of the squares on BC, and CE,
together with twice the rectangle contained by BF and CE and twice the rectangle
contained by F C and CE. d But the square on BD is equal to the sum of the squares
on BC and CD. Since BE equals BD, setting these two expressions for the square
on BE and the square on BD equal, the square on BC plus the square on CD equals
the square on BC plus the square on CE, plus twice the rectangle contained by BF
and CE, plus twice the rectangle contained by F C and CE. Taking away the common
square on BC, the square on CD, which equals the square on BF , equals twice the
rectangle contained by BF and CE, plus twice the rectangle contained by F C and CE
plus the square on CE. Therefore having added the square on F G,374 the square on
BF plus the square on F G equals twice the rectangle contained by BF and CE, plus
twice the rectangle contained by F C and CE, plus the square on CE, plus the square
on F G. e But the sum of the squares on BF and F G is equal to twice the rectangle contained by BF and F G, together with the square on BG. Therefore twice the rectangle
contained by BF and F G (that is, by BF , CE), together with the square on BG, will
also equal twice the rectangle contained by BF , CE, plus twice the rectangle contained
by F C, CE, together with the squares on CE, F G. Taking away the common term
of twice the rectangle contained by BF , CE, what remains is that twice the rectangle
contained by F C (the difference of the excesses) and CE (the smaller excess) together
with twice the square on CE (the smaller excess) is equal to the square on the line BG
(by which the smaller side exceeds the smaller excess F G).375 This is what was to be
shown.
PROBL. 8. PROPOS. 16.
the sides and c is the diagonal of the rectangle, then
[(c − b) − (c − a)] · 2(c − a) + 2(c − a)2 = (b − (c − a))2 .
This follows by expanding out the products and using c2 = a2 + b2 .
374
So to speak, on both sides of the equation.
375
Recall, CE = F G, so CE 2 + F G2 = 2CE 2 .
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Given the two excesses by which the diameter of a rectangle exceeds the two sides, to
find the sides and the diameter.
[350]
Let F E, the excess of the diameter over the smaller side, and CE, the excess over
the larger side, be given, so that the difference of the excesses is F C. From C, let a
perpendicular CL be erected, and let CH, HI, EK equal CE (the smaller excess) so
that the whole lines CI and CK are equal and equal to twice CE. Let the parallelogram
F I be constructed. Then having bisected F K at N , let a semicircle containing F and
K be described intersecting the perpendicular from C at L. Having drawn HE, let CM
be equal to that and let the line LM be drawn. I say LM is the difference between the
smaller side that is sought and the smaller excess CE, so that CE added to LM makes
the smaller side. The difference of the given excesses added to that smaller side produces
the larger side. (For the difference between the excesses of the diameter over the two
sides is the excess of the larger side over the smaller side, as is clear in the figure for the
previous proposition, where the diameter is BD or BE, the larger excess–by which the
diameter exceeds the smaller side–is F E, and the smaller excess–by which the diameter
exceeds the larger side–is CE, and F C is the difference between these excesses, which
is also the magnitude by which the larger side exceeds the smaller side.) And finally,
having found the larger side, let the
smaller excess CE be added to that larger
side in order to obtain the diameter. All
of this will now be proved. By the
preceding proposition 15, the rectangle
contained by F C (the difference of the
excesses) and CE (the smaller excess),
taken twice, that is, the rectangle F I,
together with the square on CE, taken
twice, or what is the same, together with
the square on HE or CM , is equal to the
Figure 216: [350]
square on the line by which the smaller
side that is sought exceeds the smaller excess CE. Therefore, since the square on CL equals the rectangle F I, as holds from the
proof of the last proposition in Book II of Euclid,376 it will also be true that the sum
of the squares on CL, CM equals the square on the same line by which the smaller
side that is sought exceeds the smaller excess CE. a And hence, since the sum of the a Book I,
squares on CL, CM equals the square on LM , it will also be true that the square on Prop. 47.
LM is equal to the square on the line by which the smaller side that is sought exceeds
the smaller excess CE. Therefore, LM is the difference between the smaller side and
the smaller excess. Hence LM plus CE gives the smaller side, and if F C is added to
this, the larger side is obtained. And finally, if CE is added, the diameter is obtained,
and that shows all of what was to be established.
COROLLARY.
376

Or from the standard fact that F C, CL and CK are in continued proportion, and CK = CI.
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And in this way, the line LM , whose square is equal to the rectangle F I, contained
by F C, the difference of the excesses, and twice the smaller excess CE, together with
twice the square on the the smaller excess CE, produces the smaller side that is sought,
etc.
Indeed, since the square on the line CL is equal to the rectangle F I, contained by
the difference of the excesses (F C), and CK, twice the smaller excess CE, as has been
said in the demonstration, and the rectangle CP is twice the square on the smaller
excess CE, that is, equal to the square on CM , the square on LM will be equal to the
whole rectangle F P , contained by the larger excess F E, and EP , the double of the
smaller excess,
[351]
a

since LM is the mean proportional between the larger excess and twice the smaller a Book VI,
excess. Hence if a mean proportional LM is taken between the larger excess and twice Prop. 17.
the smaller excess, then again the difference between the smaller side and the smaller
excess will be obtained, etc.
SCHOLIUM.
This problem, together with the theorem before was proved by a certain ingenious
geometer in France, and transmitted to me from there. If the name of this person were
known to me, I would gladly give an attribution. Finally, we have also proved the same
problem at the end of Book II of Euclid differently, and elegantly, following Marino
Ghetaldo, a patrician of Ragusa.377
PROBL. 9. PROPOS. 17.
Given the excess of the diameter of a rectangle over the larger side, and the excess of
the larger side over the smaller, to determine both sides and the diameter.
Since, as has been said in the previous problem, the excess of the larger side over
the smaller, is equal to the difference between the excesses of the diameter over the
two sides, add the excess of the diameter over the larger side to the excess between
the larger side over the smaller to yield the excess of the diameter over the smaller
side. Now since the excesses of the diameter over both sides are known, the remaining
quantities will be known as has been treated in the previous problem.
PROBL. 10. PROPOS. 18.
Having cut a straight line in any way, to add to it in either direction a straight line
so that the square on the whole line is equal to the square on the added line, together
with the square on a line which is equal to the added segment and the nearer segment
of the original line, together.
377

Mathematician and physicist from the Republic of Ragusa (part of modern-day Croatia), 1568–
1626. He was a pupil and friend of François Viète.
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In the figure of Proposition 15,378 let the line EF be cut in any point C and let
it be required to adjoin a line segment in the direction of F so that the square on the
whole line is equal to the square on the adjoined line, together with the square on the
line composed of F C and the adjoined segment. Let EF and EC be the excesses by
which the diameter of a rectangle exceeds the two sides. And the smaller side BF will
be found by Proposition 16. I say the line BF , adjoined to the line EF will accomplish
what is proposed. For let AC be the rectangle contained by BC and CD (which is
equal to BF ). And since F C, the difference between excesses, added to the smaller
side BF makes the longer side, as has been said in Proposition 16, BE will be equal to
the diameter BD, since it exceeds the smaller side BF or CD by the line EF , and the
larger side by the line EC. b Since the square on BE (that is, on the diameter BD), b Book I,
is equal to the square on CD (the adjoined segment BF ), together the square on BC Prop. 47.
(made up of the adjoined segment BF and the closer segment F C, what was proposed
clearly holds.
[352]
PROBL. 11. PROPOS. 19.
Given two unequal straight lines, the larger of which does not exceed the diameter of
the square described by the smaller, to cut the larger into two unequal parts so that
the sum of the squares on those lines equals the square on the smaller line.
Let the two lines be AB (the larger) and AC (the smaller) be so that AB is not larger
than the diameter of the square described by AC.
Let a perpendicular AD be erected to the larger
line AB and equal to it. And having drawn the
line BD, let it be bisected in E, and let the line AE
a
be drawn. a AE will be perpendicular to BD, and
Schol. Book I,
Prop. 26.
AE will bisect the angle A into equal 45-degree
b
angles. b B, D are therefore also halves of right
Cor. 2. Book
c
I,
Prop. 32.
angles. Therefore the sides EA, EB are equal,
c
Book I,
and hence AB will be the diameter of the square
Prop.
6.
on AE. And since AB is assumed not larger than
the diameter of the square on AC, AC will not be
smaller than AE, but either larger or equal. (For if
AC were smaller than AE, having taken AL equal
to AC, and drawn LM parallel to EB, AM would
be smaller than the diameter of the square, and
Figure 217: [352]
since AB is larger, it would exceed the diameter
of the square described by the smaller side, but
that that is not consistent with the assumption.) First let AC be greater than AE,
and having produced AE to F , so that AF equals AC, let a circle be described with
center at A through C, F , and cutting BD in H, N . Let HI be dropped perpendicular
to AB. I say that the sum of the squares on AI and IB equals the square on AC (the
smaller line). For since angle I is a right angle, and B is half a right angle, the angle
378

The figure from page [349] is repeated at this point in the original, but we have omitted it.
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H in triangle BHI will be half a right angle. d Hence sides BI and HI are equal. e
Therefore, since with the line AH having been drawn, the sum of the squares on AI
and HI is equal to the square on AH, and the sum of the squares on AI and IB is
also equal to the square on AH, and that equals the square on AC. This is what was
to be done.
Next let AK, the smaller given line, be equal to AE, so that AB, the larger line, is
equal to the diameter of the square on the smaller line AE. Let a perpendicular EG
be dropped f that bisects the base AB and bisects the right angle E into two equal
45-degree angles. I say that AB, cut in G, makes the sum of the squares of the equal
segments AG, GB equal to the square on AK, or on AE. g For again the sides EG,
GB will be equal, because of the 45-degree angles B, E in triangle BEG. h Therefore
since the squares on AG and GE equal the square on AE, the squares of the segments
AG, GB will equal the square on AE, or on the smaller line AK, which is what was
to be done.
If, from the other intersection N , a perpendicular N O is dropped to AB, AB will
be cut in O, as in I, so that the squares of the segments BO, OA are also equal to the
square of AC or AH. i For since the lines BD, BA are cut proportionally in H, I and
in N , O, the lines BH and N D are also equal k (since the perpendicular AE bisects
HN . Taking away the equals EH, EN from the equals EB, ED, the
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[353]
remaining segments BH, DN will be equal), BI and AO will also be equal, as will BO
and AC, etc.
PROBL. 12. PROPOS. 20.
Given a chord of any arc, together with the perpendicular drawn from the midpoint of
the chord to the arc, to find the measure of the arc, either in degrees, or in terms of
the semidiameter of the circle.
Let the given chord AB be 74 palms, and the perpendicular CD drawn from the
midpoint C be 10 palms. With the line AD joined, since in the
right triangle ACD, the sides AC and CD are known, since CD is
10 palms and AC is 37 palms (half of the 74 palms in the chord
a
AB), a if CD, 10 is to the total sine 100000 as AC, 37 is to some
Triang.
Rectil.
8.
number, then AC will be found as 370000, which is the tangent of
angle ADC. Hence this angle will be nearly 74 degrees, 53 minutes.
And if AE is considered as being extended to the center E, the
b
angle DAE will also be nearly 74 degrees and 53 minutes, b since
Book I,
Prop. 5.
the angles ADE and DAE are equal. So if the sum of these, nearly
149 degrees and 46 minutes, is subtracted from two right angles, Figure 218: [353]
that is, from 180 degrees, the difference will make the third angle
E at the center nearly 30 degrees and 14 minutes. The measure of
the arc AD in degrees will be the same as this angle, and its double, nearly 60 degrees
and 28 minutes will be the measure of the arc ADB in degrees.
c Since the square on AC is equal to the rectangle contained by CD and the remain- c Book III,
Prop. 35.
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ing part of the diameter, if 37 is multiplied by itself and the product 1369 is divided by
9
10, the remaining part of the diameter will be produced: 136 10
palms. Hence adding
9
9
palms. If 7 is to
10, the diameter is 146 10 palms, and the semidiameter will be 73 20
9
22 as 146 10 is to some number, then by the first rule from Number 2 of Chapter 7 of
Book IV of this work, the circumference of the circle will be obtained as [approximately]
9
430 35
palms. Therefore, if again the total circumference or 360 degrees is to the arc
9
ADB (430 35
palms) as arc ADB, or 60 degrees, 28 minutes is to some number, then
54513
10
this arc will be found to be 72 189000
palms, or slightly more than 72 39
palms.
THEOR. 9. PROPOS. 21.
In every triangle, the square on the longest side is less than twice the sum of the squares
on the other two sides.
In triangle ABC, let the longest side be AC, and the opposite angle B be obtuse. For if it were a right angle or acute, the square on the side AC, would either d equal the sum of the squares on AB and BC, or be less e and hence even d Book I,
less than twice the sum of the squares on AB, BC. From the largest side, let AD Prop. 47.
e
Book II,
be removed, equal to the side AB. f And since
Prop.
13.
the sides AB, BC together
f

Book I,
Prop. 20.

[354]

are greater than the side AC, the remainder CD
will be less than the side BC. And hence the
two squares on AD, DC will be less than the
Figure 219: [353]
two squares on AB, BC. The square on AC is
a
less than twice the squares on AD, DC a beBook II,
Prop.
4.
cause the square on AC is equal to the squares
on AD, DC, together with twice the rectangle
contained by AD, DC, and twice the rectangle
is less than the sum of the squares on AD, DC, by the lemma to Proposition 39 of
Book X of Euclid. Hence the square on AC will certainly be less than twice the sum
of the squares on AB and BC, which is what was to be shown.
PROBL. 13. PROPOS. 22.
Given three non-parallel lines in the plane, such that the middle line is not parallel
to at least one of the outside lines, to draw a straight line intersecting all three lines
whose segments between the middle and the extreme lines are equal, or have a given
ratio; moreover, to do this through a given point on the middle line if the three lines
are concurrent.
Let the three lines be AB, CD, EF . Let BF be any line intersecting all three
of the lines, and let BF be bisected by the point G. If G lies on the middle line,
then what is demanded will have been done. If G falls outside the middle line CD,
then let AG be parallel to EF , and under the condition EF is not parallel to CD,
AG will intersect the middle line, say at C. For since CD is assumed not paral-
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lel to EF , it will intersect both EF and its parallel AG, if produced. If CD were
parallel to EF , then a line parallel to AB through G is to be drawn.379 Finally,
from B, a point on the outside line AB (produced, if necessary), which is not parallel to AB, let a line BE be drawn through the point C where AG and the middle line CD intersect, meeting EF in E. I say the lines BC and CE are equal.
For since in the triangle BEF , the line CG is parb
allel to the base EF , b BG will be to GF as BC
Book VI,
Prop. 2.
is to CE. But BG and GF are equal by construction. Therefore BC and CE will be equal.
[In the case EF and CD are parallel], if GI
is drawn through G parallel to AB intersecting
the middle line in I, then the line F IK will be
bisected in I as in the above argument. In the
triangle F BK, the lines GI and BK are parallel,
c
and hence c since BF is bisected in G, F K will
Book VI,
Prop. 2.
also be bisected in I.
Figure 220: [354]
From this it is clear why the middle line cannot
be parallel to both of the outside lines – it can be
parallel to neither of them or to one of them. For if the middle line were parallel to both
of the outside lines, d the line through G drawn parallel to either of the extreme lines d Book I,
would also be parallel to the middle line, and hence would not intersect the middle line. Prop. 30.
If neither of the outside lines is parallel to the middle, then a parallel can be drawn
through G to either one of the outside lines. If one of the outside lines is parallel to
the middle, then the line should be drawn through G parallel to the other outside line.
Now, if the three lines (produced if necessary) are concurrent, as in H in the figure,
the problem is easier–even if the given point C through which the line must be drawn
is on the middle line.
[355]380
For having drawn a line parallel to either of the outside lines through the given point
C on the middle line, for instance, CA, and if HA is taken equal to AB, C will bisect
the line BE, a since BC is to CE as BA is to AH, etc. If point I is given on the
middle line, then drawing LI parallel to HB, and taking HL equal to LF , the point I
will bisect F K, b since F I is to IK as F L is to LH, etc.
In the same way, we will draw a line that is cut by the middle line into two parts
having a given ratio. For instance, if BF is cut in the given ratio in G, the rest is
done as above: c F G will be to GB as EC is to CB, or BG is to GF as BC is to
CE, so exactly as the given ratio F G to GB, or BG to GF . And if the three lines are
concurrent at H, having drawn GA parallel to EF , let HA be to AB as the first term
in the given ratio is to the second term. If BCE is drawn, d EC will be to CB as HA
is to AB, and if the ratio of HA to AB is the given one, the problem will be solved by
EC and CB.
PROBL. 14. PROPOS. 23.
379
380

See line GI in the figure.
The figure from page [354] is repeated on this page, but we have omitted it.
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a

Book VI,
Prop. 2.
b

Book VI,
Prop. 2.
c

Book VI,
Prop. 2.
d

Book VI,
Prop. 1.

To construct any multiple of a line, even a very small one where this cannot be done
directly with a compass.
Suppose we have to find three times the small line AB. With the compass
extended from A to any point C, let CF and F D
be equal to AC, so that AD is three times AC.
Then let DG, GH, HE be equal to CB. I say AE
is the triple of AB. For since AD is the same multiple of AC as DE is of the portion CB, namely
three times, taking DE away, the remaining part
Figure 221: [355]
EA will be to the remaining part AB as the whole
is to the whole, namely three times. This is what
was proposed.
PROBL. 15. PROPOS. 24.
To take out a given part or parts from any line (even if very small).
In the figure of the preceding proposition, say one third of AB is to be taken away.
By the preceding proposition, let AE be three times AB; if this will still seem to be
too small, any multiple can be taken. In the example AD is four times AE so AD is
12 times AB (this will be known if the number of parts in AE, namely 3, is multiplied
[356]
by the number of parts AD equal to AE, namely 4). And hence if AB is considered
to be divided into 3 parts, the whole AD will contain 36 of those parts. So if in the
instrumentum partium constructed in Chapter 1 of Book 1, AD is taken between 36
and 36 on the two rulers and then the interval between 35 and 35 (one less than the
total in AD) is transferred from starting from D to I, then the line AI will be one
1
third of AB, and 36
of the whole AD. For since AB contains 3 of the 36 total parts of
AD, AI will be one third of AB. This is what was proposed.
PROBL. 16. PROPOS. 25.
To divide a given rectilinear angle into three equal parts.
This problem stimulated many of the ancient geometers over a long period, and has
never been solved geometrically by anyone to this day. Pappus of Alexandria, among
others, has tried to solve it by drawing hyperbolas.381 We will also solve it using the
conchoid curve of Nicomedes, that we have described in Proposition 15 of Book VI
381
Clavius seems to be drawing on Propositions 31-34 of Book IV of the Mathematical Collection here.
The argument and the diagram Clavius presents follow Proposition 31 closely, apart from the use of the
conchoid to produce the point E. There are other neusis-type constructions that could also be used to
do that and Pappus does not use the conchoid in particular. See H. Sefrin-Weiss, Pappus of Alexandria:
Book 4 of the Collection, London: Springer-Verlag, 2010, 277ff. This material was apparently worked
and reworked by many different Greek mathematicians over an extended period. As a result, it is quite
difficult to disentangle who did what. But there are indications that, in at least part of the solution
using hyperbolas, Pappus may be reporting arguments stemming from Apollonius.
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Figure 222: [356]

of this work. Let the acute angle ABC be given, let a perpendicular AD be dropped
from any point A to BC, and let DC be twice AB. And from the pole B with interval
DC, let a conchoid curve CE be described cutting the line AE, produced parallel to
BC, in E, and let BE be drawn. I say that the angle CBE is one third of the given
angle ABC, that is, that angle ABE is twice angle CBE, so that having bisected angle
ABE, the whole angle is divided into three equal parts. For by the description of the
conchoid curve, the line GE is equal to the line DC, and hence is twice AB. If GE
is bisected in F , then both halves will be equal to AB. a Since GAE is a right angle,
the circle with center at F and diameter GE passes through A, and F A, both halves
F E, F G, and hence AB are all equal. b Hence the angles F AE, F EA are equal, as
are AF B and ABF . c The external angle AF B is equal to the sum of the internal
angles F AE, F EA, and hence equals twice the angle F EA. Therefore also ABF will
be twice the same F EA, and d F EA is equal to the alternate angle CBE.382
If the given angle is a right angle, it will be divided into three equal parts as we
have discussed in the Scholium to Proposition 32 in Book I of Euclid.
If the angle is obtuse, we will bisect it and then trisect either half as we have taught
here. For the two thirds of these halves together will make one third of the proposed
obtuse angle, as is clear.

a

Schol. Book
III, Prop. 31.
b

Book I,
Prop. 5.
c
Book I,
Prop. 32.
d

Book I,
Prop. 29.

[357]
PROBL. 17. PROPOS. 26.
If through the same point on the diameter of a rectangle two lines are drawn parallel
to the sides, the rectangle contained by the segments of the diameter will equal the two
rectangles contained by the segments of the two sides.
In the rectangle BD, through E, a point on the diameter AC, let F G and HI be
drawn parallel to the sides. I say the rectangle contained by AE, EC is equal to the rectangles contained by AF , F B and by BI, IC, together. a For since the square on AC is a Book II,
equal to the squares on AE and EC, together with twice the rectangle contained by AE Prop. 4.
and EC, and b the squares on AB and BC are equal to the square on AC, the squares b Book I,
on AE, EC, together with twice the rectangle contained by AE, EC will also equal the Prop. 47.
382

That is, the alternate interior angle formed by the transversal BE on the parallel lines AE and
BC.
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squares on AB and BC. But c the square on AB is equal to the squares on AF , F B c Book II,
Prop. 4.
plus twice the rectangle contained by AF and F B and the
square on BC is equal to the two squares on BI and IC,
plus twice the rectangle contained by BI and IC. Therefore, the two squares on AE, EC, together with twice the
rectangle contained by AE, EC will be equal to the four
squares on AF , F B, BI, IC together with twice the two
d
rectangles contained by AF , F B and by BI, IC. d Hence,
Book I,
Prop. 47.
since the square on AE is equal to the square on AF plus
Figure 223: [357]
the square on F E, that is, to the square on AF , plus the
square on BI; and moreover the square on EC is equal to
the square on EI plus the square on IC, that is, to the square on F B, plus the square
on IC, the four squares on AF , BI, F B, IC, together with twice the rectangle contained by AE, EC will be equal to the four squares on AF , F B, BI, IC, together with
the twice the rectangle contained by AF , F B and twice the rectangle contained by BI
and IC. With the four common squares taken away, twice the remaining rectangle contained by AE, EC will be equal to twice the rectangle contained by AF , F B together
with twice the rectangle contained by BI, IC. Therefore the rectangle contained by
AE, EC itself will be equal to the rectangle contained by AF , F B, together with the
rectangle contained by BI, IC. This is what was to be proved.
COROLLARY.
And in a square, as in the second figure above, the rectangle contained by the
segments of the diameter AE, EC will be equal to the two complementary rectangles
DE and BE, since the complements are contained by the segments of the sides.
PROBL. 18. PROPOS. 27.
Given the center of an ellipse in a line produced indefinitely,383 together with two
points on the same side of the axis or the center, though which the ellipse is to pass,
to determine both the axis of the ellipse and its endpoints.
This is a problem of conics and it is subtle. Let A be the center, that is, the
midpoint of the major axis lying in the line BC.384 And let D, E be two points in the
same ellipse, on the same side of the center, either above or below. From these points
let perpendiculars DF , EG be dropped to the line. DF will be less
[358]
than EG since perpendiculars farther from the center are always less than those
closer to it. Having drawn the line DE, it will cut the line of the axis in B. With
AB bisected in H, let a semicircle AKB be drawn with center at H and diameter
AB. Let the line F G between the two perpendiculars be bisected by I, let IK be
383

The major axis of the ellipse is also assumed to lie along this line.
This figure is very crowded and hard to decipher, in the translator’s opinion. The lower curve is
not the ellipse in question, but rather a circle constructed to determine the endpoints of the major
axis: O and C.
384
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drawn perpendicular to AB, cutting the circumference in K and the line BE in L.
Having also drawn the line BK, cutting the perpendiculars
DF , EG, in M , N , let the lines AM , AK, AN be joined. a
And since F I is to IG (equals) as M K is to KN , M K will
also be equal to KN . Therefore the two sides AK, AM will
be equal to the two sides AK, KN . Therefore, since they
also include equal (right) angles, b (angle AKB is inscribed
in a semicircle and hence is a right angle), c the bases AM ,
AN will also be equal. Therefore, the circle with center at
A and radius AN will also pass through M , and intersect
BC in points O and C. I say that OC is the major axis
of the ellipse. d For since M D is to DF as N E is to EG,
the ellipse described by O, D, C necessarily passes through
E. (The ellipse can be described about OC as the major
axis and the point D, as we have written at the end of the
scholium to Proposition 8 in Book I of our Gnomonics, and
in the scholium to Lemma 50 in Book I of our Astrolabe. It
passes through E by the scholium to Lemma 51 in Book I
Figure 224: [358]
of the Astrolabe.) And hence the ellipse through the given
points D, E with center A will pass through O, C, so that
it does not differ from the ellipse through the points O, D,
C. This follows because otherwise two ellipses would meet in [at least] 8 points, namely
in D, E, and two more corresponding points on the other side of the axis, then in 4
corresponding points below the center. This is absurd e because distinct ellipses will
intersect in only four points [at most].
THEOR. 10. PROPOS. 28.
If a point is chosen on the diameter of a circle, produced,385 and a tangent is drawn
from that point to the circle, together with the chord from the point of contact and
perpendicular to the diameter, then the line from the point of contact of the tangent
to either endpoint of the diameter will bisect the angle between the tangent and the
chord. Moreover, if from the same point on the diameter, a secant line is drawn cutting
the circle in two points, and a line is drawn from either of those points on the circle
to the intersection point of the chord and the diameter from before, then the line from
that same point on the circle to either endpoint of the diameter will bisect the angle
between the secant line and the line drawn from the chosen point on the circle to the
intersection point of the chord and the diameter from before.386
In the circle ABCD whose center is E, let the diameter AC be produced and from
F , first let a line F H be drawn, tangent to the circle at B. Then let the chord BD be
drawn,
[359]
385
386

That is, the chosen point lies on the produced diameter, but is exterior to the circle.
See the ektheseis in the proof and the diagram!
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a

Book VI,
Prop. 2.
b

Book III,
Prop. 31.
c
Book I,
Prop. 4.
d

e

Schol. 4. [?]

Apollonius,
Book V,
Prop. 25.

cutting the diameter in G at right angles. Finally let the lines BC, BA be drawn to the
endpoints of the diameter. I say that angles CBF and CBG are equal, as are angles
ABH (with F B produced to H) and ABG. a For since angle CBF is equal to angle
BAC in the alternate segment b and angle CBD is equal to the same angle BAC, because the arcs CB and CD are equal ( c or since angle CBG is equal to angle BAC, since
BG is perpendicular to AC) the angles CBF , and CBG will also be equal to each other.
Having produced CB to I, if the equal angles
CBG, HBI are subtracted from the right angles
ABC, ABI ( d for since CBF is equal to HBI at
the vertex, and angle CBG has been shown to be
equal to CBF , CBG will also be equal to HBI)
the remaining angles ABG and ABH will also be
equal. This is the first statement to be proved.
Next let the line F N be drawn, cutting the circle in K, L. With the lines KGO and LGM drawn
through G, let KC and KA, as well as LC and LA
be drawn to the endpoints of the diameter. I say
again that the following pairs of angles are equal:
CLF and CLG, ALG and ALN , as well as CKF
and CKG, AKG and AKL. For having drawn
EB, EK from the center, e the angle EBF will
be a right angle, f and hence F B will be a mean
Figure 225: [359]
proportional between EF and F G.387 g From this,
the rectangle contained by EF , F G will be equal
to the square on F B. h The same square will also
be equal to the rectangle contained by LF , F K. Therefore the rectangle contained by
EF , F G will be equal to the rectangle contained by LF , F K. i And hence EF is to
F K as LF is to F G. Since the triangles EF K, LF G have proportional sides about the
common angle at F , k the angles F EK, F LG opposite the corresponding sides will be
equal. l But the angle F EK at the center is twice the angle CLK at the circumference
(since both subtend the same chord CK). Therefore also angle F LG is twice the same
angle CLK; and hence the angle F LG will be bisected by the line LC, that is angles
CLF and CLG will be equal. Having produced CL to P , if the equal angles CLG,
P LN (for since CLF has been shown equal to CLG, m and CLF is equal to P LN at
the vertex, the angle CLG will also be equal to the same angle P LN ) are subtracted
from the right angles ALC, ALP , the remaining angles ALG and ALN will also be
equal. Again, since angles CLK and CLM have been shown to be equal, n the arcs
CK and CM will be equal. o Therefore, the angles CGK, CGM , p and from that also
the angles AGO, AGL at the vertex will be equal. q And hence the arcs AO and AL
will be equal. r It follows that the angles AKO and AKL will be equal. With AK
produced to Q, if the equal angles AKG, F KQ (for since angles AKG and AKL have
been shown to be equal, s and this angle is equal to angle F KQ at the vertex, the
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l

Book III,
Prop. 20.
m
Book I,
Prop. 15.
n

Book III,
Prop. 26.
o
Schol. Book
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Schol. Book
387
This follows from the similarity of the triangles EBF and BGF , but not exactly from the way III, Prop. 29.
the Corollary to Proposition 8 in Book VI of Euclid is usually stated (the perpendicular from the r
Book III,
right angle to the hypotenuse in a right triangle is a mean proportional between the segments of the
Prop. 27.
hypotenuse). Clavius’s version of the Corollary includes this case as well.
s
Book I,
Prop. 15.
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angle AKG will also equal F KQ) are subtracted from the right angles CKA, CKQ,
then the remaining angles CKG, CKF will also be equal. This was everything to be
proved.
[360]
SCHOLIUM.
This theorem is very useful for the description of parallels to a maximal circle
through a given point in the astrolabe, as is clear from Proposition 18 in Book II of
our Astrolabe, because much there can be proved by this theorem without things that
depend on the description of the astrolabe.
THEOR. 11. PROPOS. 29.
To show that the construction of an equilateral and equiangular pentagon with a given
side given by Albrecht Dürer, and that nearly all architects and craftsmen regard as
good, is false.388
The procedure is as follows. Let AB be the given line. With the centers A, B and
radius AB, let two circles be described, intersecting in C, D. Let another circle with
the same radius AB be described with center C, passing through A, B, intersecting the
line CD in E,389 and intersecting the first two circles in F and G. Next, let two lines
be drawn from F and G, intersecting the first two circles again in H and I. Finally,
from the points H and I, with the same radius equal to AB, let two arcs be described
intersecting in K. Let the lines AI, IK, KH, HB be joined. Dürer believes that
the pentagon ABHKI is equilateral and equiangular. This is false. It certainly is
equilateral from the construction, but it is not equiangular. To make this clear, we will
prove several preliminaries.
1. The three arcs F A, AB, BG are each one sixth of the circle F ABG, because
the lines that subtend them are semidiameters of the circle. Therefore F ABG is a
semicircle with diameter F G, a and the angle F EG inscribed in the semicircle is a
right angle. b The diameter F G is parallel to the line AB, since the arcs AF , BG
are equal. And since, as holds from the proof of the construction of the Scholium to
Propositions 10 and 11 in Book I of Euclid, the line CD bisects the line AB in M , and
at right angles, c it will also bisect the parallel F G at right angles in the point C. d
The same line CD also bisects the arc AB at E, and hence the arcs EF and EG are
equal–they are both quadrants. e Hence the lines EF and EG are sides of a square
inscribed in the circle F ABG, whose diameter is F G. f Therefore the angles F and
G are halves of right angles, and hence since the angles at C are right angles, g OEM
and N EM are also right angles. Hence EOM and EN M are halves of right angles. h
And therefore the sides EM and M O are equal, as are EM and M N , and OM and

a

Book III,
Prop. 31.
b

Schol. Book
III, Prop. 27.
c
Book I,
Prop. 29.
d

Schol. Book
III, Prop. 27.
e
Book IV,
Prop. 6.
f

Schol. Book
I,
Prop. 34.
388
But Clavius will show that it gives quite a good approximation. It may be worthwhile to point out g
Book I,
that several exact constructions of regular pentagons were well known. For instance, Euclid gave an
Prop. 32.
exact construction in Proposition 11 of Book IV in the Elements. Claudius Ptolemy gave a different
construction in Proposition 10 of Book I of the Almagest. But both of those started from a given circle
that would circumscribe the pentagon, and not from the length of the side, as the given.
389
The point E should lie between C and D along that line, not on the other side of C.
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h

Book I,
Prop. 6.

N M . Moreover the whole segments OB and N A are equal. i Indeed, EO and EN will i Book I,
also be equal since the sides EM , and M O are equal to EM and M N respectively, Prop. 4.
and they contain equal (right) angles.
2. Then since the sides AN and AI are equal to the sides BO and BH, and the
angles N and O are equal to halves of right angles, both of the remaining angles I, H
are less than half a right angle, k since the side AN is less than AI and BO is less than k Book I,
Prop. 19.
BH.
[361]390
By what we have proved at the end of Book I of Euclid, the bases N I and OH, the
angles A and B, and the angles I and H will be equal. Therefore the two angles A, B
in the pentagon are equal.
3. Again, taking the equals OE and N E from the equals OH, N I, the remaining
lines EH and EI are equal. a The angles EIH,
EHI will be equal, and hence halves of right angles, since HEI is a right angle. b The angles H
and I in the triangle KIH are equal, so it is isosceles. Therefore the angles H and I in the pentagon
are equal.
4. Finally, since the sides EL and EI are equal
to the sides EL and EH, and they contain equal
45-degree angles, c the bases LI and LH will also
be equal and the angles at L will be right angles.
From this it follows that d the lines AB and HI
are parallel, e since the alternate angles IN A and
N IH are equal and hence 45-degree angles. From
this it follows that the line CDL, produced, will
Figure 226: [360]
pass through the point K and bisect that angle.
For suppose it does not pass through K. f Then
the perpendicular through K to HI will cut the base of the isosceles triangle in some
point other than L. But that is absurd. Therefore since the sides KI and KL are
equal to the sides KH and KL, and the base IL has been shown to be equal to the
base HL, g the angles at K will be equal.
With these facts established, we will now prove that the pentagon ABHKI is not
equiangular, in the following way. h All five of the angles in any pentagon, whether
it is equilateral and equiangular or not, are together equal to six right angles, that is,
540 degrees. Divided by 5, this makes any one angle of an equilateral and equiangular
polygon equal to 108 degrees. But both angles A, B in Dürer’s pentagon are greater
than 108 degrees, both angles H, I are less, and the angle K is greater than all of
the other angles, as we will show. Therefore Dürer’s pentagon is not equiangular. The
following will make this clear.
Having taken AB as the total sine 10000000, half of this, say BM , or the sine of 30
degrees is 5000000. If M O, that is, M E is added to this, the versed sine of 30 degrees,
namely 1339746, the whole BO will be 6339746. Therefore since in the triangle BHO,
390

The figure from page [360] has been moved here for typographical reasons.
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two sides BH, 10000000 and BO, 6339746 are given together with the angle O, 45
degrees, and H has been shown above to be less than a right angle, i if
BH (10000000) : 707068, sine O (45 degrees) :: BO (6339746) : another number

i

Rectil.
Triang. 15.

the sine of BHO will be found as approximately 4482877 21 , which from the table of
sines will give the angle 26 degrees and 38 minutes. If the angle BOH (45 degrees)
is added to this, the sum of the angles H, O will be 71 degrees and 38 minutes, and
this sum, subtracted from two right angles, or 180 degrees, leaves 108 degrees and 22
minutes. Therefore both of the angles A and B in the pentagon are greater than the
true angle of the pentagon, 108 degrees.
Next, having drawn BP perpendicular to HI, if again BH, the total sine, is taken
as 10000000, HP will be 3150970, and the angle HBP is 18 degrees and 22 minutes.
This is the angle which remains if the right angle ABP (90 degrees) is subtracted from
angle ABH, which is found to be 108 degrees and 22 minutes. If therefore P L, 5000000
is added k (since this is equal to BM , half the total sine), this will make HL, the sine k Book I,
of the angle HKL, 8150970. And because of this, the angle itself will be 54 degrees and Prop. 34.
36 minutes, which doubled gives the whole angle HKI as 109 degrees and 12 minutes.
This is larger than the true angle of the pentagon, namely 108 degrees.
[362]
Now if the sum of the three angles determined, A, B, K, namely 325 degrees and
Angle
A
B
H
I
K
total

degrees
degrees
degrees
degrees
degrees

108
108
107
107
109
540

minutes
minutes
minutes
minutes
minutes
minutes

22
22
2
2
12
0

56 minutes is subtracted from 540 degrees, the sum of all five angles of the pentagon,
the remainder will equal the sum of the angles H and I, namely 214 degrees and 4
minutes. And hence each of them will be 107 degrees and 2 minutes, which is smaller
than the true angle of the pentagon, namely 108 degrees. Therefore, Dürer’s pentagon
is not equiangular, but only equilateral. Yet all five angles angles sum to 540 degress
as in the equiangular pentagon, as the table shows.
SCHOLIUM.
There are some others, who, given the line AB and having described circles with
radius AB with centers A and B, intersecting in C and D, as in the figure above, draw
the line AD and claim AD is the side of the pentagon inscribed in the circle whose
radius is DM . But they are entirely mistaken. In fact, AD is less than the side of this
pentagon. a For the square on the side of the pentagon equals the sum of the squares a Book XIII,
of the sides of the hexagon and the decagon inscribed in the same circle.391 b But the Prop. 10.
b

391

In the Latin, Clavius says “XY potest ZW ” for the statement that square on the length XY equals
the square on ZW . This is a more or less literal translation of the formulation of Proposition 10 in
Book XIII of Euclid in the original Greek.
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Book I,
Prop. 47.

square on AD is equal to the sum of the squares on AM and M D, and c DM is the c Cor. Book
side of the hexagon inscribed in a circle with semidiameter DM . Hence AM would be IV, Prop. 15.
the side of the decagon in the same circle. But this is false. The side of the decagon
is greater than half the side of the pentagon, since two sides of the decagon give two
sides of an isosceles d triangle with base equal to the side of the pentagon. AM , half of d Book I,
AB, or AD, is less than the side of the decagon, [and thus e the relation between the Prop. 20.
e
Book XIII,
sides of the pentagon, hexagon, and decagon quoted above cannot be true for AD].
Prop. 10.

THEOR. 12. PROPOS. 30.
To show that the construction of the side of a regular heptagon in a given circle given
by some is not correct.392
Carlo Mariani of Cremona has dedicated all of a small book to the construction
of the side of a regular heptagon in a given circle, in which he tries to show that
the side of the heptagon is obtained as follows. Let the circle be ABC, with center
at D, and diameter CA, in which, produced, is taken a line AE equal to 14 of the
semidiameter, so that AE is 51 of the line DE. With a circle described having center
E and radius AD, this circle cutting the given circle in B, let the line AB be drawn,
which he says is the side of the heptagon. This is false as we will show. If AB
were the true side of the heptagon, and BE were drawn equal to the semidiameter
DB (which will be done if from
[363]393
B a circle with radius DE is drawn, cutting the extended diameter in E), cutting the arc AB in F , the arc F , or the angle
ADB, would be bisected. But this does not happen in the construction, as will be shown. Therefore, the line AB is not the
true side of the heptagon. Having drawn the lines DB, DF , if
arc AB is 17 of the circumference, both the angle ADB a and the
4
equal angle DEB contain 27 , or 14
of two right angles. b Therefore the remaining parts DAB, DBA together will contain 57 ,
or 10
14 of two right angles. And hence either one of the them will
Figure 227: [362]
5
contain 14
of two right angles. c Since therefore DAB is equal
5
to the two angles E and ABE, these will contain together 14
4
of two right angles. E itself will contain 14
of two right angles.
1
Therefore ABE will contain 14 of two right angles. d And since
ADF is twice ABE, because of the same base AF , the angle
2
ADF will contain 14
, that is, 17 of two right angles. Therefore since the whole ADB
2
consists of 7 of two right angles, as has been said, BDF will also contain 17 of two right
angles and hence ADF and BDF will be equal.
But now let AB be found by the construction of the aforesaid author, and EB will
be equal to DB. If therefore AB were the true side of the heptagon, DI would fall
392

In fact, the regular heptagon is the first of the regular polygons that cannot be constructed exactly
with straightedge and compass. As we mentioned earlier, the regular n-gon is constructible in that
way if and only if n = 2k p1 · · · pm , where the pi are distinct Fermat primes.
393
The figure appears on the previous page [362] in the original and is then repeated on this page.
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perpendicularly, bisecting the angle ADB, in F , which is not true. For taking BE as
4, all of CE will be 9 and DE will be 5. e Therefore since BD is to DE as BF is
to F E (since angle ADB is bisected), componendo, the sum of BD and DE, that is,
9, will be to DE, 5, as BE is to F E. So if 9 is to 5 as 4 is to some number, EF
will be found as 2 92 , and hence the rectangle contained by BE and EF will have area
8 98 . The rectangle contained by CE, 9 and EA, 1 will have area 9, which is absurd f
because these two rectangles are equal. Therefore the line DI does not fall in point F ,
the intersection of the line BE and the arc AB, since the rectangle contained by BE,
EF is not equal to the rectangle contained by CE, EA, but is less. And therefore by
this method the side of the heptagon is not correctly constructed.
Albrecht Dürer drops a perpendicular AH to KL, the side of the equilateral triangle
(assuming arcs AK, AL contain one sixth of the circumference), and says that KH is
half the side of the heptagon, which is similarly false. For KH is definitely equal to the
line AB, and we have just shown that AB is not the side of the heptagon. For if the
line AK is joined, the triangle AKD will be equilateral. g Therefore the perpendicular
KH will bisect AD, and hence if DK or DA are assumed to be 4, DH will be 2. If we
take away 4 (the square of DH) from 16 (the square of DK), h the difference will be
12 (the square of KH). And we will now show, the square of AB is the same. For the
25
square of BE is 16, that is, 64
4 , and the square of EG is 4 (since the perpendicular
BG bisects the base of the isosceles triangle EBD and ED is 5, EG will be 2 12 ) i the
9
3 k
square of BG will be 39
Therefore the
4 , but the square of AG is 4 since AG is 2 .
48
square of AB will be 4 , that is, 12, which is what we claimed.
François de Foix-Candale,394 a most noble and learned man, has tried to construct
an isosceles triangle having both equal angles at the base equal to three times the
remaining angle, in order that a regular heptagon be inscribed in a circle, as have we
discussed in the scholium to Proposition 16 in Book IV of Euclid. He writes as follows.
Let DM N be an equilateral triangle in which the perpendicular DO bisects the base
in O. Having described a circle with center at M , through N , D, let M P be drawn
perpendicular to DN , meeting the circle at Q,

e

Book VI,
Prop. 3.

f

Cor. 1 Book
III, Prop. 36.

g

Schol. Book
I, Prop. 26.
h

Book I.
Prop. 47.
i

Book I,
Prop. 47.
k

Book I,
Prop. 47.

[364]
let the lines QN and QM be drawn. Therefore, he claims that in the isosceles triangle
M N Q, each of the angles N , Q is three times the angle M . This is false, as can be seen
from this reasoning. Having dropped the perpendicular QR, for the sine of the arc QN ,
or the angle N , take the total sine M Q or M N as 10000000. a Since the square of the a Book XIV,
side DN is 34 the square of the perpendicular DO, if 4 is to 3 as 100000000000000 (the Prop. 12.
square of DN ) is to another number, the square of DO is obtained as 75000000000000.
b One fourth of this, or 18750000000000, is the square of QR, and QR itself will be b Schol. Book
greater than 4330127 and less than 4330128. From the table of sines (using proportional II, Prop. 4.
parts), the corresponding value for the arc QN or the angle M N Q is 25 degrees, 39
minutes, and 32 seconds. Subtracting this from two right angles or 180 degrees leaves
154 degrees, 20 minutes, and 28 seconds, which is the sum of the two equal base angles
Q, N , so each is 77 degrees, 10 minutes, 14 seconds. But three times the angle M N Q
394

François de Foix, comte de Candale, 1512–1594, was one of the editors, along with Henry Billingsley
and John Dee, of a version of Euclid published by John Day in 1570. “Flussas” was the supposed author
of an added 16th book. The discussion refers to the same figure from page [362].
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gives 76 degrees, 58 minutes, 36 seconds. Therefore, what Foix-Candale is attempting
to prove is false. This is not the place to show the false arguments that Mariani and
Foix-Candale assemble; it is enough for us to have indicated that they have not correctly
described an equilateral and equiangular heptagon.395
THEOR. 13. PROPOS. 31.
The regular octagon inscribed in a circle is a mean proportional between the square
inscribed in that circle and the square circumscribed about that circle.
This theorem comes from Oronce Fine and it will be proved easily thus. Let the
circle be ABCD, whose center is at E. The two diameters AC, BD intersect at
right angles at E. Having drawn the lines AB, BC, CD, DA, the inscribed square
will be ABCD, as follows from the proof of Proposition 6 in Book IV of Euclid.
Let perpendiculars to the diameters be drawn from A, B, C, D, meeting in F , G,
H, I. The circumscribed square will be F GHI, as is clear from the demonstration of Proposition 7 in Book IV of Euclid. Having drawn the diameters F H, GI,
c these will bisect the quadrants AB, BC, CD, DA, since
the angles at the center are all equal (d halves of right
angles). e Hence these diameters bisect the sides of the
inscribed square and meet them at right angles. And if
the lines AK, KB, etc. are joined, an octagon will be
described in the circle. I say that the exterior square is to
the octagon as the octagon is to the interior square. For
since the triangles AEF and EAL are similar (they each
have one right angle and two half-right angles), f EF will
be to F A, that is, to EK (for EK is equal to EA, that is, to
AF ), as EA, that is, EK, is to AL, that is, to EL. g But,
AL and EL are equal, because of the equal half-right angles
Figure 228: [364]
in the triangle AEL. Therefore, the three lines EF , EK,
EL are in continued proportion. Therefore the triangles
AEF , AEK, AEL are also in continued proportion: h
because this is true for the bases EF , EK, EL. i Hence their octuples
[365]
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will be in the same continued proportion, namely the square F GHI, the octagon
AKBCDE, and the square ABCD (because the triangles above are each one eighth
of these figures, as is clear). The octagon is therefore a mean proportional between the
squares F GHI and ABCD, which is what we had to show.
THEOR. 14. PROPOS. 32.
If the side of a square is subtracted from its diagonal, the remaining line will be the side
of another square, whose diameter is the line which remains if twice the side found396
395

This section of Book VIII of Clavius’s Practical Geometry on proposed inexact constructions of
the regular heptagon was referenced by Johannes Kepler, 1571–1630, in his Harmonice Mundi.
396
The “side found” means the diagonal minus the side of the original square.
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Book V,
Prop. 15.

is removed from the diameter of the previous square, or if the same side found is taken
away from the side of the first square.
From the diameter BD of the square ABCD, let the line BE, equal to the side
AB, be subtracted. And let twice the remaining line DE be laid
off from D to F , so that EF is equal to DE. Or, what is the same,
let EF , which is equal to DE, be taken away from BE. I say that
DE, or EF , is the side of a square whose diameter equals BF .
For having drawn lines GH, IK through F , parallel to the sides
AD, AB, a GK and HI about the diagonal will be squares. I say
that EF , or DE is equal to the side BG of the square GK, whose
diameter BF was left after the subtraction of two times DE from
Figure 229: [365]
the diameter BD. b For since the square on DF is twice the square
on IF , or on AG, c and four times the square on EF , if the square
on DF is taken as 4 square units, the square on AG will be 2, and the square on EF
will be 1. And hence the square on AG will be twice the square on EF . d But the
square on BF is also twice the square on BG. e Therefore the line AG is to the line
EF , as the line BF is to the line BG (seeing that their squares are proportional and
have the duplicate ratio). Let BL be taken equal to BF , so that the remainder LA is
equal to F E. Therefore also AG is to AL, as BF or BL is to BG. And dividendo, GL
is to LA as GL is to BG. f Hence AL, or EF , and BG are equal. This is what we had
to show.
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PROBL. 19. PROPOS. 33.
To construct a regular octagon with a given altitude or side.
Let the given altitude be AB, and let it be required to construct an equilateral
and equiangular octagon. Having described a square
ABCD from AB, and drawn the diameters AC, BD,
bisecting each other in E at right angles, let eight lines
equal to EA be cut out of the four equal sides of the
square: AF , AG; DH, DI; BK, BL; CM , CN and
join the lines HK, GM , LI, N F . I say that the octagon F HKGM LIN is equilateral and equiangular.
For since the lines AH, AK; BG, BM ; CL, CI; DF ,
DN remaining after subtraction of the lines
[366]397
equal to AE from the equal sides of the square ABCD
are equal to one another, their squares will also be
equal. a Since the square on KH is equal to the sum
of the squares on AH and HK, the square on KH is
twice the square on AH and twice the square on AK.
397

Figure 230: [365]

The figure from the previous page [365] is repeated on this page in the original, but we have omitted

it.
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Since AB is the diameter of the square on AE, and the line BK taken away is equal
to the side AE, b the difference AK will be the side of the square with diameter GK,
which remains after two times AK is subtracted from the diameter AB, or AK itself
is subtracted from the side AG. c Therefore also the square on GK will be twice the
square on KA, hence the squares on KH, KG will be equal, and the same is true for
the lines KH, KG. By the same reasoning, we will show that the same GK is equal
to GM , and GM is equal to the line M L, and so forth for the others. The octagon
is therefore equilateral. d Since the two angles at H, K, G, M , L, I, N , F are equal
to two right angles e the acute angles opposite the angles of the square [in the corner
triangles] are equal, and f hence half-right angles, since KH, GM , etc. are diagonals
of the squares on the sides AH, GB, etc. Therefore the obtuse angles in the octagon
will also be equal, and hence the octagon is equiangular. This is what was to be shown.
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SCHOLIUM.
This construction, which I received from a certain architect some years ago, but
without a proof, is quite beautiful because it does not require the division of the circle
into eight equal parts, and describes the octagon from the given altitude or width, as
is clear. As I have done the proof, it was necessary to prove the previous theorem first.
For from this the problem is easily solved, as was clear.
PROBL. 20. PROPOS. 34.
To measure the circumference of the earth from some high mountain.
Near the end of Chapter 1 of the Sphere of Sacrobosco, I have presented
a method of Francesco Maurolico398 for determining the circumference of the earth from some high mountain, which is the
following. Let the circle of the earth be BCD, in which is chosen some very high mountain (Maurolico thought Mount Aetna
in Sicily should be chosen for this calculation), whose altitude
AB, is found either by use of the quadrant as we have taught
in Problems 2, 3, 4 of Book II, or by the geometric square,
as we have treated in Problems 6, 7, 8, 9 of Book III (or in
the scholium to Problems 7 and 9). Then from A, the top of
the mountain, let he whole region of sea or land which is visible from there (but where there are no other mountains) be
measured so that the ray AC touches the surface of the sea or
Figure 231: [366]
the earth at C. This will be done by what is treated in the
problems cited above. Finally, from this, the magnitude of the
tangent line AC is determined, g since the square on AC is equal to the sum of the g Book I,
Prop. 47.
squares on AB, BC (assuming the distance BC is nearly a straight line). h This
h

Book III,
Prop. 36.

[367]
398
Sicilian Benedictine monk and mathematician, 1494–1575. He came from a Greek family and made
translations of several ancient Greek mathematical works. He and Clavius were friends and Clavius
helped him to publish some of his works.
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square is equal to the rectangle contained by AD, AB. If this is divided by AB, the
altitude of the mountain, the quotient will produce the line AD. If AB is subtracted
from this, the diameter of the earth BD will remain and be known. a And hence the
circumference BCD will be known as well.
But in this method for measuring the circumference of the earth, it is assumed that
the arc BC does not differ from a straight line. This is not true when the mountain
is tall enough that a distance of of 200 or 300 miles can be discerned. These values,
together with Ptolemy’s estimate for the circumference gives an arc BC of 3 degrees,
11 minutes or 4 degrees, 48 minutes. And hence the straight tangent line AC, is not
correctly inferred from the sides AB and BC. Also, in the problems from Books II
and III cited above, a perpendicular BE is found in a plane to which the mountain
makes right angles. We will rework the process in a form that is better in many ways,
as follows. To find the angle A, where the visual rays touch the surface of the earth
using a dioptra with the quadrant or square, since the measurement will be done more
accurately this way, make a sighting when the sun or another star rises or sets. Having
found the angle A, I say, next the perpendicular BE must be found by the problems
cited a bit earlier, and b the line AE from the two lines AB, BE. For if BE, that is EC,
c which is equal to BE, is added to AE, then the whole tangent AC will be known, and
has has been said above, also the diameter of the earth BD and the circumference will
be determined. Even knowing the angle A and its complementary angle E, d the side
BE will be determined, e as well as the base AE, without the problems from Books II
and III cited before.
Or we can proceed as follows. With the angle A known via the dioptra, the angle F ,
its complement at the center, will also be known (with the line F C drawn, f which will
be perpendicular to AC). Since, having drawn the line F E, the two sides EC, CF are
equal to the two sides EB, BF , and they contain equal angles (namely, right angles),
g the angles at F will be equal. Therefore, since the whole angle BF C is known, as
we have said above, BF E will also be known (half of that angle BF C). And hence
its complement BEF will be known. Therefore in triangle ABE, from the angles A,
E, and the side AE, h the side BE will be determined, in terms of the altitude of the
mountain AB. And by the same method in the triangle BEF , from the angles E, F ,
and the side BE, the semidiameter BF will be known in terms of the side BE, that
is in terms of the height of the mountain, AB. From this, the whole diameter BE will
also be known, and from that the circumference of the earth, which is what was to be
done.
Finally, we will achieve this as follows. With the angle A, where the visual rays
touch the earth, known via the dioptra, the angle AF C, its complement, will also be
known. Therefore the secant AF of this angle will be known in terms of the total sine
F C. From that secant, if the sine BF [equal to F C] is taken away, the altitude of the
mountain AB will remain, in units of the total sine BF . If therefore the altitude of the
mountain AB (known in terms of the same BF ), is to AB, in the given measure, as
the total sine BF is to some number, this will produce the semidiameter BF , in units
of the height of the mountain, etc.
PROBL. 21. PROPOS. 35.
To construct a cylinder equal to any given prism or a cone equal to a given pyramid,
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and vice versa, a prism equal to a given cylinder or a pyramid equal to given cone.
[368]
If a circle equal to the base of the prism or pyramid is constructed, by what we
have written at the end of Book VII, and on this circle is constructed a cylinder or a
cone with the same altitude as the prism or pyramid, then the cylinder will be equal to
the prism and the cone will be equal to the pyramid, since the bases and the altitudes
are equal. The volume of the prism and cylinder is equal to the product of the area of
the base and the height, while the volume of the pyramid and the cone is equal to the
product of one third the area of the base times the height, as we have said in Book V,
Chapter 1.
On the other hand, if a square, or another rectilinear figure is constructed equal to
the base of a cylinder or a cone by what we have said at the end of Book VII, and a
prism or a pyramid is constructed on that square or other figure with the same altitude
as the cylinder or cone, the prism will equal the cylinder and the pyramid will equal
the cone. This is what was to be done.
PROBL. 22. PROPOS. 36.
Given a cylinder or a prism, to construct an equal cone or pyramid with the same
altitude, and vice versa, given a cone or pyramid, to construct an equal cylinder or
prism with the same altitude.
a

If the base of a cylinder or prism is tripled in area and a cone or pyramid of the
same altitude is constructed on the tripled base, what is demanded in the first part
will have been done. b For since the cylinder is three times the cone with the same
base and altitude, and c the prism is three times the pyramid with the same base and
altitude, d if the cone or pyramid is constructed on a base with three times the area, e
then the volumes will be equal. This is what was to be done.
f On the other hand, if the bases of the cone and the pyramid are reduced by a
factor of 3 in area, and a cylinder and prism are constructed on the smaller bases with
the same altitudes, then the cylinder will be equal to the cone and the prism will be
equal to the pyramid. g For since the given cone and the constructed cylinder are both
three times the cone having the same base and altitude as the constructed cylinder, and
also h the given pyramid and the constructed prism are both three times the pyramid
having the same base and altitude as the constructed prism, i the constructed cylinder
will be equal to the given cone and the constructed prism will be equal to the given
pyramid. This is what was to be done.
COROLLARY 1.
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Therefore, since k every prism can be converted to a cylinder of the same volume, i
Book V,
every pyramid can be converted into a cone of the same volume, and l a cylinder can
Prop. 9.
be converted into an equal cone and a prism into an equal pyramid, and vice versa, k
This book,
a cone can be converted into an equal cylinder and a pyramid into an equal prism, it
Prop. 35.
follows that both a cylinder and a prism can be converted into an equal pyramid or l
This book,
cone, and a pyramid can be converted into an equal cylinder or prism.
Prop. 36.
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[369]
COROLLARY 2.
From these statements it is clearly deduced that every cylinder and prism, and
similarly every cone and pyramid can be converted into a rectangular parallelpiped
whose base is a square. a For having converted a cylinder, cone, or pyramid into any sort a This book,
of prism, if a square is constructed equal to the base of the prism, and a parallelepiped Prop. 35, 36.
is constructed on the square base with the same altitude, b this parallelepiped will be b Cor. 2. Book
XII, Prop. 7.
equal the prior prism in volume, and hence to the cylinder, or cone, or pyramid.
PROBL. 23. PROPOS. 37.
Given a cylinder or prism, and similarly a cone or pyramid of any altitude, to construct
an equal solid with any given altitude and a polygonal base with any number of vertices.
In the same ratio that the altitude of the original solid has to the altitude of the
proposed solid, c let the base of the given solid be augmented or diminished. For the c This work,
solid constructed on the augmented or diminished base with the given altitude will be Book VI, Prop.
what is sought. d For it will be equal to the original solid, since altitudes and bases are 16.
d
Book XII,
reciprocally proportional. Then, if a base with any number of vertices is constructed
Prop.
15 & 9.
equal to the constructed base, and on that base a solid is constructed with the given
altitude, this new solid will also be equal to the proposed solid.
PROBL. 24. PROPOS. 38.
To describe a cube equal to a given rectangular parallelepiped.
If the parallelepiped does not have a square base,
equal to its base. On this base, let a rectangular parallelepiped be constructed with the same altitude AB as the
given parallelepiped. f This will be equal to the given parallelepiped in volume. We will construct a cube equal to it
by this method: Between BC, the side of the square BD
and AB, the altitude of the parallelepiped, let two mean
proportionals EF , H be constructed. And on EF , closer
to BC, let a cube EF G be constructed. g This will be
equal to the parallelepiped ABCD.
If by chance it happens that the base of the parallelepiped is not a square, but all three dimensions are given
and are in continued proportion, then h the cube on the
middle term will be equal to the parallelepiped.
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Figure 232: [369]
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Therefore since every cylinder, prism, cone, and pyramid can be converted to an i This book,
equal parallelepiped, it clearly holds that for any solid of the same type, an equal cube Cor. 2. Prop.
36.
can be constructed.
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PROBL. 25. PROPOS. 39.
Given a cube, to construct an equal rectangular parallelepiped with given altitude, or
on a given base.
In the preceding figure, let EF G be the given cube, and suppose it is necessary to
construct a rectangular parallelepiped with altitude AB equal to this cube. a Let a
third proportional BC be found for the altitude AB and the side EF of the cube, and
consider the rectangle BD contained by the third proportional BC and CD, equal to
the side of the cube EF . Let a rectangular parallelepiped be constructed on the base
BD with altitude AB. I say this is equal to the given cube. For since the rectangular
parallelepiped will be contained by the three lines AB, CD, BC, that is, by AB, EF ,
BC, which are in continued proportion, b the parallelepiped will be equal to the cube
on the middle term EF . This is what was to be done.
Next let the given base be BD; if this is not a parallelogram, c let it be replaced
by a parallelogram equal in area. And let the ratio of the given base BD to the given
cube be the same as the ratio of the side EF of the cube to the line AB (this will be
done if on the side EF of the cube a rectangle equal to the base BD, and on the other
side of this rectangle, a rectangle equal to the square on EF are constructed. d For
then the first rectangle, that is the base BD, will be to the second rectangle, that is
the square, or base of the cube, as the base of the first rectangle, that is EF , is to the
base of the second rectangle.) And if a parallelepiped is constructed on the base BD
with altitude AB, e the parallelepiped and the cube will be equal, since the bases and
altitudes are reciprocal proportional by the construction. This is what was to be done.
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Therefore, since a rectangular parallelepiped can be constructed equal to any f This
cylinder, prism, cone, or pyramid, g if a cube equal to this parallelepiped is constructed, book,
h and a rectangular solid with given altitude or a given base is constructed equal to Cor. Prop. 38.
g
This book
the cube, then the cylinder, prism, cone, and pyramid, will have been converted into a
Prop.
38.
rectangular solid with a given altitude or a given base.
g

PROBL. 26. PROPOS. 40.

This book
Prop. 39.

To construct a cube equal to a given sphere, and given a cube, to construct an equal
sphere.
Since, by Proposition 32 in Book I of Archimedes’ On the Sphere and Cylinder, the
right cylinder whose base is the largest circle in the sphere, and whose altitude is the
diameter of the same sphere is 32 of the sphere in volume, i and since the ratio of this i Book XI,
cylinder to the cylinder on the same base, whose altitude is 23 of the diameter of the Prop. 14.
k
sphere is also 23 to 1, k the sphere will be equal to this latter cylinder in volume.
Book V,
Prop. 9.

[371]
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The figure from page [369] is repeated on this page, but we have omitted it.
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a

If, therefore, a cube is constructed equal to this latter cylinder, the cube will also be
equal to the given sphere. This is what was to be done.
Or since by the same Proposition 32 of Archimedes, the sphere is four times the
cone whose base is the largest circle contained in the sphere and whose altitude is the
semidiameter of the sphere, b and the cone whose base is four times the largest circle
in the sphere and whose altitude is the semidiameter is also four times the same cone,
c this latter cone is also equal to the sphere. d If a cube is made equal to this cone, it
will also be equal to the given sphere. This is what was to be done.
On the other hand, suppose a cube is given and it is required to construct an equal
sphere. e Let a cylinder be equal to the cube (as to a prism). Then let a sphere be
constructed having diameter 32 the altitude of the cylinder. f For this sphere will be
equal to the cylinder and hence equal to the given cube, since the cylinder having
the same base and altitude equal to the diameter of the sphere is g 32 times the first
cylinder, and h 23 of the given sphere. This is what was to be done.
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Book XII,
Prop. 13.

Translator’s Note: It is easy to see that the argument presented in this last paragraph is incorrect. In the version of the Geometria Practica included in Clavius’ Opera h Book I,
Mathematica this paragraph is replaced by the following:
Prop. 32,

Arch. Sph. & Cyl.

On the other hand, suppose it is required to construct a sphere equal to a cube of
side A. First consider a sphere of diameter A, and let B be the side of a cube equal to
this sphere [using the first part of this proposition]. Then let a third proportional C be
found for the two sides B, A in that order. I say the sphere of diameter C is equal to
the given cube with side A. α For the cube on the side B is to the cube on the side A
as the cube on the side A is to the cube on the side C. And the cube on the side A is
to the cube on the side C as the sphere with diameter A is to the sphere with diameter
C, β since both have the triplicate ratio of the ratio of A to C. Therefore, the cube on
the side B is to the cube on the side A as the sphere with diameter A is to the sphere
with diameter C. γ Therefore also the cube on the side A is equal to the sphere with
diameter C, which is what we had to produce.
COROLLARY 1.
Therefore, i if a polygon with any number of sides is made equal to the base of
the cube, whether the polygon is regular or not, and on that base a solid figure is
constructed with altitude equal to the side of the cube, then k this solid is equal to
the cube. This makes it possible for a rectangular solid equal to a given sphere to be
constructed on a base with any number of sides or angles, for instance l if an equal
cube is constructed first, then a rectangular solid equal to the cube is constructed as
has been said above. m Then, since a pyramid can be constructed equal to any prism,
if a sphere is equal to a cube, which is a prism, and an equal pyramid is constructed,
this pyramid will also be equal to the sphere. n Indeed, since a cone can be constructed
equal to any given cylinder, if a cylinder is constructed equal to the sphere, for instance
on a base equal the largest circle in the sphere, and whose altitude is 23 of the diameter,
as we have shown at the beginning of this proposition, then the cone constructed equal
to this cylinder will also be a cone equal to the given sphere.
On the other hand, o since a cube can be constructed equal to any prism, and if p
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α

Schol. Book
IX, Prop. 37.
β

Book IX,
Prop. 33, and
Book XII,
Prop. 18.
γ
Book V,
Prop. 14.
i

Book VI,
Prop. 25.
k

Cor. 2. Book
XII, Prop. 7.
l

This book,
Prop. 40.
m
This book,
Prop. 36.
n

This book,
Prop. 36.

o

This book,
Prop. 37.

a sphere is made equal to that cube, the same sphere will be equal to the given prism p This book,
Prop. 40.
on a base with any number of angles.
COROLLARY 2.
It can even be seen that a sphere can be constructed equal to any regular solid.
For the cube, this has been shown in Proposition 40. This is clearly true for the
tetrahedron, or for a regular pyramid. For if q a parallelepiped is made equal to a q This book,
pyramid, and r a cube equal to this parallelepiped, and finally a sphere is constructed Cor. 2 Prop. 36.
equal to this cube, the sphere will be equal to the tetrahedron or the pyramid. For the r This book,
octahedron, icosahedron, and dodecahedron, the claim will be accomplished as follows. Prop. 38.
Let a square be constructed equal to each of the faces of the regular solid by what we
have presented at the end of Book II of Euclid, or instead, by what we have discussed
in Book IV of this Geometria Practica at Chapter 4, Number 4. On this square, let
a pyramid be constructed having altitude equal to the perpendicular drawn from the
center of the body to any one of the faces, that is, the altitude of one of the pyramids
s
into which the solid is divided from the center. s These pyramids together
Book V,
Prop. 9.

[372]
are equal to the regular solid, since a they are all equal to each other, and there are as a Book XII,
many of these pyramids as there are faces of the solid – eight for the octahedron, twenty Prop. 6.
for the icosahedron and twelve for the dodecahedron. If one cube is constructed equal
to the whole collection of pyramids (as was done for the tetrahedron), and finally a
sphere is constructed equal to that cube, the same sphere will be equal to the pyramids,
and hence to the regular solid.
PROBL. 27. PROPOS. 41.
To construct a cube equal to two or several given cubes taken together.
If, on the upper face of the first cube, b a rectangular parallelepiped is constructed b This book,
equal to the second cube, so that one parallelepiped is produced equal to the two cubes, Prop. 39.
and then on the base of this parallelepiped, another parallelepiped is constructed equal
to the third cube, and so forth if there are more cubes, a parallelepiped will have been
constructed equal to the given cubes taken together. Therefore, c if a cube is made c This book,
Prop. 38.
equal to this parallelepiped, what was demanded will have been done.
SCHOLIUM.
In the same way, a cube equal to any number of solid figures (not necessarily cubes)
will be constructed if, for instance, d they are reduced to a single parallelepiped.
PROBL. 28. PROPOS. 42.
Given a cube, to construct an equal regular solid, which you may choose from among
the five.
Let the given cube have side A and let it be required to construct, for example, an
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d

This book,
Prop. 37.

equal dodecahedron. e Let B be the side of any dodecahedron, and by what was said e Book XIII,
in the second corollary of the preceding proposition, let C be the side of a cube equal Prop. 17.
to this dodecahedron. f For the three sides C, A, B, let a fourth proportional D be f Book VI,
found. I say that the dodecahedron with side D is equal to the cube with side A. For Prop. 12.
since, as is clear from the proof of Proposition 37 in Book XI of Euclid, the cube with
side C is to the cube of side A as the dodecahedron of side B is to the dodecahedron
of side D. By construction, the cube of side C is equal to the dodecahedron of side B,
hence g the cube of side A will be equal to the dodecahedron of side D. This is what g Book V,
Prop. 14.
was to be done.
PROBL. 29. PROPOS. 43.
To take away a smaller cube from a larger one, and exhibit a cube equal to the difference.
[373]
On the base of the larger cube a let a parallelepiped be constructed equal to the a This book,
smaller cube. And from the side of the larger cube, let a line equal to the altitude of Prop. 39.
the constructed parallelepiped be cut out. For if a plane parallel to the bases of the
cube is drawn through the point where the cutting was done, a parallelepiped will have
been subtracted equal to the one that was constructed. Since it has the same base
and altitude, it is equal to the smaller cube. b If therefore a cube is made equal to the b This book,
Prop. 38.
remaining parallelepiped, what was proposed will have been accomplished.
SCHOLIUM.
The same can be done for all solid figures, c if they are first reduced to rectangular c This book,
parallelepipeds, if that is not the case to start. Then d the parallelepipeds are reduced Cor. 1 & 2,
Prop. 36.
to cubes, etc.
d

PROBL. 30. PROPOS. 44.

This book,
Prop. 38.

To construct one sphere equal to two or more given spheres.
e

Let cubes be constructed equal to the given spheres, f and let one cube equal to e This book,
the whole collection be constructed, which will also be equal to the given spheres. g If Prop. 40.
f
a sphere is constructed equal to this cube, what was demanded will have been done.
This book,
PROBL. 31. PROPOS. 45.
To take away a smaller sphere from a larger one, and exhibit a sphere equal to the
difference.

Prop. 41.
g
This book,
Prop. 40.

h

Let both spheres be reduced to cubes, and i and with the smaller subtracted from h This book,
the larger, k if a sphere is made equal to the difference, what is proposed will have been Prop. 40.
i
done.
This book,
Prop. 43.

PROBL. 32. PROPOS. 46.
To cut a given cube or parallelepiped in a given ratio.
372

k

This book,
Prop. 40.

If one side in the base of the cube or parallelepiped is cut according to the given ratio,
and through the point where the cut was made a plane is drawn parallel to two upright
bases of the solid, dividing the solid into two parallelepipeds, these parallelepipeds will
have the given ratio. For l they have the same ratio as their bases. m Therefore since l Book XI,
the bases have the same ratio as the segments of the side divided according to the given Prop. 32.
m
Book VI,
ratio, what was proposed holds.
Prop. 1.

SCHOLIUM.
In the same way any prism or cylinder will be cut according to a given ratio if the
altitude is cut in the given ratio and through the cutting point
[374]
a plane is drawn parallel to the base. For this plane will cut the
cylinder in the given ratio.

a

prism and the

b

a

Schol. Book
XII, Prop. 14.
b

PROBL. 33. PROPOS. 47.

Book XII,
Prop. 14.

To describe a figure called an oval, similar in appearance to an ellipse, by means of the
compass.
It is a pleasure to conclude this book of miscellaneous constructions by making this
one known. Craftsmen use this to describe an oval figure
similar to an ellipse using the compass so that no corners
appear. Figures of this sort are also often used by geometers in their drawings. In the scholium to Proposition 8
in Book I of our Gnomonica, we have taught a method
by which a true ellipse, which is a conic section, is to be
drawn. But here we set forth how this similar-appearing
figure is to be constructed from segments of circles. Therefore, now let us proceed, following various authors. Let
two equilateral or isosceles triangles be constructed on either side of a common base AC, namely ABC, and ADC.
(Equilateral triangles make more beautiful oval figures, as
experience will teach you.) Having produced the sides, let
two arcs EF G, HIK, be described from the centers A and
Figure 233: [374]
C, until the produced sides. If then other arcs of circles
are described from the center B through points E and K,
and from the center D through G and H, c these will be tangent to the first arcs at c Book I,
the points E, K, G, H, and hence they will not cut through those other arcs.400 The Prop. 15.
oval figure will have been constructed this way.
You see well that various figures can be described from the same centers A, C, B,
D, depending on whether the arcs EF G, HIK are are larger or smaller as is apparent
in the figure.
If the triangles used are isosceles, the sides AB, CB, etc. can be either larger than
400

This means the arcs have a common tangent line at E, K, G, H, and hence the tangents do not
meet at an angle.
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the base AC or smaller. In our figure they are smaller.
You can also first describe the arcs EM K, GLH from the centers B, D, with any
radius to describe the width of the figure, if that is pleasing, then draw the smaller arcs
EF G, HIK from the centers A, C.
We will even do the same without the construction of the triangles as follows.
Drawing two lines AC, BD cutting each other at right angles at N , and taking any
equal N C, N A to determine the length of the figure, let small or large arcs EF G,
HIK be drawn with the centers at A, C, depending on whether you want the figure to
have narrower or wider extremities. Then taking any two other equal lines N B, N D
let lines be drawn from B, D, through the centers A, C, cutting the arcs above in E,
K, etc. For if from B, D, through the points E, K, etc, two other arcs are described,
the figure similar in shape to an ellipse will have been completed. The farther B and
D are from N , the narrower, and the closer they are to N , the wider the figure will be;
but practice, the best master, will easily teach how long the lines N B and N D should
be.
As you see, more beautiful figures are described if the triangles ABC, ADC are
[375]
equilateral, so this method is generally used by craftsmen, and we have described two
such figures here. In the smaller one, the side BA is twice the line AE; in the larger
one, these sides are equal, etc. Now, we will easily determine the area of the oval figure

Figure 234: [375]

described by means of equilateral triangles, something craftsmen often want to know.
The sector BEK is one sixth of the circle whose radius is BE, which is known because
it is one side of the equilateral triangle BEK (in the larger figure, this is twice the
side AB, which is chosen by the geometer at will; in the smaller figure, this is 32 of
the side AB). Having found the area of this circle, as we have taught in Chapter 7 of
Book IV,401 the sector AGE is one third of the circle with semidiameter AG, which is
401

The rest of the discussion of the area of the figure follows the corrected version in Clavius’ Opera
Mathematica, rather than what appears in the Latin text of this edition.
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Area of the
oval figure
described
here.

known in the figures shown because AG is either equal to the chosen side AB or one
half of this. Therefore, if from 13 of this circle the area of the isosceles triangle AGE
(which will be found from what we have written in Book IV, Chap. 2, Num. 4) is
removed, the segment GF E will remain and will be known, as is true for he segment
HIK. From this, if to the areas of the four known segments is added the area of the
rectangle EGHK, then the area of the whole figure will be known. The area of this
rectangle will be found from what is taught in Chapter 1 of Book IV since the side EK
is the chord of 61 of the circle, that is, equal to the semidiameter, and EF is the sine
of 60 degrees, that is, half of the chord of 120 degrees.
Since this method does not allow a figure of arbitrary given length and width to be
described (because if the length F I is chosen, the width will not be known since the
arcs drawn from the centers B, D will rarely pass through chosen points for the width;
and if the width is chosen by means of the points L, M in the first figure, the arcs with
centers at A, C will rarely pass through chosen points for the length, as is clear)402
we will teach following Giambattista Benedetti,403 a way to describe a figure similar in
shape to an ellipse with given length and width. Let therefore the given length be AB
and width be CD, which bisect each other
[376]
at right angles in E. From the width CD, let DF be cut out, where point F is chosen
beyond E so that the line DF is greater than the distance
from F to A, the endpoint of the length. If this is not
true, the oval figure can not be described. Then with center F and radius F D let a circle DG be described, which
necessarily passes beyond A, since the semidiameter F D is
assumed greater than F A. Having drawn F G parallel to
the length AB, cutting the circle described above in G, let
a line through G, A, be drawn, intersecting the circle in
H. And from there, let HIK, parallel to the width CD be
drawn. Join HF , cutting the line AB in L. Then F G and
F H will be equal from the center to the circumference. a
a
Since the triangles HGF , HAL are similar, b GF is to F H
Cor. Book
VI, Prop. 4.
as AL is to LH. Therefore since GF and F H are equal,
b
AL is also equal to LH. The circle AH with center at L,
Book VI,
c
Prop. 4.
passing through A, will also pass through H, and it is
Figure 235: [376]
c
Schol. Book
tangent to the previous circle through D, G there. ThereIII,
Prop. 13.
fore if EO is taken equal to EI, and EM to EL, the line
P OQ is drawn through O parallel to CD, and a circle P BQ is described with center
M and radius LH (or M P ), then this circle will be tangent to the first circle at P . If
finally EN is taken equal to EF , and another circle is described with center N and
radius F D (the same as the radius of the first circle), this will be tangent to the circles
HAK, P BQ in K, Q. This will complete the oval figure.
But since, as has been said, and holds from the description, unless the width CD
402

That is, if one of the axes of the ellipse is chosen, the other will be determined from the construction,
but it may not be what we want it to be; it cannot be chosen arbitrarily.
403
Italian mathematician, 1530–1590.

375

is large enough that a line DF can be cut off from it greater than the distance F A, an
oval figure cannot be described by this method, and hence the length and the width
cannot be chosen arbitrarily. So the construction will be set up in a different way.
Having taken any length AB and width CD, the length F I and the width LM in the
first figure404 will bisect each other at right angles in the point N . Let F A, IC be equal
and smaller than half the width, LN . Let small circles EF G and HIK be described
from the centers A and C through the points F and I. Then having taken M O equal
to the semidiameter AF , let OA be drawn from O to the center A that will bisect the
line P B in right angles at P . Let this line also cut LM (produced if necessary) at
B, and let BA be extended to the circle GF E. And since the two sides OP , P B are
equal to the two sides AP , P B, and they contain equal angles (right angles), d the d Book I,
bases OA, AB will be equal. Having added the equals OM , AE (it was assumed that Prop. 4.
M O was equal to the semidiameter F A or IC) the whole segments BE, BM will be
equal. Therefore, having described the circle with center B, through M , it will pass
through E, e where it is tangent to the small circle GF E. In the same way, that circle e Schol. Book
is tangent to the small circle HIK. If therefore N D is equal to N B, let a circle be III, Prop. 13.
described with center D, through L, tangent to the same previous small circles in G,
H. The figure will be complete.
SCHOLIUM.
If the semidiameter F A should be taken to be smaller than M N , the center B will
surely be found, as is clear.
[377]
At the request of many, it is pleasing to append in the place of an epilog a table
of the squares and cubes which are produced from the numbers 1 to 1000, since there
are many important uses of such a table in all parts of mathematics, but mostly in the
extraction of square and cube roots of large numbers, as we will explain briefly after
the table. The table does not extend beyond the root 1000, so roots of only up to three
digits are included. This is because if the table were extended to the root 10000, so
that it would have roots of up to four digits, a table ten times as large would have to
be prepared. If someone should want to extend the table, he or she will find at the end
of the table rules by which this could be easily carried out, although the most learned
Magini,405 in his table Tetragonica, has already extended the table of squares to roots
up to 10000.
Here follows the table of squares and cubes, whose roots are no larger than 1000.406
[387]
ON DIFFERENCES BETWEEN SQUARES AND CUBES
and the continuation of these tables.
404

See figure on page [374].
Giovanni Antonio Magini, Italian mathematician, 1555–1617.
406
Tables contained in pages [378]–[386]. We have omitted them here because calculators and mathematical software have made this sort of database unnecessary and certainly of limited interest. What
Clavius says about ways to generate such tables is of more interest, however.
405
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Since square numbers are created by the continual addition of odd numbers, as arith- Difference
of squares.
meticians show, this makes the difference between any
Odd numbers Squares Roots
1
1
1
3
4
2
5
9
3
7
16
4
9
25
5
11
36
6
13
49
7
15
64
8
17
81
9
19
100
10
21
121
11
23
144
12
square and the next in the sequence is twice the smaller root plus 1. And the table
of squares can be constructed and continued in two ways. One way uses all the odd
numbers are taken in order, starting from 1. Then 1 gives the square 1, and 1 and 3
gives 4, then adding 5 gives 9, adding 7 gives 16, and so forth. Every square has a square
root and the sum of that many odd numbers equals the square. So one odd number 1
gives the first square 1, because its root is 1. Then since the two odd numbers 1 and 3
make 4, the second square, its root will be 2. Similarly since the 12 odd numbers 1, 3,
5, 7, 9, 11, 13, 15, 17, 19, 21, 23 add up to 144, the root of 144 will be 12, and so forth.
And in this way, if the next odd number is added to the previous square, the sum will
be the next square, and the table will be continued ad infinitum if the first sequence of
odd numbers is continued.407 The roots proceed as the sequence of natural numbers.
The table of squares can be established in another way and continued ad infinitum,
without the sequence of odd numbers, if all the roots are taken in order, as you see in
the table. For since the first square is 1, whose root is 1, if this root is doubled and 1
is added to it, then this number added to the first square will make the second square,
4, whose root is 2. This root doubled, and 1 added makes 5. If therefore 4 and 5 are
added the sum is the third square, or 9, whose root is 3. If that root is doubled and
one is added, the sum is 7 and 9 plus 7 is 16, the fourth square, and so forth.408
The cubes are also produced by the addition of odd numbers, in this way. Having
described the sequence of odd numbers from the first one, 1,

Construction of the
table of
squares.

[388]
the first cube is 1, whose cube root is 1. Then the next two odd numbers 3, 5 together Generation
give the second cube, 8, whose root is 2. The next three odd numbers 7, 9, 11 sum to of cubes.
the third cube 27, whose root is 3. And in the same way the next four odd numbers
sum to the fourth cube, and the next five odd numbers sum to the fifth cube, and so
forth ad infinitum. The root of any cube is the number of odd numbers that add up
to it.
407
408

That is, the numbers in the left-hand column of the table.
In other words, (n + 1)2 − n2 = 2n + 1.
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The cube of any root will also be produced if that root is multiplied by its square.
So the cube with root 16 is 4096, produced by multiplying 16 times 256, the square of
this same root.
Odd numbers Cubes Roots
1
1
1
3
5
8
2
7
9
11
27
3
13
15
17
19
64
4
21
23
25
27
29
125
5
But since it is truly very tiresome to continue the sequence of odd numbers to as
many terms as are needed to produce the cubes, as has been said, or to multiply each
root by its square. Hence Juan Bautista Villalpando of our society (a priest, theologian,
and eminent mathematician, whose erudition in mathematical matters stands out; he
is famous for the Temple in Jerusalem,409 and especially for his many constructions
of two mean proportionals between two given lines) observed a beautiful property of
cubes, by which the difference between successive cubes will be found without great
difficulty. Those differences added to the preceding cubes yield the successive cubes.
The method works like this. In a left column are written the terms in the arithmetic
progression staring at 6, and ascending by adding 6 at each step. In the next column,
next to the 6 a 1 is placed, then 7, which is the sum of the 1 and the 6 in the previous
row, then 19 which is the sum of 12 and 7. And so forth: the sum of the two entries in
first two columns in the previous row gives the next number in the second column. Then
in the third column are assembled the cubes by continual addition of the numbers from
the second column, in the following way. The first cube is 1. If you add the difference
7 from the second column, you will make the second cube 8, and adding the next
difference 19, you will produce the third cube 27, and so forth. So in
[389]
the table below, each cube appears next to the difference between it and the previous
cube. Finally, in the fourth column, the roots of the cubes are written. The same
differences of cubes written in the second column will also be found as follows. The
409

Villalpando was a Spanish Jesuit, architect, and mathematician who was a near contemporary
of Clavius: 1552–1608. He is known mainly for a massive work on the symbolic meanings of the
architecture of the Temple of Solomon in Jerusalem, reconstructed from textual evidence. Clavius is
refering to this work: In Ezechielem explanationes et apparatus urbis ac templi Hierosolymitani, (in 3
volumes, Rome, 1596–1605).
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How differences of cubes
are found; Construction
of the table.

square of any root is multiplied by 3, added to the root multiplied by 3, and 1 is added.
The sum will be the difference between the cube of that root and the next cube.410 So
if the difference between the cube 216 with root 6 and the next cube is desired, the
square of the root is 36, and this number tripled is 108. To this is added the triple
Multiples of six Differences of cubes Cubes Roots
6
1
1
1
12
7
8
2
18
19
27
3
24
37
64
4
30
61
125
5
36
91
216
6
42
127
343
7
48
169
512
8
54
217
729
9
60
271
1000
10
66
331
1331
11
72
397
1728
12
78
469
2197
13
84
547
2744
14
90
631
3375
15
96
721
4096
16
of the root, which is 18, and then one is added to make 127, which is the difference
that is sought. And in this way if the differences of the cubes are continued using the
multiples of six, the table of cubes will be extended as far as desired. As you see the
numbers in the progression of multiplies of six, each is six times the root of that cube,
so for instance 60 is 6 times the root 10.411
Since we have said that the cubes are produced by addition of odd numbers, so
that the first is 1, the second is the sum of the next two 3, 5, and the third is the sum
of the next three 7, 9, 11, etc. so that the number of odd numbers that are summed is
the root, if a curious person should want to know
[390]
(since it is pleasant to know) which are the odd numbers making up a cube in question, Which odd
that is, where those odd numbers start and where they stop, this will be understood numbers make
in the following way. The root of the cube in question, if it is odd, is multiplied by up a given cube.
half the next smaller number, and 1 is added to twice the product. This number will
be the first of the odd numbers that are sought. If the root should be even, half of the
root is multiplied by the next smaller root and 1 is added to twice the product. Again
the first of the odd numbers that are sought will be produced.
410

In other words, (n + 1)3 − n3 = 3n2 + 3n + 1.
In other words, (n + 1)3 − n2 − ((n2 − (n − 1)3 ) = 6n. Clavius has given a table of the second
differences of the sequence of cubes, which are the multiples of 6. Note the close analogy to the formula
for the second derivative of f (x) = x3 , namely, f 00 (x) = 6x. The Latin heading of the first column in
the original is progressio senarii. A senarius is six of something, often a poetical verse made up of six
metrical feet, for instance the dactylic hexameters of Virgil in the Aeneid.
411
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For example, suppose we consider the cube 125, whose root is 5. Hence the cube
is the sum of 5 odd numbers. I multiply the root 5, which is odd, by half the previous
root 4, or 2. This makes 10, and doubled 20, so adding 1, the first of the odd numbers
is 21. Therefore the five odd numbers sought are 21, 23, 25, 27, 29. Collected in one
sum, these make the cube 125. Again let the cube be 1728 whose root is 12, and hence
1728 is the sum of 12 consecutive odd numbers. I multiply half the root, or 6, by the
previous root, 11, double the product and add 1. The number made this way is 133,
which is the first of the twelve odd numbers that we seek. Therefore all twelve are 133,
135, 137, 139, 141, 143, 145, 147, 149, 151, 153, 155, and these sum to 1728.
This rule is demonstrated as follows. When an odd root is multiplied by half the
previous root, or half an even root is multiplied by the previous root, the sum of the
terms in the sequence of natural numbers starting from 1 and ending at the previous
root is produced, an arithmetic progression as we have said. This is the number of odd
numbers added together to make the cubes starting from one up to the cube of the
previous root, since first one, then, two, then three, etc. up to the previous root cubes
are used. Hence if this number is doubled and 1 is added, this will be the next odd
number after those used already, the first of the odd numbers sought. For example,
if the first of the seven odd numbers that add to give the cube 343, whose root is 7,
is sought, first the sum of the first 6 terms in the sequence of rational numbers is 21
(since 6 times 7 divided by 2 gives 21). Then the next odd number after the first 21
odd numbers will be two times this, plus 1, or 43. The 7 odd numbers that sum to 343
are therefore 43, 45, 47, 49, 51, 53, 55.412
But to be sure, when the root is large, so that the first odd number is found correctly
and so that we are not forced to collect all of the odd numbers, which is laborious, we
will find the last from the first, and then the sum in the following way. We will multiply
the difference in the sequence of odd numbers, namely 2, times the number of terms
minus 1, then we will add the product to the first number found. For the number found
this way will be the last of the odd numbers sought. If therefore this number is added
to the first of the odd numbers found, and we multiply half of that number by the root
of the cube in question, the product will be the cube if the first odd number is found
correctly. So for the last cube 343, whose root is 7, if we add 12 (2 times 6, which is the
root minus 1) to the first odd number, 43, this makes the seventh odd number sought
55. If this is added to the first number, the sum is 98. And if half of this number is
multiplied by the root 7, the product will be the cube 343, etc.
The same odd numbers making up a given cube will be found in
[391]
another very easy way. If the given cube is 117649, whose root is 49, and therefore
there are 49 odd numbers whose sum is 117649, let us take the first odd number as 1.
 (that is, one unknown, as is often done in algebra). and since the difference between
odd numbers is 2, the second odd number will be 1. + 2, the third is 1. + 4. And so
that we are not forced to continue all 49 terms, let us multiply the difference 2 times
the number of terms minus 1, or 48, and let us add the first to the product 96, the
last number will be 1. + 96. If the first odd number is added to this, the sum is 2.
412

In modern terms, all of this can be proved more satisfactorily by mathematical induction, of course.
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+ 96, whose half is 1. + 48. Multiplied by the root, 49, this makes the number 49.
+ 2352, which is set equal to the cube in question, or 117649. With 2352 subtracted
from both sides, 49 is equal to the number 115297, which divided by 49 makes the
quotient 2353, and this is the first odd number. Let us test this by multiplying the
difference between odd numbers, that is 2, by the number of terms minus 1, or 48. This
added to the first number 2353 gives the last, 2449. Then let us add the first and the
last to get 4802, take half, 2401, and multiply by the number of terms, 49. This will
produce the number 117649, which is the given cube. Therefore the first odd number
has been found correctly.413
USE OF THE PRECEDING TABLES
of squares and cubes in the extraction of roots.
Among its other uses, the above table of squares and cubes has excellent utility in
the extraction of square roots and cube roots, mostly because from them, an approximate root of three digits for the three points on the left will be found at once as one
or two examples will make plain.
First suppose a square root is to be extracted from a given number shown below:
1

1
•

7

6
•

8

9
•

0

1
•

4

5
•

(

3

4

3

0

5.

First, I look among the squares for the number 117689 from the first three points.
Since I do not find this number, I take the closest smaller square, 117649, and I put
its root 343 in the quotient. With the square found in the table subtracted from the
number 117689, 40 remains. The next point will be 4001 (with the 1 removed); divided
by twice the root found so far, 686, gives a quotient of 0. Then the last point will be
400145. (Leaving off the digit 5), divided by 6860, twice the root found so far, gives a
57120 414
quotient of 5. The whole root is therefore [approximately] 34305 68611
.
Next suppose a cube root is to be extracted from a given number shown below:
4
•

2

5

0
•

9

5

4
•

9

6

1
•

3

0

7
•

(

1

6

1

9

9

First, among the cubes, I look for the number 4250954 from the first three points.
Since I do not find this number, I take the closest smaller cube 4173281, with its root
161, The cube subtracted from the first three points leaves 77673, and the next point
is 77673961.
I prepare the divisor, as we have taught in Book VI, at the end of Proposition 19,
multiplying
[392]
413
Clavius’s little algebraic calculation here is a typical example of the methods of the German cossists,
for instance Christoph Rudolff, who was mentioned earlier toward the end of Book VI.
414
Clavius is using the process described at the end of Book VI to get the fractional part. The number
to the right of the parenthesis is the root being calculated.
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the square of the root found from the table of squares, namely 25921, by 300, which
will be 7776300. If I divide my point by this I will obtain a quotient of 9 and having
done the operation, 7295302 remains, and the last point is 7295302307.
Finally, I make the new divisor, multiplying square of the root 1619 found so far,
or 2621161, by 300, which will be 786348300. I divide my last point by this and find a
quotient of 9, and the extraction is finished.415
Neither should it seem that a useful saving of computation is being neglected in the
extraction of cube roots. When the new divisor is to be prepared, so that we are not
forced to calculate the whole square of the root found so far, let us divide that root
into two parts, so that one part is the last digit found in the quotient, for instance the
fourth digit 9 in the last example. Let us split 1619 into 1610 and 9 and write both
parts twice as you see here:
1610.
1610.

9.
9.

Therefore if each of these numbers on the first row is multiplied by each on the second
row, and all four products are added together, then the square of the root will be
produced as we have demonstrated in Proposition 1 of Book II of Euclid. For example,
since the square of the previous number 161 was 25921, with two zeroes appended, we
will have the product 2592100 of 1610 and 1610. If we add twice the product 14490
of 1610 times 9 or 9 times 1610, and finally add 81, the product of 9 times 9, we will
produce 2621161, the square of the root 1619 found so far. By the same reasoning, if
we should desire the square of the number 16199, let us split it into 16190 and 9, twice
as you see in the accompanying diagram:
16190.
16190.

9.
9.

Then since we had the square 2621161 of the number 1619, with two zeroes appended,
we will have the square 262116100 of the number 16190. If we add twice the product
of 9 and 16190, or twice 145710, and also 81, the product of 9 times 9, we will make
262407601, the square of the number 16199, and so forth. This saving of computation
always makes the extraction of cube roots easier, since we will always have the square
of the previous partial root, and appending two zeroes gives the square of the number
obtained from that previous root by appending one zero.
You see clearly that if the above table were to be extended, so that squares and
cubes of roots of 4 or 5 digits were available, the extraction of roots would be made
much easier. But since the table would grow to an immense size in that way, we have
been limited to a table in which the roots have at most three digits although anyone
could extend and continue it, by what we have said.
END OF THE EIGHTH BOOK.416
415
416

This means the exact value of the cube root is between 16199 and the next integer 16200.
A detailed index of terms and names follows in the original, but that has not been translated.
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